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Preface

The present text is an expanded version of the lecture notes for
a course on Riemann surfaces and dessins d’enfants which the
authors have taught for several years to students of the masters
degree in mathematics at the Universidad Auténoma de Madrid.

Riemann surfaces are an ideal meeting ground for several bran-
ches of mathematics. For example, a student taking a course
like this will encounter concepts of algebraic topology (fundamen-
tal group, theory of covering spaces, monodromy), elements of
Riemannian geometry (geodesics, isometries, tessellations), ob-
jects belonging to algebra and algebraic geometry (field exten-
sions, algebraic curves, valuations), definitions belonging to arith-
metic geometry (fields of moduli and definition of an algebraic
variety), some elementary graph theory (dessins d’enfants), tools
of (complex) analysis (Weierstrass functions and Poincaré series)
and some of the most relevant groups in analytic number theory
(principal congruence subgroups).

One of the main features of the theory of Riemann surfaces
is that there is a bijective correspondence between isomorphism
classes of compact Riemann surfaces and isomorphism classes of
complex algebraic curves. Establishing this correspondence re-
quires proving first that a Riemann surface has enough meromor-
phic functions to separate its points. This can be done by either
applying the Riemann—Roch Theorem or using the Uniformiza-
tion Theorem to construct these functions by means of Poincaré
series (Weierstrass functions, in the genus one case). In this book
we have chosen the second option, thereby introducing Fuchsian
groups, the third member of this trinity of equivalent objects.
The Uniformization Theorem is the only result we assume with-

X



X Preface

out proof. On the one hand it has a very simple statement, and
on the other the students at this level have become familiar with
the result for open sets of the complex plane in their first course
on complex analysis, in which they probably have had to find Rie-
mann mappings between different simply connected regions of the
plane, and at the same time learnt that, due to Liouville’s the-
orem, this is impossible if one of the regions is the whole plane.
Otherwise the prerequisites have been kept to a minimum. An
undergraduate student who has taken courses on vector calculus,
point-set topology, field theory and complex analysis should be
in a position to follow a course based in this book. Whenever
we thought that an example could help to understand the theory
we included one. About one third of the pages of the book are
devoted to worked out examples and illustrative pictures.

The text is divided in two parts, consisting of two chapters each.
In the first part we give an elementary introduction to the theory
of compact Riemann surfaces. The main goal of these two first
chapters is to establish the equivalence between compact Riemann
surfaces, compact algebraic curves and Fuchsian groups of finite
type (or lattices of C, in the genus 1 case). We have made an effort
to work out in detail the Riemann surface structure associated to
a number of particularly interesting curves (hyperelliptic, Fermat,
Klein, etc.) and Fuchsian groups (triangle groups, groups with
special symmetric fundamental domains, etc.). When possible we
have shown the link between these objects. This first part could
serve by itself as a textbook for an elementary introduction to
the theory of compact Riemann surfaces from the point of view
of algebraic curves and Fuchsian groups. The results in it are
therefore very classical as they go back to Riemann, Weierstrass,
Hurwitz, Poincaré, Klein, etc.

On the contrary, the theory presented in the second part (third
and fourth chapters) is much more modern. It was launched
by Grothendieck in the 1980s, in his now famous Fquisse d’un
programme, following the disclosure of Belyi’s celebrated theo-
rem, whose amazingly simple proof seems to have impressed him
deeply (in his own words: ‘jamais sans doute un résultat profond
et déroutant ne fut démontré en si peu de lignes!’t). Here we focus
on those Riemann surfaces whose corresponding algebraic equa-

1 Never, without a doubt, was such a deep and disconcerting result proved in so few
lines!
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tion has coefficients in Q, the field of algebraic numbers. This is an
extraordinarily beautiful theory. Without needing to invoke all the
far-reaching ideas and proposals raised by Grothendieck in the Eq-
uisse, some of them beyond the scope of this book (Grothendieck—
Teichmiiller Theory, etc), it is impossible to resist the attraction
of Grothendieck’s correspondence:

graphs dividing an algebraic curves C' endowed

orientable surface with a function f ramified
into a disjoint 7\ over three values, both with
union of cells coefficients in Q

whose proof is the second part’s main goal. We stress the fact that
the objects on the left-hand side, called dessins d’enfants (child’s
drawings) by Grothendieck, are purely topological, whereas those
on the right-hand side have an arithmetic nature. It turns out that
this correspondence is a consequence of Belyi’s correspondence:

a meromorphic function

{ algebraic curves
ramified over three values

Riemann surfaces with
with coefficients in Q }
The discovery of this theory seems to have made a big impact
on Grothendieck:

Cette découverte, qui techniquement se réduit a si peu de choses, a fait sur
moi une impression tres forte, et elle représente un tournant décisif dans le
cours de mes réflexions, un déplacement notamment de mon centre d’intérét
en mathématique, qui soudain s’est trouvé fortement localisé. Je ne crois pas
qu’un fait mathématique m’ait jamais autant frappé que celui-la, et ait eu un
impact psychologique comparable.t

Let us observe that via the natural action of the absolute Galois
group Gal(Q/Q) on pairs (C, f), as above, Grothendieck’s corre-
spondence implies an action of Gal(Q/Q) on dessins. Thus, this
theory can be applied to understand the structure of the group
Gal(Q/Q), which one can regard as embodying the whole of clas-
sical Galois theory over Q.

The proof of Belyi’s correspondence is given in Chapter 3. In
1 This discovery, which is technically so simple, made a very strong impression on

me, and it represents a decisive turning point in the course of my reflections, a

shift in particular of my centre of interest in mathematics, which suddenly found

itself strongly focused. I do not believe that a mathematical fact has ever struck

me quite so strongly as this one, nor had a comparable psychological impact
(translation by Schneps and Lochak).
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one direction (algebraic curves defined over @ admit functions
with only three branching values) the result follows from a surpris-
ingly simple construction due to Belyi. For the opposite direction
he invokes a criterion of rationality due to Weil. However, the
machinery used by Weil in the proof of this criterion exceeds by
far the elementary level we want to retain in this book. So, with
the tools we have at our disposal, we work out a (much) weaker
criterion which nevertheless satisfies our needs. Grothendieck’s
correspondence itself is proved in Chapter 4. In it we also study
the first properties of the action of Gal(Q/Q). A good handful
of examples are explicitly described. All in all this chapter leads
readers to the boundary of current research in the subject.

Those who wish to pursue this theory are adviced to consult the
book by Lando and Zvonkin, the conference proceedings edited
by Schneps and Lochak, the survey articles by Jones—Singerman,
Shabat—Voevodsky, Wolfart, Jones, Cohen—Itzykson—Wolfart and
Lochak, and, from a different point of view, the monograph by
Bowers—Stephenson, which are all included in the references to
this book.

As for readers wishing to study the subject of Riemann surfaces
beyond or complementing the introduction given in the first part
of this book, there are many excellent references available. Among
them are the books by Jones—Singerman, Beardon, Farkas—Kra,
Siegel, Jost, Forster, Miranda, Buser and Kirwan.

Acknowledgment: In the process of writing this book the au-
thors have benefited from the following research projects:
- MTM2006-01859 (MEC, Spain)
- MTM2006-28257-E (MEC, Spain)
- CCG08-UAM/ESP-4145 (UAM-C. de Madrid, Spain)
- MTM2009-08213-E (MICINN, Spain).

The second author also wishes to thank the Departamento de
Matemaéticas of the Universidad Auténoma de Madrid for a sab-
batical leave during the academic year 2009/2010.



1

Compact Riemann surfaces and algebraic
curves

1.1 Basic definitions
1.1.1 Riemann surfaces — eramples

Definition 1.1 A topological surface X is a Hausdorff topologi-
cal space provided with a collection {¢; : U; — ¢;(U;)} of home-
omorphisms (called charts) from open subsets U; C X (called
coordinate neighbourhoods) to open subsets ¢;(U;) C C such that:

(i) the union |J; U; covers the whole space X; and
(i) whenever U; NU; # 0, the transition function

pjow;t 1 i(UinU;) — ¢;(U;NU;)
is a homeomorphism (Figure 1.1).

A collection of charts fulfilling these properties is called a (topolog-
ical) atlas, and the inverse cp{l of a chart is called a parametriza-
tion.

Ui Us
o Fe®,

( é%soﬂI I%IH,&

Fig. 1.1. The transition function between two coordinate charts.

1



2 Compact Riemann surfaces and algebraic curves

Definition 1.2 A Riemann surface is a connected topological
surface such that the transition functions of the atlas are holo-
morphic mappings between open subsets of the complex plane C
(rather than mere homeomorphisms).

Example 1.3 The simplest Riemann surfaces are those defined
by a single chart. Any connected open subset U in the plane
is obviously a Riemann surface with the atlas consisting simply
of the chart (U,Id). Particularly interesting cases are the whole
complex plane C, the unit disc D = {z € C: |z| < 1} and the upper
halfplane H = {z € C : Im z > 0}.

Example 1.4 One chart is not enough to define a Riemann sur-
face structure on the sphere

s$* = {(w,y,t) ERB:x2+y2+t2 _ 1}

since the whole sphere is not homeomorphic to an open subset of
the plane. But one can consider the following two charts:

T Yy
U =S*~{(0,0,1)}, p1(@,y,t) = +ig—;
x Y
Uy = S? 0,0, -1 t) = —
2 \{(7 ; )}7 (102(3:72/7) 14+t Zl—l—t
. Lor—1y 1—t . ..
From the identity = — it follows that the transition
1+4+1¢ T+ 1y
function is @9 o 7 (2) = 1/z, where z denotes the (complex)

variable in @1 (U;). Note that the domain where po0¢; ! is defined
is (,01(U1 N UQ) =C~ {0}

Example 1.5 The name Riemann sphere, or extended complex
plane is usually given to the Riemann surface C defined as follows.
Add an aditional point to the complex plane C, and denote it as oo
(the notation indicates what the topology at this additional point
is going to be: one gets close to co by escaping from every point in
the plane). A collection of fundamental neighbourhoods of oo is
provided by the family of sets D(co, R) = {z € C, |z| > R}U{cc}.

Denote C = CU {oo}. The Riemann surface structure is deter-
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mined by the following two charts:

Ul:(C, 1/}1(2):2

R 1/zif z # 00
Uy =C~ A0}, ¢a(z) =

0if z =0

Example 1.6 The complex projective line P! := P! (C) admits a
Riemann surface structure with the following two charts:

Uo = {[z0 : 21] with 29 # 0}, ¢o ([20 : 21]) = i_(l)
Ur = {lz0 : 2] with 21 £ 0}, b ([0 1)) = 2

The next examples are described in terms of algebraic (polyno-
mial) equations. We shall refer to them as curves.

Example 1.7 (Hyperelliptic curves I) Consider first the alge-
braic equation y? = i“zl (x — ay), where {ak}i“zl is a collection

of 2¢g + 1 distinct complex numbers, and let

2g+1
S = {(w,y) E(C2:y2 = H (w—ak)}

k=1

We shall now define a chart (U, ) around each given point
Py = (x0,y0). As it is easier, we rather describe parametrizations:

o If zy # a; for all i (and so yo # 0), we take

2g+1
¢ (2) = | =+ a0, H (z +x0 — ak)
k=1

defined in the disc {|]z| < ¢} with € small enough for z not to
reach any of the values a;. The branch of the square root is
chosen so that its value at z = z¢ equals yy (and not —yjo).

e For Py = (a;,0), we take

071 (2) = (2 + 452\ Ty (a0 — ) |2l <

again with ¢ small enough to guarantee that 2% + a; does not




4 Compact Riemann surfaces and algebraic curves

reach ay for every k # j. Note that if we had taken the first
coordinate to be z + a; then the second one would not be a
well-defined holomorphic function in |z| < e. Also note that the
choice of the branch of the square root is irrelevant. If we had
defined a different parametrization (ﬁ;l by using the opposite
branch of the square root we would have parametrized the same

subset of S because of the identity (,5;1(2) = gp;l(—z). A direct
computation shows that ¢ o (,pj_l(z) = 2%+ a;.

[}
One can give a simple argument to show that S is connected.
Whenever = describes a path joining xg to a;, the map

T —

where the root is determined by analytic continuation, describes

a path in S joining <x0, \/Hig:tl (zo — ak)> to (aj,0). A precise

definition of what we mean by the term analytic continuation is
given in Section 2.9. It corresponds in this case to the simple idea
of choosing the branch of the square root along the path in a way
that makes the process continuous.

[}

A compact surface S can be obtained out of S, in the same way
we constructed the surface C by adding one abstract point to the
complex plane C, see Example 1.5. We also denote this additional
point by oo, and we define a coordinate neighbourhood as follows:

e A parametrization of a neighbourhood of Py = o is given by

1 1 2g+1

2 .
B 720 L2g+1 H(l—akZ) lfO<’Z’<E
w 1(2): 24" z29 Pt}

oo ifz=0

This case is similar to that of ¢; in the sense that simply writing
1/z in the first coordinate would not work, and also because the
choice of the branch of the square root is irrelevant. This way
we have ¢ o ¢~(2) = 1/2%, which is clearly a holomorphic
function (its domain of definition does not contain z = 0). No
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computation is needed to check the compatibility of ¢; and v,
since their domains of definition can be chosen to be disjoint
sets.

[¢]
Finally, we observe that the Riemann surface S = S U {oc} so
constructed is compact, since we can decompose S as the union
of two compact sets, namely

{enes: w<veo({@nes: iz veuia)

The first one is compact because it is a bounded closed subset of

C?, and the second one because it agrees with ¢~ <]D)(0, \/E))

Example 1.8 (Hyperelliptic curves IT) The compact surfaces
constructed out of the algebraic curves y? = ig:tz (z — ay) are
also called hyperelliptic curves. The charts are defined as in the
previous example, and only the compactification process is slightly
different.

We can add a point co; with a parametrization

\/H2g+2 1— ag2)

~9+1

ifo<|z| <e

it (z) =

o1 fz=0

The branch of the square root turns out to be relevant now. In
fact, if in the expression above the symbol /w denotes a given
holomorphic choice of the square root in a neighbourhood of the
point w = 1, then we can define a second mapping

mw ~ a2)

if0<|z| <e

Uy (2) =

oo)] ifz=0

to be the parametrization of a second abstract point which we have
denoted by cos. If we choose € small enough in the definition of
and 19, both mappings parametrize disjoint sets, and this justifies
that cos # 0o1. In this respect the situation here is different from
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the previous example. There, the image of the punctured discs
{0 < |z| < €} by the two possible parametrizations corresponding
to the two choices of the square root would be the same open
set Ue, and so any two neighbourhoods U, U {co1} of ooy and
U., U{002} of 0oy would have a non-empty intersection, hence the
resulting space would not be Hausdorff, i.e. it would not even be
a topological surface.

Remark 1.9 We anticipate that Examples 1.7 and 1.8 produce
essentially the same collection of Riemann surfaces (see Example
1.83). These are called hyperelliptic curves when g > 1 and elliptic
curves if g = 1.

Example 1.10 (Fermat curves) A similar technique produces
a compact Riemann surface associated to the curve z% + y? = 1.
Now we start with

o

S:{(x,y)e((:2:xd+yd:1}

and denote by &; a chosen primitive root of unity of order d,
as for example & = €2/ In what follows ¢w will stand for
a determined holomorphic choice of the complex d-th root in a
neighbourhood of the non-zero value in question in each case.

o
The Riemann surface structure in S is given by the following
charts:

o If Py = <x0,§§{i/1 - wg> with zg # €& for k= 1,...,d, we take
¢ () = (2 V1= 29)

which is defined in the disc {|z — zo| < £}.
o If Py = (52, 0), we take

07t (2) = <zd+5g,z</—1‘[ (++¢ —g{j))

where |z| < €, and the product runs for k # j.

o
We can now compactify S, as in the previous examples, by
adding d points at infinity, say ooy, ...,004:
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e For Py = 00j, we take the parametrization
(LLVO_ZJ)) if |2 < e
vty =4 \* :
00j, if 2 =10
Note again that if |z| < 1 then the mappings 1/);1 have disjoint

images, hence the d points we have added to S are in fact distinct.

Example 1.11 (p-gonal curves) Consider the algebraic curve
Y= (= a)™ (- )™

where 1 < m; < p. Now the parametrizations that make this
curve into a Riemann surface are

0 (=) = | 2 o [I(z = ai)™

i

for a neighbourhood of a point (z,y) with = # a; and

0 (2) = | 22+ at™ [ (2 + ai —aj)™
J#i
for a neighbourhood of (a;,0).

Along the lines of the previous examples one can add a point
at infinity if > m; is prime to p (or p points otherwise) to obtain
a compact Riemann surface.

Throughout the text we will turn our attention several times
(see Proposition 1.44 and Section 2.5.2) to a notorious Riemann
surface of this type, which is the one associated to the algebraic
equation y” = z(z — 1)2. This is usually known as Klein’s curve
of genus three.

The next examples show how to construct some Riemann sur-
faces as quotient spaces.

Example 1.12 (The cylinder) C/Z usually denotes the quo-
tient set of the complex plane by the following equivalence rela-
tion. Two points in C are in the same class when they differ by an
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integer number. Thus, a point w is equivalent to all points w 4+ n
with n € Z, i.e. to all its images by the translations z — 2z + n.
The topology to be considered is, of course, the quotient topology.

If U C C is an open set such that no pair of its points belong
to the same equivalence class, that is if the canonical projection
7w : C — C/Z is injective when restricted to U, then we define a
coordinate chart by ¢ = (W‘U)_l :m(U) = U.

Suppose that two such coordinate neighbourhoods 7 (U) and
7 (V) have non-empty intersection. Let P € «(U) N7 (V), that
is P=m(z1) = 7(22) with z1 € U and 2z, € V. Then we have
29 = z1+m for some m € Z. Therefore, in oy (7(U) Nw(V)) C U,
the transition function takes the form ¢y o @' (2) = 2 + m(2),
with m(z) € Z. But ¢y o @' is a continuous function, hence
m(z) is locally constant. We thus see that the restriction of the
transition functions to each connected component of their domain
of definition is a translation by an integer m.

L
. ..\“»"' #
R T L
A
£ 2%
e .
v

Fig. 1.2. C/Z is topologically a cylinder.



1.1 Basic definitions 9

The vertical strip F = {z € C:0 < Rez < 1} is a fundamental
domain, i.e. a subset of C containing at least one representative
of every equivalence class and exactly one except in the boundary
(cf. Definition 2.5). The surface C/Z is obtained after glueing the
two straight lines at the boundary of F'. It is therefore a cylinder
(see Figure 1.2).

Example 1.13 (A complex torus) As in the previous exam-
ple, let us identify every w € C with its images under all trans-
lations by Gaussian integers, that is complex numbers whose real
and imaginary parts are both integer numbers. The classes for
this equivalence relation are [w] = {w +n + mi, n,m € Z}. The
corresponding quotient set

C/A, where A=7Z&Zi

can be described as in the previous example. Arguing as above we
see that the transition functions take in each connected component
the form

pvopg (2) =2+ A A€A
and the parallelogram in Figure 1.3 can be chosen as fundamental

domain. Opposite sides are identified to form the quotient space,
thus C/A is topologically a torus.

Fig. 1.3. C/A is topologically a torus.

Example 1.14 A Riemannian structure (i.e. a metric) on an ori-
entable surface induces a Riemann surface structure whose charts
(Ui, ¢i) are conformal bijections preserving orientation ([dC76]).
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As the transition functions ¢; o cpi_l must also be (orientation-
preserving) conformal bijections between open subsets of C, they
are holomorphic ([AhI78]).

1.1.2 Morphisms of Riemann surfaces

Complex analysis can be defined on a Riemann surface, the con-
cept of holomorphy being the obvious one.

Definition 1.15 Let S be a Riemann surface and f: S — C a
function. We say that f is holomorphic (resp. meromorphic) if,
for any coordinate function ¢, the function fop~! is holomorphic
(resp. meromorphic) in the usual sense of complex analysis. The
set of meromorphic functions on §'is a field, which shall be denoted

by M(S).

The same idea behind the previous definition, i.e. using local
coordinates, can be applied to consider functions on a Riemann
surface which take more general values than complex numbers. In
fact, one can replace the target space C by any other Riemann
surface.

Definition 1.16 A morphism between two Riemann surfaces S
and S’ is a continuous mapping f : S — S’ such that ¢/o fop™!is
a holomorphic function for every choice of coordinates ¢ in .S and
¢’ in S’ for which the composition makes sense. We will denote
by Mor(S,S’) the set of morphisms from S to S’.

Bijective morphisms are called isomorphisms and isomorphisms
from a surface to itself are called automorphisms. The set of
automorphisms of a given Riemann surface S forms a group. We

shall denote it by Aut(S).

Remark 1.17 Let f: S — S’ be a non-constant morphism be-
tween connected compact Riemann surfaces. Since non-constant
holomorphic maps are open maps, the image f(S) must be simul-
taneously open and closed in S’, and therefore equal to the whole
S’. Thus, f is surjective.

Example 1.18 H and D are isomorphic Riemann surfaces via the
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map

H D

zZ—1

zZ+1

Z

More generally, the Riemann mapping Theorem (see [Ahl78],
[ConT78|) states that any two simply connected open proper subsets
of the plane are isomorphic Riemann surfaces.

Example 1.19 C and D are not isomorphic Riemann surfaces. In
fact Liouville’s theoremt ([Ahl78], [Con78]) shows that Mor(C, D)
consists only of constant maps, hence no isomorphism can exist

between them. Nevertheless, C and D are diffeomorphic to each
z
other by means of the diffeomorphism ¢(2) = ———, whose

1+ |2
w
inverse is ¢! (w) = .
2

1 — [Jw]
On the other hand S? is compact, therefore it cannot be even
homeomorphic to C or D (same comment applies to P! and C).
In fact S2, P! and C are all isomorphic to each other, the isomor-

phisms between them being

fi ~ f2 ~

P! C S? C
5 .
[ZO : Zl] S z_(l) (.Z', Y, t) S xltlf
[0:1] ——o00 (0,0,1) ——— 00

Straightforward computations show that the above mappings
are indeed holomorphic. With the notation for the charts as in
Examples 1.4, 1.5 and 1.6, we have for instance

¢10f1o¢;1(z) =0 f1([z:1]) :é

. T — 1y
or, if z = —=,
1+t
- T+ 1
¢10f2°¢21(2)_wlofz(way,t)—%<1_ty> ==

t Liouville’s theorem states that a bounded entire (i.e. holomorphic in the whole
complex plane) function is necessarily constant.
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Example 1.20 We now construct a morphism from a hyperellip-
tic curve to the sphere. Let S be the Riemann surface of the curve
Y = zg:tl (x — ag), as described in Example 1.7. Consider the

map

S C

(z,y) ——2

00 —— 00

With the same notation as in Example 1.7, we can compute

p1ox0p ! (2) =2z We also have ¢; ox o 90;1 (z) = 22 + aj and
w9 0x 011 (2) = 22, Therefore x is certainly holomorphic.

Example 1.21 Let now S be the Riemann surface of Fermat’s
curve ¢ + y¢ = 1, as described in Example 1.10. Consider the
map

S C

(z,y) ——=

Now the corresponding local expressions for x give functions of
the form z — z or z — 2% + ¢}. Thus x is holomorphic.

Example 1.22 (The complex conjugate Riemann surface)
Given a Riemann surface S with atlas {(U;,¢;)}, we can con-
struct a new Riemann surface which consists of the same under-
lying topological space endowed with the atlas {(U;,%;)}. In or-
der to check that this is indeed a holomorphic atlas, note that
?; 0B; 1(2) = ¢; 0 ¢; 1(Z). We will denote this new Riemann sur-
face by S and refer to it as the complex conjugate of S. We make
two observations:

(i) The identity map Id : S — S is antiholomorphic, since
clearly B; o p; '(2) = Z. In general S and S will not be
isomorphic.

(ii) If S and S’ denote the Riemann surfaces of the hyperelliptic
curves y? = [[(z—a;) and y? = [[(z—a;) respectively, then
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S’ ~ S, an isomorphism being given by
S ——39

(z,y) — (7, 7)

This is easily checked. For instance, near a point P =
(a,b) € S’ with a # @; we have

@ioFocpi_l(w) = @oF(x—i—a, H(w—i—a—ﬁi))

- 7 (FFa VII@w+ao—a))

= (x+a)=z+a

Proposition 1.23 Let us denote by cp € Mor(S,(E) the constant
morphism cp(x) = P. Then

M(S) = Mor(S,C) ~ {coo}

Proof A morphism f:S — Cis clearly a holomorphic mapping
outside the set {f~!(c0)}. At a point P € f~!(c0), choose a
suitable coordinate function ¢ in S and let ¢o(z) = 1/z be the

chart around oo € C. Then @y 0 f o o 1(z2) = = h(z)

foe™(z)
for some holomorphic function h. Thus fo o~ !(z) = —, ie. f

h(z)
is meromorphic.

Conversely, a meromorphic function f in S defines a continuous
mapping f : S — C by simply sending the poles to oo € C. By
Riemann’s removable singularity theoremf (see [Ahl78], [Con78]),
the corresponding local expression of f is holomorphic in a small
neighbourhood around each pole. Thus f : S — C is a morphism
of Riemann surfaces. O

Remark 1.24 The function f : C~ {0} — C given by f(z) = e'/*
does not extend to a morphism f : C — C. The rule 0 — oo would
not produce a continuous function because there are values of z
1 Riemann’s removable singularity theorem states that a function that is holomor-

phic in a punctured disc D ~ {p} and bounded in D extends to a holomorphic
function in the whole D.
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1
arbitrary close to zero (e.g. z = ——, n € N and large) such that
n

f(z) stays away from oco. This is nothing but a particular case of
the Casorati-Weierstrass Theorem? (see [ConT78], [Ahl78]).

Remark 1.25 Connected compact Riemann surfaces do not ad-
mit non-constant holomorphic funcions. Any given holomorphic
function f : S — C is nothing more than a morphism from S to
C that does not reach the value co € C (Proposition 1.23). Now
the statement follows from Remark 1.17.

Both the function field and the automorphism group are basic
objects associated to a Riemann surface. It is not difficult to
determine them in the case of the sphere P!.

Proposition 1.26 M(P') = C(z), the field of rational functions
i one variable.

Proof Let f be a meromorphic function in P! = C and suppose
that f(oco) # oo (if not, take 1/f). Since the pole set of f is
discrete and P! is compact, there must be only finitely many poles,
say ai,...,a,. For each of them we can write locally

T AZ
f(z)= Z 7kk + h;(z), with h; holomorphic at a;
o1 (2~ ai)

Now, f — ZZ is a holomorphic function in the
i=1 k= 1

whole (C, therefore it must be a constant function (Liouville’s The-

orem). It follows that f is a rational function. d

Proposition 1.27 The groups of automorphisms of P*, C, D and

1 The weakest form of the Casorati—Weierstrass Theorem says that the image of any
punctured neighbourhood of an essential singularity of a holomorphic function is
dense in the whole complex plane C.
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H are as follows:

az+b
A Iy — }z— _
ut(]P’) {z e , a,b,e,d € C, ad bc#O}

= PSL(2,C), the group of Mébius transformations
Aut(C) = {z+—az+Db, a,b€C}

Z—«
1—az’

Aut(D) = {zr—>ei9 ozG(C,|oz|<1,96R}

az+b
= {zHﬂ, a,bec,\ayz—ybyz—1}
bz +a

az+b

Aut(H) = {Z (g m,

a,b,c,d € R, ad —bc= 1}
= PSL(2,R)

Proof Let f be an automorphism of P! = C. By Proposition
1.23, f is a meromorphic function defined in P!, hence a rational
function (Proposition 1.26). Let it be described as an irreducible
fraction of the form

(z—bl)---(z—bd)
(z—a1) (2 —ap)

7z) =

For this fraction to define a bijective mapping the numerator
and denominator cannot have a degree larger than 1. Thus f
must have the form
az+b
cz+d

f=

. a b
.M(z),w1thM<C d)

Note also that M must be invertible, since otherwise f would

be constant. But then the matrix - 1t(M)M defines the same
€
rational function as M, hence we can assume det(M) = 1, i.e.

M € SL(2,C). Similarly, it is clear that —M defines the same
function as M, thus f is in fact determined by the class of M in
PSL(2,C) := SL(2,C) /(£Id).



16 Compact Riemann surfaces and algebraic curves

Now, if an automorphism f of C extends to (i.e. it is the restric-
tion of ) an automorphism of @, then it is necessarily an affine map-
ping. But every automorphism of C does in fact extend, since the
only possible obstacle would be co being an essential singularity of
f (instead of a removable singularity or a pole), but the Casorati—
Weierstrass Theorem shows that this cannot happen. Indeed as f
is bijective f({|z] < 1}) and f({|z] > 1}) would be disjoint open
sets, hence the latter could not be a dense subset of C.

Let now f be an automorphism of the disc such that f(0) = A.
Taking a Mobius transformation M that preserves D and satis-
fies M(\) = 0 such as M(z) = 1Z X)\ and applying Schwarz’s

z

Lemmat to the functions h = M o f and h~! we deduce first that
|h(2)| = |2| for all z € D and second that Mo f(z) = €~ for some
real number . It is enough now to compose with M~! to obtain

fz) = Iz N gzt e A
1+ef)\z 1+ ef)\z
which is the expression we were looking for if we set o = —e "\,
In order to obtain the second description of Aut(ID), one simply
, o
T e—i0/2
denominator by the real number /1 — |A[2.
Finally, it is clear that the elements in PSL(2,R) are automor-

has to write e’ and then divide both numerator and

phisms of H, since they are the restriction of automorphisms of C
preserving H.
Conversely, suppose f € Aut(H), and let 7" be the isomorphism

zZ—1
from H to D given by z — ———. Since T'o foT~! is an automor-

phism of D, it follows that f is a Mdbius transformation. Now,
the real line must be preserved by f, hence f € PSL(2,R). O

Remark 1.28 Clearly, given two triples of points {z1, 22, 23} and
{wy,we, w3} one can always find coefficients a, b, ¢, d such that the
Mébius transformation M(z) = %£b sends z; to w;. In other

cz+d
words, PSL(2,C) acts transitively on triples of points of P*.

1 Schwarz’s Lemma says that a function f analytic in the unit disc D such that
f(0) =0 and |f(z)] <1 for all z € D verifies |f'(0)] < 1 and |f(z)] < |z| for all
z € D. Moreover, if |f/(0)| = 1 or if |f(w)| = |w| for some w # 0, then there is a
constant ¢ with |¢| =1 such that f(z) =c-z for all z € D.
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Remark 1.29 The Riemann surfaces in Examples 1.12 and 1.13
were defined by identifying all the possible images of the points in
C by subgroups of its full group of automorphisms. Later on we
will consider surfaces defined as quotients of ID or H.

Definition 1.30 Let f be a meromorphic function in a Riemann
surface S and ¢ a chart around P such that ¢(P) = 0. Let

Foo M (2) = anz" + anp 2" 4+, with @y # 0
be the Laurent expansion of f o ¢~ near z = 0. The integer n is

called the order of f at P and denoted ordp(f).

Clearly this definition would not make sense in the case where it
depended on the choice of a chart. Let ¢ be another chart centred
at P so that

f o 9/571(2) = mem + berlszrl +ee with by, ?é 0.

Since the transition functions are biholomorphic, we can write
pop Yz) =cz+--- with ¢ # 0. Hence the identity

fodt=(fop " )o(pog™)
can be written as
bmzm+bm+1zm+1+... — an (CZ+ ...)n+an+1 (CZ"‘ )n+1_|_

and it follows that m = m. The choice of the chart is therefore
irrelevant.

Notice that ordp(f) > 0 (resp. ordp(f) < 0) means that P is a
zero of f (resp. a pole).

Definition 1.31 Let f : S; — S5 be a morphism of Riemann
surfaces, P € S; and Q = f(P). Let 1) be a chart centred at
Q@ = f(P). The positive integer

mp(f) :=ordp(¢ o f)

is called the multiplicity of f at P. Equivalently,

mp(f)=1+ordp(vo f)

whether 1 is centred at @) or not.
When mp(f) > 2 we say that P € S} is a branch point (or ram-
ification point) with branching order mp(f). We will distinguish
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this term from the term branch value, which we reserve for the
image Q = f(P) € Sy of a branch point. Accordingly, morphisms
with a non-empty set of branch values are called ramified.

The multiplicity of a morphism at a point is independent of
the choice of charts. The proof of this fact goes exactly as the
proof of the same statement for orders of functions (see above).
We observe that the sets of branch points and branch values are
discrete, therefore finite for compact Riemann surfaces. This is
a consequence of the fact that zeros of holomorphic functions are
isolated, since mp(f) > 1 is equivalent to saying that the deriva-
tive of (1 o f o ) vanishes at p(P).

The same arguments show also that given a point P € S where
the meromorphic function f : S — C does not ramify, f (or 1/f
in case P is a simple pole) can be chosen as a coordinate chart
around P.

Example 1.32 Consider again the morphism

S C
(z,y)——=
00 ——> 00

which we studied in Example 1.20, where S is the Riemann sur-
face of the curve y? = ig:ﬁl (x — a) (Example 1.7). This is
often called the coordinate function x. Accordingly, there is an
obviously defined coordinate function y.

From the local expressions

proxop l(z) = 2
01 oxogz);l (z2) = 22+a;
proxoyl(2) = 2

it follows that x has branch points at (a1,0),..., (az2g+1,0),00.
The branching order at these points equals 2, and the correspond-
ing branch values are ar,...,azg41,00.

As a meromorphic function, x has a single pole of multiplicity 2

at 0o. Its zeros are located at the points Q* = <0, j:\/]_[(—ai)),

and both are simple.
As for the function y, similar computations show that all the ze-
ros are simple and located at the 2g+1 points (a1,0), ..., (a2g+1,0)
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whereas oo is the unique pole (of multiplicity 2g 4+ 1). The order
of the zeros and poles follow from the computations

yocp;l(z) =y z2—|—ai,z H(z2—|—ai—ak)

ki
= z H(z2—|—ai—ak)
ki
and
1 1 2g+1
yoy~l(z) =y 20 J2g01 H (1—arz?)
k=1
1 2g-+1
= = H (1 — axz?)
k=1
respectively.

Example 1.33 Let S; an Sy be the compact Riemann surfaces
associated to the hyperelliptic curves of equation 3% = z® — 1 and
y? = 2° — x respectively. The map

Sl—>52

(‘Ta y) —— (ﬂj‘z,ﬂjy)
X0 b———> 0
X2 b——> 0

is an unramified morphism, as can be shown by computation of
the different local expressions of f with respect to the coordinates
given in Examples 1.7 and 1.8. These computations are similar to
those of the previous example, and we leave them as an exercise.
We will come back to this morphism in Section 1.2.6, where the
absence of ramification points will be shown in a different way.

1.1.3 D:ifferentials

Let {(Us, i)} be the collection of charts (the atlas) that pro-
vides the Riemann surface structure in S. For P € U;NU; C S,
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we write
i oy (o001 (0
(P = (wi09)) (o5 (P)

Definition 1.34 A meromorphic differential (or simply, a differ-
ential) w is a collection of meromorphic functions {f; : U; — C}

dz;
such that f; = fld_zl in the intersection U; N U;. This is usu-

ally written as w)y, = fidz;, and accordingly the compatibility
condition verified by the functions {f;} is expressed in the form
fidz; = fjdz;. If the functions f; are holomorphic, w is called
holomorphic.

Note that the sum of two differentials and the product by a
number is again a differential. In fact, the product fw of a mero-
morphic function f by a differential w is also a differential.

Definition 1.35 Let f be a meromorphic function. We define
the meromorphic differential df as the collection
af

i ={5Lr)= (o0 (P

Proposition 1.36 Given a meromorphic function f and a mero-
morphic differential w, there exists another meromorphic function
h such that w = h - df.

Proof We observe first that the quotient of two meromorphic
differentials w; and wy defines a meromorphic function h simply
I
17
(Uj, ;) is another chart and P € U; N U; we have
ey HPYEPE) e

TP poErE) P

and therefore h is well defined. The statement follows by taking
wy = df in the above argument. O

by setting h|y, = where wi |y, = fldz; and wo|y, = f2dz;. If

h‘Uj(P) :h‘Ui(P)

Definition 1.37 Let w be a meromorphic differential in S. We
say that P € S is a zero or a pole of w if it is a zero or a pole of f;,
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where P € U; and w|y, = fidz;. In this case, we define the order
of wat P as ordpw := ordpf;.

By Definition 1.34 these concepts are independent of the choice
of charts.

Example 1.38 (P! has no holomorphic differentials) Write
P! = C and consider the identity function x and the corresponding
differential w = dx. Clearly w has neither zeros nor poles at points
different from oco. At oo a local computation gives

dod;'(x) _d/s) _ 1

dz dz 22

Thus, w has a double pole at P = oo. However, by Proposition
1.36 and Proposition 1.26 any meromorphic differential can be
written as n = R(x)dz for some rational function R(z). Now,
in order for n to be holomorphic, R(z) cannot have poles, hence
must be constant and, moreover, has to have a zero of order > 2
at oo. Impossible.

Example 1.39 (Holomorphic differentials on a torus) Let

C
S*Z@m

be the Riemann surface introduced in Example 1.13.

We construct a differential on S simply by declaring
W|UZ. = deZZ =1- dZi

To check that this assignment produces a differential, one simply
has to recall that ¢; o p; *(2) = 2z +m + ni with m,n € Z. Hence
dzi dzi
1 dz; Ji dz;
Observe that this differential has neither zeros nor poles. It is
usually denoted w = dz, but not in the sense of Definition 1.35
since f([z]) = z does not define a function in S.

Example 1.40 (Holomorphic differentials on hyperelliptic
curves) Let S be the Riemann surface associated to the curve

Y’ = (x—a1) - (z — agq)

whose atlas was described in Example 1.7.
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Consider first the differential dx. Since the coordinate function
x (Example 1.32) can be used as local coordinate at all points
P # (a;,0), i = 1,...,2g + 1 and P # oo we see that dx has
neither zeros nor poles at these points.

For P = (a;,0) we have d(x o ¢; (2)) = d(a; + 2%) = 2zdz,

1 2
and for P = oo we have d(x o y~!(z)) = d (—2> = ——dz. We
z z

conclude that dx has simple zeros at the points P; = (a;,0) and a
pole of multiplicity 3 at oo.

Now, to construct holomorphic differentials we also make use
of the coordinate function y (see Example 1.32). We see that the

only zero of the differential w; = ax is 0o, and its order equals
. . X - dx
2g4+1—3 = 2g — 2. In turn, this implies that wy = —— has two
y

simple zeros at the points Q* = <0, + H(—ai)) and one zero of

order 2g — 2 — 2 = 2g — 4 at oo. Proceeding in this way we see
that

xt—1 . dx
wi=——— (i=1,...,9)
' y

is a holomorphic differential with two zeros of order ¢ — 1 at the
points QT and one zero of order 2(g —4) at the point oco.

Example 1.41 (Holomorphic differentials on the Fermat
curves) Let S be the Riemann surface associated to the curve
2?4+ 9?4 =1 (see Example 1.10).

Arguing as in Example 1.40 one easily checks that in this case
the differentials

2
XX jcdo1,0<i<)2

y]
are holomorphic. To do that one first notes that now the function
x (resp. y) has d simple zeros at the points P, = (0,55) (resp.
Qr = (55,0)) and d simple poles at the points cok. Accordingly
dx has zeros of order d — 1 at the points @), and double poles at
the points ocoy.

wij =

Example 1.42 (Holomorphic differentials on Klein’s cur-
ve) Let S be the Riemann surface associated to the algebraic
curve 3’ = z(z — 1)? considered in Example 1.11.
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Clearly the differential dx (resp. the function y) has a zero of
order 6 (resp. a simple zero) at the point P = (0,0), another zero
of order 6 (resp. order 2) at the point @ = (1,0) and a pole of
multiplicity 8 (resp. multiplicity 3) at the point co. It follows that
the differentials
_ d_);’ oy = (x ;)dx7 oy = (1 )G()dx

y y y

are holomorphic. Moreover, adding on the information that (x—1)
has a zero at Q and a pole at oo, both of order 7, we see that the
zeros of these differentials are as follows:

w1

e w; vanishes at P with multiplicity 3 and oo with multiplicity 1.
e w- vanishes at P with multiplicity 1 and @ with multiplicity 3.
e w3 vanishes at () with multiplicity 1 and oo with multiplicity 3.

Remark 1.43 The reader should notice that for the differentials
we have constructed in this section the following facts hold:

(i) For all differentials on the same Riemann surface S the
number of poles minus the number of zeros, counting mul-
tiplicities, is a constant integer. This number agrees with
the Euler—Poincaré characteristic x = x(S) of the surface,
to be introduced in the next section.

(ii) The holomorphic differentials constructed in each of Exam-
ples 1.38-1.42 are C-linearly independent and its number

2 —x(9)

which is also introduced in the next section.

equals ¢ = ¢(S) = , the genus of the surface,

A deep result in the theory of Riemann surfaces, the Riemann—
Roch Theorem, implies that (i) always occurs, that the dimension
of the vector space of holomorphic differentials always equals g(S)
and that the g elements of any basis cannot have common zeros.
This theorem will not be needed in this book. However, the last
statement leads to the concepts of canonical map and canonical
curve, which we next describe in the particular case of the Rie-
mann surface associated to the curve S = {y7 =z(x — 1)2}.

For ¢ = 1,2,3, let w; = f;dz; represent the local expressions of
the three differentials of Example 1.42 in a local chart (U;, ;).
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Then we can define a map
®;:U; — C3

by the rule ®;(P) = (f1(P), f2(P), f3(P)).
Suppose that P € S lies in the intersection of two charts U; and
Uj. Then, by the very definition of a differential, we have

. dZZ‘

;(P) = T
]

(P)®(P)

Now, since the three differentials have no common zeros and
dZZ'
de
holomorphic map into the complex projective plane

(P) # 0, the local maps ®; glue together to define a global

PS5 — P
By Remark 1.43 this is a general fact. The map

d:S Pg—1
P (wi(P) : -+ wy(P))

is called the canonical map and its image the canonical curve.

The canonical curve of the Riemann surface associated to the
curve y' = z(z — 1)? is particularly beautiful. It is the projective
plane curve defined by the homogeneus equation

XoX1+ X7 Xo+ X3X0 =0

This is a very much studied curve known as Klein’s quartic, see
[K1e78], [Lev99].

Proposition 1.44 The canonical curve of the Riemann surface
of y* = x(x — 1)? is Klein’s quartic.

Proof Let ® = (w1, ws,ws) be the canonical map, where wy,ws, w3
are the differentials defined in Example 1.42.

A simple calculation, using the relation y” = z(z — 1)?, shows
that the expression

() () () () (5) 5
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reduces to
1 1 1,
22(x —1)3  23(x—1)2 23(x—1)3

This shows that Im(®) is contained in Klein’s quartic. Note
that if P = (0,0) and @ = (1,0) the information provided in
Example 1.42 yields ®(P) = (0: 0:1), ®(Q) = (1 :0:0) and
P(c0) = (0:1:0). To conclude that Im(®P) agrees with Klein’s
quartic we observe that in fact ® is a bijection with inverse

3
(I)_l(wo Al :.’L’g) = < fl + 1,—ﬂ>

T5T0 )

O

Remark 1.45 Actually Proposition 1.44 shows in practice that
in this case the canonical map is an isomorphism of Riemann
surfaces. To make the proof complete we only need to specify
what the Riemann surface structure on Klein’s quartic is. This is
done in the next example.

Example 1.46 (Non-singular plane curves) If F/(Xy, X1, X>)
is a homogeneus polynomial of degree d such that the gradient
(Fx,, Fx,, Fx,) is non-zero at all points of the (projective) curve

S={PecP?|F(P)=0}

then S can be endowed with a Riemann surface structure as fol-
lows.

As usual, let us denote by U; = {(zo : =1 : x2) | @i # 0}
(i = 0,1,2) the three standard open sets covering P2

Let P = (1:z :y) be an arbitrary point in SN Uy so that (z,y)
is a zero of the polynomial Fi (X1, X2) = F(1, X1, X3). Now, if

FX2(17x7y) = (F*)X2(x7y) #0

(resp. if Fx,(1,z,y) = (Fy)x,(z,y) # 0) we can use the Inverse
Function Theorem to construct a parametrization near P of the
form x — (1 : 2 : Xo(z)) (resp. y — (1: X1(y) : y)). The point
is that Fx,(P) = 0 and Fx,(P) = 0 cannot occur simultaneously
for a point P € S, since in that case the Euler formula

XOFX0+X1FX1 —I—AXQFX2 =d-F
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would imply that also Fx,(P) = 0, which is a contradiction.
Of course, a construction of a parametrization around a point
P in SNU; or SN Us can be achieved in a similar way.

1.2 Topology of Riemann surfaces

1.2.1 The topological surface underlying a compact
Riemann surface

An orientation on a (differentiable) surface is given by an atlas
such that the jacobian of the transition functions is positive ev-
erywhere.

Let v be a piecewise differentiable Jordan curve encircling a
point p in a surface X, that is v = 92, where Q is diffeomor-
phic to a disc around p and 92 stands for its boundary. Then
an orientation on X induces an orientation (the positive orienta-
tion) on v defined as follows. Let ¢ € 9Q and (U, ) represent
a small chart centreed at ¢ (i.e. ¢(U) = D and ¢(q) = 0) such
that (U N Q) = HND. The positive orientation is the one that
travels through U N 9S from o~ !(—¢) to o~ 1(e). This notion does
not depend on the choice of chart within the oriented atlas, as
shown in Lemma 1.47 (see [BT82]). Thus an orientation on X
determines a notion of positive rotation around any point p. Ac-
tually, when X is not assumed to be differentiable but merely a
topological surface, the existence of a globally defined notion of
positive rotation is usually taken as a definition of orientability.

Lemma 1.47 Let G : D — D be a diffeomorphism whose jacobian
is positive everywhere and such that G(D NH) = DN H. Then
G = (G1,G2) induces by restriction a diffeomorphism of (—1,1)
g(z) = G1 (z,0) with a positive derivative at every point.

Proof Write G = (G1,G2). The function  — Go (z,0) vanishes
identically by hypothesis, therefore 9, G5 (x,0) = 0.

Now y > 0 implies Go (z,y) > 0, thus y — Go (x,y) is an
increasing function near 0, therefore 9,G> (x,0) > 0. Hence

amGl (l’, 0) ayGI ('Ia 0)
0 8yG2 (CE, 0)

and therefore ¢'(z) = 0,G1 (z,0) > 0. O

0 < det DG (z,0) =
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Riemann surfaces come naturally equipped with an orientation.
The reason is that if we write the transition functions in the form
Yoo (x,y) = (u(z,y),v(z,y)), the Cauchy-Riemann equations
imply that

0 (sﬁi o 90j_1>
9 (z,y)

Uy Uy
Vg Uy

| U —Ug

=u2+v2>0

Vg Uy

A well-known theorem by Radé (see [Jos02] for a modern proof)
states that all compact surfaces can be triangulated, that is X
equals the union of subsets homeomorphic to triangles (or, more
generally, polygons with an arbitrary number of sides) such that
the intersection of two such triangles is either empty, one vertex or
one edge. Since the proof of this result will not be included here,
from now on by the term compact surface we shall mean a trian-
gulable compact surface. At any rate, it will be a consequence of
the existence of non-constant meromorphic functions (see Section
2.2) that compact Riemann surfaces can be triangulated.

Ty € T2p Tlp %

Fig. 1.4. A tetrahedron and a cube represented as a planar polygon with
identified sides.

Using a triangulation, the topological space underlying a surface
X can be described as a planar polygon R with a suitable equiv-
alence relation on the boundary. This polygon is constructed by
mapping homeomorphicaly a given triangle T" to a convex pla-
nar triangle TP and then extending this map to the neighbouring
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faces. The resulting polygon R gives back the surface X if we
identify two edges whenever they come from the same edge of the
triangulation in X. This is similar to the familiar process of cut-
ting a polyhedron along certain edges to produce a planar figure.
Prescribing the edge identifications (glueing instructions) on such
a planar figure is needed to build the polyhedron back in three
dimensional space (see Figure 1.4, where the two labels e indicate
that the corresponding edges are identified).

Remark 1.48 The polygonal representation of a compact surface
makes it clear that all compact surfaces can be endowed with a
differentiable structure. If x lies in the boundary of R and it is
not a vertex, one can take as chart an open set consisting of two
small half discs around z, one for each of the two edges of R in
which z lies (see Figure 1.6). If z is a vertex, the chart is made
up of several circle sectors centred at the points equivalent to x.
Conversely, if X is a compact differentiable surface, the same cut
and paste process applied to a differentiable triangulation will lead
us to a normalized polygon as above which represents a surface
diffeomorphic to S. So from now on we will make no distinction
between topological and differentiable compact surfaces.

Let now 77 and 75 be two adjacent triangles of a triangulation
of an oriented surface X. The positive orientation in 977 and
0Ty induce opposite travel directions (or orientations) on their
intersection edge 77 N T5. This will turn out to be an important
observation regarding the glueing instructions needed to build X
from the planar polygon R.

Assume that we have cut X open along a common edge e of
two triangles 77 and T5. Let us denote by u,v the vertices of e,
by T? the planar triangle corresponding to T;, and by e; (resp.
u;,v;) the edge of Tip corresponding to e (resp. the vertices of
TP corresponding to u;,v;). The orientation of the triangle 77
induces a preferred travel direction on e;. By the observation
above, if when travelling counterclockwise along OR we pass e
in the direction u; — vy, say, then we travel es in the opposite
direction vy — wo. This is why the edges e; and es of OR will be
denoted e and e~!.

The 2n (pairwise identified) directed edges of a planar polygon
R constructed from a triangulated orientable surface will be given
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labels a;, b; or ai_l, bi_1 as described above. The above comment
means that if we write down the sequence of labels we encounter
when travelling, say, counterclockwise along the whole boundary
OR, both symbols a;, ai_1 (resp. by, bi_l) must occur in the result-
ing word w. In other words, we never find a pair of (counterclock-
wise) directed edges labelled both with the same label, as it would
happen in a surface containing a Mdbius strip (Figure 1.5), the

simplest example of a non-orientable surface.

A

Turn and glue
= A e

Fig. 1.5. A Mobius strip does not admit a Riemann surface structure.

Example 1.49 (Charts on the cylinder and on the Mdbius
strip) Consider the cylinder and the Mobius strip defined as a
rectangle [0, 1] X (—a, a) with the usual identification of sides (Fig-
ure 1.6). Then ¢ = Id serves as a chart around any interior point
of the rectangle in both cases.

However, if D; and D5 are the semidiscs indicated in Figure 1.6,
an obvious chart around a point P lying in the rectangle’s edge is

e ={ &V W

in the case of the cylinder, and

_ (,I, y) in Dl
wl(way) - { ($_1’_y) in Do
in the case of the Md6bius strip. Note that in the second case we
have |Jac(; o ¢™1)| > 0 in Dy and |Jac(y1 0 1) < 0 in Da,
reflecting the non-orientability of the Mobius strip.

A fundamental fact is that a given polygon R representing a
compact orientable surface can always be transformed by means
of cut and paste operations to a new polygon R’ that represents
the same topological surface but is described now by a word w in
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pi[) Dy (]

s ~
’ RSN
// ,"’ \\\ Dl)

Fig. 1.6. Charts on the cylinder and the Mobius strip.

normalized form. By this we mean that w is one of the following
words

wo = aa™?

(1.1)

_ —1;—1 —1;-1 —13—-1
wg = ajbia; by asbaay by ---agbgag bg

where ¢ is a positive integer called the genus of the surface.

It is quite obvious that the topological spaces determined by
wg, Wi, Wa,... are homeomorphic to a sphere, a torus, a surface
with two handles, etc. (see Figures 1.3 and 1.7).

We now describe the algorithm leading to the normalized form
of our polygon R, following the account given in [FK92|, see also
[Mas91]. Only three operations are needed:

Operation one (erasing trivial data): a word of the form

w = aa 'z can be transformed into z--- (Figure 1.8).

Operation two (identification of vertices): assume that the
two vertices of an edge of R represent distinct points P, Q of X.
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7\

az b1
bo al
a2 b1
bo ai

Fig. 1.7. A surface S of genus g = 2: the connected sum of two tori. A planar
polygonal model and a triangulation of S are displayed below.

Fig. 1.8. Operation one: erasing trivial data.

E---_<C----E
: : A -
b

cut along ¢

paste along b

. :

b

Fig. 1.9. Operation two: towards the identification of all vertices.
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a

. E
cut along ¢

paste along b

cut along y oY

paste along ¢

XA cutalong x X
paste along a J

Fig. 1.10. Operation three: joining linked letters.
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If no other vertex of R also corresponds to Q, two consecutive
edges are identified and we can apply operation one unless R has
precisely two edges, which in turn means that R is already in
the normalized form described by wg. In the other case, we can
proceed as in Figure 1.9, cutting R along a suitable line to split it
into two pieces that are then pasted together along another line
to form a polygon R’ representing the same topological surface.

The cutting line lies in the interior of R but in the border of R/,
and correspondingly the glueing line lies in the border of R but
in the interior of R’. The effect of this operation is that the total
number of vertices remains constant, while the number of vertices
representing the point P increases by one. A suitable combination
of operations one and two yields either the normal form wqg or a
polygon in which all vertices are identified.

Operation three (joining linked letters): a pair of letters
a,b in w is said to be linked if the sequence a---b---a='---b~!
occurs in w. By the cutting and pasting procedure a linked
pair can always be replaced by another linked pair of the form
-xyx~ 'y~ (see Figure 1.10). Note that performing this op-
eration in a polygon with all the vertices identified to each other
yields a new polygon which still has all the vertices identified.

Example 1.50 Finding the normalized form aa™' of the cube in
Figure 1.4 requires only a repeated application of operation one.

Example 1.51 We show now a more complicated example of how
the above method applies. Our goal is to compute the genus of
the topological surface in Figure 1.11.

Direct inspection shows that there are two classes of vertices of
the polygon (the white and the black points in Figure 1.11). In
Figure 1.12 we show how to repeatedly apply operation two fol-
lowed by a single application of operation one to obtain a polygon
with only one class of vertices. Then we join linked letters (oper-
ation three), as shown in Figure 1.13. We find that the genus of
the surface we started with is g = 3.
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Fig. 1.11. The lines indicate the side pairings needed to build the topological
surface corresponding to the word w = abedefb tgd ta " tfte g le™?

cutalong xy

¢ Pastealong bdf ,

cutalong
paste along g ¢

cutalong r

paste along a

Fig. 1.12. Identification of all vertices.
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cut a
—
paste y

Fig. 1.13. Joining linked pairs.

t

35
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1.2.2 The fundamental group

Let X be a compact topological surface. Recall that a continuous
path v : I = [0,1] — X is called a loop with base point P if its
initial point v(0) and its endpoint v(1) agree with P. Two loops
a, B : I — X with same base point P are said to be homotopically
equivalent if they can be deformed to each other through a con-
tinuous family {vs:1 — X} .; of loops with base point P, this
means that there is a continuous map

vyl xT X
(t,8) ——=(t;s) = 7s(t)

such that v5(0) = ~5(1) = P for all s € I and (t) = a(t),
7 (t) = B(t) for all t € I.

The set of homotopy classes of loops can be endowed with a
group structure by means of the following composition law

a(2t) if0 <t <1/2

[a]o[8] = [af], where afB(t) =
BRt—1)if1/2<t<1

In other words, [a]o[g] is the class of the loop which first follows
« and then 3. The identity element of the group is the class of
the trivial constant loop (y(¢) = P for all ¢), while the inverse
[a]~! is the class of the loop t — a(1 —t) (the same path as a but
run backwards). Therefore, only the associativity is not entirely
obvious (the interested reader may consult [Mas91]).

This group is called the fundamental group of X, and it is de-
noted by m (X, P) or, very often, simply by m1(X) as different
choices of the base point give rise to two essentially equivalent
groups.

Assume now that the normalized polygon R of X has genus
g > 0. Let a;,b; be the directed edges of R and let P € S be
the point represented by any of the vertices. The directed edge a;
(resp. b;) induces in X a loop «; (resp. (3;) with base point at P.
In other words, {«;, 5;} C 71 (X, P), where we have used the same
notation for loops and for their corresponding homotopy classes.

We will show in Theorem 2.6 that the fundamental group of such
a surface has the following presentation in terms of generators and
relations

<O£1, ﬁl) sy Qg ﬁga alﬁlaflﬁfl e agﬁgaglﬁgl = 1> (12)
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In other words, v, 31, ..., oy, By generate 7 (X, P) and wy =1
is essentially the unique relation in the group, where w, agrees
with the word describing a normalized polygon model of X (see
(1.1)). What ‘essentially unique’ means is that any other word
on these generators representing the trivial loop is a product of
conjugates of w, and w;l. A more precise explanation of this last
sentence can be given as follows.

Let us denote by Fy, the set of words w = w(a;,b;) on the
symbols a;, b; and their inverses ai_l, bi_l, where 1 = 1,...,9.
This set can be made into a group called the free group on the 2g
generators {a;,b;} (see [Mas91]). The group operation is simply
concatenation of words. The identity element 1 corresponds to
the empty word and the existence of inverses is guaranteed by the
cancellation law

aiai_l = ai_lai = bibi_1 = bi_lbi =1

The rule that associates a; to «; and b; to [3; defines a group

epimorphism

p: Fog ——mi1(X, P) (1.3)

w(a;, b) ——w(a, B;)

hence (X, P) is isomorphic to Fao4/ker(p).

The word wy = alblal_lbl_1 e agbga;lb;1 lies in ker(p) because
the loop p(wy) = alﬁlaflﬁfl . --agﬁgag_lﬁg_l can be seen as a
counterclockwise walk along the boundary of the normalized poly-
gon, and so it can be contracted to the point P through the interior
of the polygon. Now, since the kernel is always a normal subgroup,
ker(p) must contain the conjugates of w, and w;l and all their
possible products. The statement above amounts to saying that
these elements fill up the whole group ker(p).

Note that when g = 1 the presentation (1.2) implies that the
two generators a1, 1 commute, and so the fundamental group is
isomorphic to Z2. On the contrary, we see that the fundamental
groups of the surfaces of genus g > 1 are not abelian groups. In
fact, for each genus g the abelianization of the fundamental group
is the group Z2%9.

We recall that the abelianization G of a group G is the largest
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abelian quotient of G, more precisely
G
G, G

where [G, G|, the commutator subgroup of G, is the group gener-
ated by all commutators, that is all elements of the form

a:

[z,y] =ayz~ 'y, z,yeq

Note that [G,G] < G because the conjugate of a commutator
is itself a commutator, and also that G is abelian, for clearly in
the quotient we have T7 (Z) " '(7) ! = 1, that is Ty = y7. It is
also clear that [G, G] is the smallest normal subgroup of G whose
quotient is abelian.

When G = F4, we have an epimorphism

p1: Fog—=179 @ 7.9 = 7.%9
defined by
a; —— (e;,0) (1.4)
b — (0, ¢;)
where e; stands for the i-th vector of the canonical base of Z9.
Since the target group is abelian, the kernel contains the subgroup

[Fag, Fog]. But in fact ker(p) = [Fag, Foq4] because p; induces an
isomorphism

Fag .
[-7:297-7:29] I

729

whose inverse is defined by inverting the arrows in (1.4) and then
taking classes modulo [Fag, Faq] (note that this inverse is well-
defined because the target group is abelian).

On the other hand, we observe the following two facts relative to
the epimorphism p in (1.3). First ker(p) C [Faq, Faq] and second
p([Fag, Fag]) = [m1(X), m (X)].

Therefore, we can write

Fa | Falkerlp)  m(X)
(Fag, Fagl — [Fag, Fagl/ker(p) — [m1(X), m1(X)]

729 ~

In other words, Z?9 is not only the abelianization of Fag but
also of 71 (X). This yields the following:
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Corollary 1.52 If g # ¢ the orientable compact surfaces defined
by the words wy and w’g are not homeomorphic to each other.

Proof If they were homeomorphic their fundamental groups would
be isomorphic and so would be their abelianizations. But the
theorem of classification of abelian groups shows that Z29 is not
isomorphic to Z29" if g # ¢'. O

Remark 1.53 In particular, Corollary 1.52 shows that the genus
is independent of the triangulation of the surface used to obtain a
normalized polygon. Thus we are allowed to speak properly of the
genus of a surface without reference to a particular triangulation.

1.2.3 The Euler—Poincaré characteristic

From a different point of view, the genus g of a compact orientable
surface X may be defined in the following way.

Proposition 1.54 Let X be a compact orientable topological sur-
face of genus g.

(i) Letwv,e and f be the number of vertices, edges and faces of
a given triangulation of X. Then the integer

X(X)=v—e+f

called the Fuler—Poincaré characteristic of X, is indepen-
dent of the triangulation.

(ii) The genus and the Euler—Poincaré characteristic are re-
lated by

X(X)=2-2g

Proof (i) The proof will be a consequence of the following facts,
each of which is easy to check:

e The corresponding statement for a closed topological disc
D (instead of X) holds. In fact x(D) = 1.
To see this one can argue by induction on the number n
of triangles. If n = 1 then D itself is the only triangle of
the triangulation and x(D) =3 —341 = 1. If D has been
subdivided into n triangles we remove from D a triangle
having one (or two) edges in the boundary of D to obtain
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a new topological disc D’ consisting of n — 1 triangles. To
pass from D’ back to D we have to add 1 edge and 1 face
(or 1 vertex, 2 edges and 1 face), thus x(D) = x(D') = 1.
If in the process of getting the normalized polygon out of
a given triangulation of X we impose the condition that
in operations two and three the cuts are performed along
edges of the triangulation, then the triangulation is pre-
served throughout the whole process. Note that since these
cutting lines may consist of several edges, some of the 4¢g
sides (2 in the case g = 0) of our normal polygon may split
into several edges of the triangulation.

We can compute x(X) by using the fact that the triangula-
tion of X is induced by the triangulation of the normalized
polygon R (which is a topological disc), after suitable iden-
tification of vertices and edges in the boundary. We note
the following:

(a) The number of triangles (faces) is the same in R as in
X.

(b) The e; interior edges of the triangulation of R corre-
spond to e; different edges of the triangulation of X. How-
ever, the e, boundary edges give rise to only e;/2 edges in
X, as they come identified in pairs.

(c) Likewise the v; interior vertices of the triangulation of
R give rise to v; different vertices of the triangulation of
X. But the situation is different for the v, = e, boundary
vertices. If we write v, = v +4g (or v, =v+2if g =0) to
count the 4g vertices (2 if g = 0) of the polygon separately
from the rest of the vertices of the triangulation, we see
that these vy vertices correspond to only v/2 + 1 vertices
in X (v/2+2if g=0).

Finally, we can write

v
X(X) = X(R)—<§+4Q—1)+< 5
v v
= 1—=-—14 -
5 g+1—|—2+29

v+4g>

or
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if g=0.
(ii) Has been proved already. O

For example, the triangulation in Figure 1.7 has V' = 10, £ = 36
and F'=24, thus x =10 —-36+24 = -2 =2 — 22, as expected.

1.2.4 The Riemann—Hurwitz formula for morphisms to
the sphere

We already know that topologically P! is the sphere and C/Z @ Zi
is the torus, hence their genera are 0 and 1. But, how to determine
the genus of surfaces such as the hyperelliptic and the Fermat
curves? The tool for performing such computations will be the
Riemann—Hurwitz formula.

Before stating the formula, let us show how it works in a particu-
lar case. Let S be the Riemann surface associated to the algebraic
curve y? = iiﬁl (x — ag).

Remember that we have a morphism x : S — @, given by
x(x,y) = x (see Example 1.20). We observe that every point of the
sphere has two preimages except for the values ai,...,a4+1,00,
whose preimage x~!(ay) is only the point (ay,0), of multiplicity 2
(we will say that x has degree two). We now take a triangulation

~

C = |y T, satisfying the following two conditions:

(i) All points ay,...,a2g+1,a2g+2 = 00 are vertices of some
triangle.

(ii) The triangles have a diameter ¢ small enough for the balls
B(a;,€) not to contain a; with j # 1.

Under these conditions, the inverse image of T C C is the
reunion of two triangles x (7)) = T} UT? C S. The collection
of all the so obtained triangles {Té, T,?}k gives a triangulation of
S.

Now, if X(@) = v —a+ c =2 is Euler’s formula for the trian-
gulation {7}}, of (@, the corresponding triangulation {Té,Tg} &
would give

X(S)=2v—-(29+2)—2a+2c=2(v—a+c)—29g—2=2—-2g

thus the genus of S equals precisely g.
We note in passing that, since g is an arbitrary integer, this ex-
ample shows that any compact orientable surface can be endowed
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with a Riemann surface structure. In fact this can be done in in-
finitely many non-equivalent ways (see Corollary 2.49 and Section
2.6).

These computations can be generalized to arbitrary Riemann
surfaces and arbitrary (non-constant) functions. Doing that re-
quires a precise definition of the degree of a meromorphic func-
tion. For that we need to say something about the integration of
differential forms.

If c: I =10,1] — S is a (piecewise differentiable) path and w is
a meromorphic differential without poles in ¢(I), we can compute
the integral fcw. The result does not depend on the choice of
coordinates, since if v = T is a small piece of ¢ lying inside

U; N Uj the two possible ways to compute fyw, namely

—1
/w: fiow;
Y Pioy

_ —1
/W— fjo‘:pj
v Pjoy

and

give the same result.

Indeed

Joior fiowi” = / (o 97 o (200 Lt
= [ Gromluteron) et
- /ab“i"’”’t((%w;l)o(wjow)'\tdt
= [ ol (050 67") lyortr (o3 0 st

b
- / (5 07) |e (05 07)' ot

-1
- fsajov fioe;
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Definition 1.55 Let P be a a point lying in a chart (Uj, ;). The
residue of w at P, denoted resp(w), is defined as the a_; coefficient
in the Laurent expansion

_ a— a_1
fio P 1(2) = -

CogP) T )

By the one complex variable residue theorem we can write

+ag+ -

resp(w) = res%(p)(fjowj_l)

1 -1
= ij(Pj

2mi 9B(p;(P).e)

1
21 JoB(Pe)
where B(P,¢) stands for a small neighbourhood of P diffeomor-
phic to the disc B(p;(P),¢).
It follows that the residue of a differential at a point is inde-
pendent of the choice of coordinates, as it can be computed by
integration along any small loop around P.

Theorem 1.56 (Residue Theorem) The sum of all the resi-
dues of a meromorphic differential in a compact Riemann surface

equals zero. That is
Z resp(w) =0

for any meromorphic differential w in the compact Riemann sur-

face S.

Proof Let Py,..., P, be the poles of w. Consider a triangulation
U; Tj of S\ UpB(Pg,€) where each triangle T} is contained in a
coordinate neighbourhood Uj; (see Figure 1.14).

Then

1 1
resp(w) = — / w=— / Wiy,
PZE% 2mi Zk: OB(Py.e) 2mi ZJ: oy Vs

since the edges of the triangulation that do not lie in B(Pg,¢)
are integrated twice in the last sum, but in opposite directions.
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Fig. 1.14. Integration along U;0B(P;,¢) equals integration along U;97T}.

Now let wr, = f(z)dz where f o gpj_l = u + v is holomorphic.
By Green’s formula we have

/ w = / (u+w)dx + (—v + iu)dy
oT; P

=0

where the last equality is a consequence of the Cauchy—Riemann
equations. ]

Proposition 1.57 (Degree of a meromorphic function) Let

f:8— C be a non-constant morphism. The non-negative inte-
ger

deg(f):== Y mp(f)
f(P)=c
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called the degree of f, is independent of the choice of ¢ € C.

Proof Let ¢ # oo and P € f~!(c) a point of branching order
mp(f) = n. Then the Taylor expansion of f — ¢ around P is

(f - C) © <pj71(z) = a,2" + an+lzn+1 + -
hence
/!
((F=aow) )
((F=coei')z) 2
d(f —
In particular, P is a pole of the differential w = (ffcc) with

residue n. Similarly, when P is a pole of f, the residue of w at P
equals —mp(f).
The Residue Theorem applied to w yields

0= ZTGSP(M): Z mp(f) — Z mp(f)

PeS f(P)=c f(P)=o00

O

Thus, the degree of f is simply the number of points in every
fibre f~1(c) such that c is not a branch value (see Definition 1.31).
If we take multiplicities into account this number remains constant
at all values ¢ € P!,

Example 1.58 According to Proposition 1.27, every morphism
f : C — C is a rational function, that is f(z) = p(z)/q(z) for
certain polynomials p,q € C[z]. The degree of f is in this case the
maximum of the degrees of p and q.

Example 1.59 The considerations made at the beginning of the
section for computing the genus of the Riemann surface of the
curve y? = ig:ng (x — ay) show formally that deg(x) = 2. In
the same way, one sees that the degree of the second coordinate
function y : § — C equals 2g + 1. Note that the degree of the
function x agrees with the degree of the variable y in the defining
equation, and conversely. Similarly, both coordinate functions of

the Fermat curve 2% 4+ y? = 1 have degree d.
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We now compute the genus of a compact Riemann surface en-
dowed with an arbitrary morphism to P!.

Theorem 1.60 (Riemann—Hurwitz for morphisms to P!)
Let S be a compact Riemann surface, and f : S — P' a mor-
phism of degree d > 1, then the genus g of S is given by the
formula

29 —2=-2d+ ) (mp(f)—1)

pPeS

Proof Compare the Euler characteristic of S and P! in the same
way we did in the previous example. Since f is a local homeo-
morphism outside the branch points Pi,..., FP,, a triangulation
Pl = Uy T whose triangles T}, are small enough and such that
f(P1),..., f(P,) belong to the set of vertices, induces a triangu-
lation S =, f~1(Tx), where f~1(T},) =Tt u--- U T

Now, if 2 = v — a + ¢ is the Euler formula for the triangulation
{T}},. of the sphere P!, the formula corresponding to the triangu-
lation {T}},... ,Tg}k of S'is 2 —2g = v —a + ¢, where clearly
a’ = da and ¢ = de. As for v/, we do not have v/ = dv since, as
we already observed in the previous example, those vertices which
are branch values will have less than d preimages.

Around a branch point P, the function f can be locally written
5 (¢ 0 f 0 9™ 1)(2) = em2™ + ey 2™ + - = (2)™, where

Y(z) =2 %/cm + cmy12+ -+

is near the origin a bijective function. Therefore, in a small neigh-
bourhood of P the function f takes once the value f(P) and m
times the rest of the values. In other words, the inverse image of
a triangle T}, with a vertex at f(P) is then the reunion of m trian-
gles that have P as a common vertex. In case we had set v' = dv,
this single vertex P would have been counted m times. It is clear
then that the right computation is v' = dv — > pcg (mp(f) — 1),
and the formula follows. O

Remark 1.61 A straightforward consequence of the formula of
Riemann-Hurwitz is that every morphism f : S — P! which is
not bijective is necessarily ramified.
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Example 1.62 (The genus of Fermat curves) Let S be the

compact Riemann surface associated to the curve
2?4yt =1
Consider the morphism x : § — P! described in Example 1.21,
given as x(z,y) = x. The ramification points are Q; = <§zl,0
with j = 1,...,d, all of them with branching order equal to d
(since the local expression of x has the form s — s+ ¢&%). The
Riemann—Hurwitz formula gives
29—2=-2d+)» (d—1)=-2d+d(d—1)
Q@
d—1)(d—2
It follows that g = ()2#
Example 1.63 Consider the p-gonal algebraic curve
Ww=@—-—a)™ - (x—a)"

of Example 1.11. Consider the degree p morphism x : § — P!

given by x(z,y) = x. The branching values are ay,as,...,a,, o0
or ai,as,...,a,, depending on whether > m; is prime to p or not.
Since the branching order is always p, the genus g of S is given by
—1r—-1
%(T) if Zmi is prime to p
g =
—1)(r—2
%(T) otherwise

Note that in the case of Klein’s Riemann surface y7 = x(z —1)?
we have p =7, r =2, m; = 1 and mo = 2, hence g = 3.

1.2.5 Coverings

We now summarize some basic facts about covering space theory.

Definition 1.64 A continuous mapping p : £ — X between
topological surfaces E and X is a covering map (or more simply
a covering) if for every x € X there is a neighbourhood V such
that p~1 (V) = |JU;, where the sets U; are pairwise disjoint and
the restriction p|y, : U; — V is a homeomorphism (we say then
that V' is well covered by p).
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We shall often write p~(V) = | |U; to indicate that the sets U;
are pairwise disjoint.

In case X has a holomorphic structure, £ inherits a unique Rie-
mann surface structure such that p is holomorphic. This structure
is given by charts of the form (Uj, ¢; o p), where (V}, ;) is a chart
in X and p(U;) = Vj is a well-covered neighbourhood. The transi-
tion functions are then (¢, o p)o(yp; o p) = (’pkogpj_l and the local

expression of p : E — X in these charts is ¢;jopo(¢p; o p)_1 =1Id,
thus p is certainly holomorphic.

If p is also holomorphic with respect to another chart (U,)),
we have, by definition, that (p; op) o ¢~! is holomorphic. But
then (U, 1) is compatible with all the charts (U;, ¢; o p) described
above. This shows the uniqueness of the holomorphic structure
on X.

Covering space theory applies naturally in more general settings
than the theory of surfaces. The simplest non-trivial example can
be given in dimension one.

Example 1.65 (The universal cover of the circle) The cir-
cle X = S! admits the helix

X ={(e¥"1t) |[teR} CR®

as covering space, where the covering map is p (62Mt,t) = 2mit
(see Figure 1.15).
Note that the helix X is topologically equivalent to the real line.

Given a covering p : E — X, every path v : [ = [0,1] — X
can be lifted to F, meaning that there is a path 74 in F such that
p o~ =-. The lift 4 is uniquely determined once its initial point
in E is chosen. This is clear in the previous example, and it is
easy to understand in general. Suppose that p~! (V) = | |U; with
p:U; ~ V, and that V contains a piece of « of the form ~([0, £]).
Once we choose the initial point eq € p~!(y(0)) C E, which is
equivalent to choosing one of the open sets Uj;, the lift of the piece
v([0,¢]) € V can only be p[,}il o~ (see Figure 1.16). Then we do
the same with the second piece y([g,£’]) C V' and continue this
process until the whole v is covered. Clearly by the continuity
assumption this can be done in a unique way.
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0

Fig. 1.15. The universal covering of the circle.

Fig. 1.16. Lifting a path.

49
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In fact a covering is nothing but a local homeomorphism with
the property that paths can be lifted (this is called the path lifting
property).

Note that the fibres of a covering are always discrete sets. An-
other important property is that if X is connected (as we are
always tacitly assuming), two arbitrary fibres p~!(z) and p~!(2’)
have the same cardinality, the so-called degree of the covering. To
show this, take a path 7 joining x to 2’. For every e € p~!(x),
let us denote by 74, the lift of v with initial point at 7. (0) = e.
Then the correspondence e — 7, (1) determines a bijection be-
tween p~!(z) and p~1(z’), since e, (1) = Fe, (1) = €’ would mean
that the path yv~! would have two different lifts with €’ as initial
point.

Example 1.66 The truncated helix Y = {(e*™ ¢) | ¢t >0} C
R3 is not a covering of S', despite the fact that p : ¥ — S! is
still a local homeomorphism. What is missing here is the path
lifting property. See Figure 1.17.

=g

Fig. 1.17. Not all local homeomorphisms enjoy the path lifting property.

In fact, in covering space theory not only paths can be lifted.
Any continuous mapping f : ¥ — X can be lifted to a continuous
mapping f : Y — E, provided Y is simply connected (that is,

with trivial fundamental group). Of course we say that f is a lift

of fifpof=f.
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In order to define fwe start by choosing a point yg € Y and its
image f(yo) = eg in the set p~*(f(yo)), the p-fibre of f(yg). This
choice will determine fcompletely. For an arbitrary y, connect yq
to y by a path 79 : I = [0,1] — Y, and lift the path f oy, with

initial point at eyp. One can define then f(y) = f oyo(1).

Remark 1.67 In this construction it is crucial to observe that
the definition of f does not depend on the choice of ~y but only
on that of eg. This is because if 7, is another path joining yg to y
and {v : I — Y}y is a homotopy between them (which must

exist, since Y is simply connected), then t — fo~,(1) € p~(y)
is a continuous map that takes its values in a discrete set, and
therefore it is a constant map.

An isomorphism of two coverings of X, p; : E; — X (i =
1,2) is a homeomorphism f : E; — Es such that the following
diagram commutes:

Eq

/ o)
X

The group of automorphisms of a covering p : £ — X, to be
denoted Aut(FE,p), is usually referred to as the group of covering
transformations or covering group of p. If f : 4 — FEs is an
isomorphism of coverings, then Aut(E, ps) = foAut(E,p1)o f L.

Before describing the basic properties of coverings, we intro-
duce some terminology to refer to the nature of the action of the
covering group Aut(E,p) on E.

Definition 1.68 Let E be a topological surface and G a subgroup
of homeomorphisms of £. Then:

(i) The action of G on FE is called free if the non-trivial ele-
ments of G do not fix any point of E.

(ii) The action of G on E is called properly discontinuous if for
each e € FE there are at most finitely many transformations
g1 =1d,...,g, € G fixing e, and there exists a neighbour-
hood U, such that g(U.)NU, = (0 for all g € G~{g1,...,9-}
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Clearly, when the action of GG is both free and properly discon-
tinuous, the neighbourhood U, in condition (ii) can be chosen so
that U, Nv(U,) = 0 for all v # Id.

For an arbitrary subgroup G of homeomorphisms of F the rule
e~e & =gle) forsomegeG

clearly defines an equivalence relation on E. Let us denote the
corresponding quotient space by X = E/G, the equivalence class
of e € E by [e] = [e]g, and by

T EF — X
€ [ — [e]

the natural quotient map.

When the action of G on F is free and properly discontinu-
ous, the map 7 : F — X is a covering map with covering
group G. The image m(U) of the open set U = U, in Defini-
tion 1.68 is a neighbourhood of m(e) well covered by 7, and we

have 71 (7(U)) = Uyeq 9(U).
For a subgroup H < G let Y = E/H. Then

Yy — X
elg — lele

is an intermediate covering map and the diagram

E
/

Y

X
commutes. Now
F @) =mm | | 9@) | =7u | | ]9W) ],
geG geJ

where J is a set of representatives of the right cosets of G modulo

H.
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For an example of this construction, take £ = C, G = Z & Zi
and H = Z to get a commutative diagram

The bottom map f : =

/\

Z@Zz

C
is a covering map (even a

-
Z YASYA!

morphism of Riemann surfaces) from the cylinder to the torus (cf.
Examples 1.12 and 1.13).

The following theorem summarizes the main properties of cov-
ering spaces.

Theorem 1.69 Let X be a connected topological surface. Then:

(i)
(i)
(ii)

(iv)

There is always a covering m : X — X, with X connected
and simply connected.

X is unique up to isomorphism. It is called the universal
covering space of X.

The group Aut(X,m) of covering transformations of the
universal covering m : X — X can be identified with the
fundamental group 7 (X).

The action of Aut()N(,w) on X is free and properly discon-
tinuous, preserves every fibre and is transitive in each of
them. In particular m induces a homeomorphism

X/Aut(X,7) —= X

[Z] ———7(Z)

Any covering of X is isomorphic to a covering of the form
X/G — X/Aut(X,7) ~ X, where G is a certain sub-
group of Aut()z, ).

If X —Xisa holomorphic covering, then the cover-
mg group Aut()z, ) is a group of holomorphic transforma-
tions, the map 7 : X /Aut(X,7) ~ X is a biholomorphism,
and any other holomorphic covering of X is isomorphic to

a projection of the form X /G — X /Aut(X,m) ~ X.
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Proof In order to illustrate the arguments it is convenient to
keep in mind the case of the universal covering of S' described in
Example 1.65. We shall give a brief sketch of the proof. For full
details the reader may consult [Ful95] or [Mas91].

(i) If 7 : X1 — X and mp : Xo — X are two coverings such
that both X; and X, are simply connected, we have a diagram

no X
«—To
X

where the map 7 is any lift of 7 to X5. Its inverse is the unique
lift 79 of mo to X7 satisfying mp o7 () = z, at some point x € Xj.

X1

(iii) Let us choose points zg € X and Zg € m(z0) in X. Given
fe Aut()z , ), we can construct a loop in X by first choosing any
path oy in X joining Ty to f(Zp) and then projecting it down to
the path vy := mooy in X. Clearly v; is a loop with base point
Zo-

Conversely, given v € m(X,zg) denote by f, € Aut()z , ) the
unique lift of the covering map 7 : X — X which sends T
to the endpoint of the lifted loop ¥z, (note that an argument
similar to the one used in Remark 1.67 shows that this endpoint
depends only on the homotopy class of 7). Then the isomorphism
Aut(X,7) ~ 71 (X, z0) is given by

Aut(X, 7) = m1(X, z0)
fo—

fy =— 7

Note that the path O'!]; 1t — foogy(t) connects f(zo) to fog(zo)
and projects via m to the same loop 7, as o,. Therefore, the

product loop v;7, can be obtained by projection of the composed

path Jfag. Since this is a path connecting g to f o g(zg), we

conclude that v;v, = 7fog. This shows that the rule f — ~f
defines a group homomorphism.

(iv) If f € Aut(X,n), then f permutes the points inside each
fibre 771 (x) = {&;} or, equivalently, the disjoint open sets U; of
which the inverse image 7~1(V,) of a well-covered neighbourhood
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V. of x consists of. Therefore, if f(U;) NUy # 0 then f(U;) = Uy
and j = k. In particular, f(wj) = 7; (indeed fly;, = Id) This
implies that the action of Aut()N( , ) is properly discontinuous. It
also implies that the set {x : f(z) = 2} is simultaneously open and
closed, thus empty or the whole X. Therefore either f=1Idorit

does not fix points. B

Since the elements of Aut(X, ) are nothing but the different
lifts of the mapping w : X — X , they are in one-to-one cor-
respondence with the different points lying in a given fibre (as
we know, each of them determines a lift). Thus Aut(X,7) acts
transitively in each fibre. Finally, the map

X/Aut(X,7) —= X
[ ———m(2)

is a homeomorphism since the diagram

/X\W\

X /Aut(X, ) X

commutes and 7 is a covering map.
(v) If p: E — X is an arbitrary covering space, we have the
following commutative diagram:

E
bl
X—X

The mapping 7 : X — _E defines the universal covering of E.
Thus by iv) we have E ~ X /Aut(X, 7). Moreover G = Aut(X, %)
is a subgroup of Aut(X ), since if f : X — X verifies 7o f=
thenwof:po%of:Npo%:ﬂ-,

(vi) Given f € Aut(X, ), the identity 7o f = m means that we
can locally describe f %S a composition of holomorphic mappings,
namely f|y, = <7T|U> O ;-

(i) Finally, let us say a word about the construction of the uni-
versal covering  : X — X. Choose a point zg € X. Since X is
going to be a connected covering space of X, any given point, say
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T, is going to be the endpoint of a lift of a certain path « joining
xo to m(z) € X. Moreover, according to the comments preced-
ing Theorem 1.69, any other path a; homotopically equivalent
to o would produce the same endpoint. This suggests defining
m: X — X as

X ={(z,a) 1z e X,a € (zg,2)} —= X

(x,a) x

where II(zg, z) denotes the set of homotopy classes of paths con-
necting x¢ to z. Since we want 7 to be a local homeomorphism,
the topology in X is determined by declaring as a fundamental
system of neighbourhoods of the point (x, «) the collection of sets
of the form

ﬁ(m@) ={(y,0):yeVy,f=coa, ¢:I— V, connects = to y}

where V,, is a neighbourhood of x homeomorphic to a disc (see
Figure 1.18).

Fig. 1.18. Fundamental neighbourhoods of the universal covering.

O

The following examples are meant to illustrate Theorem 1.69.

Example 1.70 The helix X = {ge2mt,t), te R} in Example
1.65 is the universal covering of S°. The covering transforma-
tions have the form f (ez’rlt, t) = (ezmt, t+ n), therefore we have

Aut()z,p) ~ 7 =m (Sl), as expected. Moreover, the fibre of
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e?mt ¢ S p~t (ezmt) = {(e27rit,t + n) 'n € Z}, which can be
obviously identified with Z.

Example 1.71 The universal covering of C* = C\ {0} is
. C — C*

z +— exp(z) = e

The fibre above w = €*™* is 77! (w) = {z + n:n € Z}. We see
that Z ~ Aut(C, 7) via the correspondence
n«— T,, whereT,(z)=2z+n
We also find that Z ~ m; (C*, 1) via the identification
n v, =7 ([0,n]) = {2 : t € [0,n]}

where we have taken g = 1 € C* and g = 0 € C. We see that
v, corresponds to turning n times around the origin.

As the general theory predicts, the covering = identifies C/Z
with C*. More precisely, part (iv) of Theorem 1.69 states that the
map

C/7Z ——c*

[Z]Z s e27riz

is biholomorphic. Likewise part (v) states that any other covering
p: E — C* is isomorphic to a covering of the form

C/nZ ——C/Z ~C*
[2]pz [ =~ €™
which, in turn, is isomorphic to the covering map

Cr——Cr
W —— "

for we have the following commutative diagram

C/nZ

NS

(C*

(C*
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where the maps are given by

[Z]nZ= e27riz/n —w

~

e27rzz = "

Example 1.72 The universal covering of the punctured disc
D* =D\ {0}
is
H T D*
j ) —— e27riz
Everything goes as in the previous example. In fact both ex-
amples are topologically equivalent. We shall remark for further

use the fact that, as in the previous case, D* admits one covering
of each degree. The degree n covering being

H/nZ — H/Z
]
D* D*

Z "

Example 1.73 Let wy,ws € C be linearly independent over R
and consider the abelian group A = Zw & Zws. This group acts
by translations on C giving rise to a complex torus C/A. Tt is
clear that the quotient map C — C/A is the universal covering
map and so A is isomorphic to the fundamental group of the torus
(see Figure 1.19). According to the constructions described in this
section, an element v € w1 (CA) is precisely the projection of a
segment [0, \], with A € A.

1.2.6 Ramaified coverings

Let f: X — Y be a non-constant morphism between compact
Riemann surfaces. After removing the branch values and their
preimages in X, we get a holomorphic mapping f*: X* — Y*,
which clearly is a local homeomorphism. We claim that, in fact,
it is a covering map. To show this, take an arbitrary point y € Y*
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s,
..
-e 7
,,,,,
.- !
-s
-
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s
st
/ »s
......
/ Py
.
as®

Fig. 1.19. A ~ w1 (C/A).

and set f~1(y) = {x1,...,24}. Let V be a neighbourhood of y and
Ui, ...,Uq neighbourhoods of x1,...,x4 such that f|y, : U; — V
is a homeomorphism.

We claim that V' can be taken small enough so that in fact
fYV) = Uy U--- U Uy If this were not true, we would have
a sequence of points y, € V approaching y and such that each
fibre f~!(y,) contains a point z}, ¢ |JU;. Let then z € X be
a limit point of this sequence. Since f is continuous we must
have f(x) =y, therefore z is one of the points z; € f~1(y). But
then, for n large enough, we should have that z, € U;, which is a
contradiction.

Let y € Y be any point and V' any neighbourhood of y isomor-
phic to the unit disc. Suppose that all points in V* =V ~ {y} are
regular values of f. If the decomposition of the inverse image of
V' as disjoint union of its connected components is

S V)y=tiu--- U,
then the decomposition of the inverse image of V* must be
v =Utu---uU;

with U} = U; ~ {f_l (y)} Each restriction f*: U’ — V* ~ D*
is again a covering map. By Example 1.72, this covering must be
isomorphic to D* 5 z —— 2™ € D* for certain natural number
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m;. More precisely, there must be a commutative diagram

Ur Ly

S
AN

2 —— M

where D* = DD\ {0} and the vertical arrows are analytic isomor-
phisms.

It follows that U} = U; \ {x;} for certain z; € f~!(y). We now
invoke Riemann’s removable singularity theorem to deduce that
@i (resp. 1) extends to an isomorphism which sends z; (resp. y)
to the centre of . Therefore, near z; the map f is of the form
z — 2™ i.e. there are charts (U;, ;) of z; and (V,4) of y such
that the local expression of f is z —— 2. This shows firstly that
m; is the order of f at z;, and secondly that U; contains exactly m;
of the d preimages of every unbranched value in V. In particular

Summarizing, we have proved the following:

Theorem 1.74 (Local structure of morphisms of Riemann

surfaces) Let X 4, Y be a non-constant morphism of compact

Riemann surfaces.

(i) Let ¥ = Xj CY denote the set of branch values of f. Then
the restriction

X =x<f'x Ly o=y

s a covering in the sense of Section 1.2.5.

(ii) Lety € Y and set f~1(y) = {x;}. Let V, be any neighbour-
hood of y, isomorphic to a disc, that contains no branch
values of f apart from (possibly) y. Then f~1(V,) = U;,
where each U; is isomorphic to a disc, z; € U;, and the
restriction of f to U; is of the form z —— 2™i where

If Vi = Vy s Ay} then f71(V}F) = L|Uf, where U} =
U; ~ {x;} is isomorphic to the punctured disc D ~ {0}.

(iii) The. number 3. | f(z)=y} Ma(f) does not depend on the

choice of y € Y.
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Definition 1.75 Let f : X — Y be a non-constant morphism
of compact Riemann surfaces and let y € Y be any point. The
number

deg(f)= > malf)
{z | f(z)=y}

s called the degree of f.

It is because of Theorem 1.74 that in the theory of Riemann sur-
faces the term covering is often used to refer to an arbitrary mor-
phism between compact Riemann surfaces f: X — Y, whether
it is unramified or ramified (in which case f would not be a cov-
ering map in the sense of Section 1.2.5). Accordingly, the term
covering transformation is also used for the case of (possibly ram-
ified) coverings f : X — Y. It refers to an automorphism o of
X such that foo = f.

If in some particular occasion we need to be more precise about
the smoothness of a morphism f : X — Y we shall speak of
ramified (or branched) and unramified (or unbranched) coverings.

We can now state the most general version of the Riemann—
Hurwitz formula.

Theorem 1.76 (The general Riemann-Hurwitz formula)
Let f : X — Y be a degree d morphism of compact Riemann
surfaces of genera g and g' respectively. Then

29 —2=d (29 —2) + Y (ma(f) - 1).

zeX

To prove this result one simply has to make the obvious adap-
tation of the proof of Proposition 1.60.

Corollary 1.77 With the notation of the previous theorem, we
have:

(i) In any case, g > ¢'. In particular, if g = 0 then necessarily
/
g =0.
(ii) If ¢ =0 and g > 0, then f is necessarily ramified.
(i) If ¢ =1, f is unramified if and only if g = 1.
(iv) If f is unramified and g’ > 1, then either g = ¢’ and d = 1,
org>g.
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The proof is an easy consequence of the Riemann—Hurwitz for-
mula.

Example 1.78 Let S7 and S5 be the Riemann surfaces associated
to the curves 2" +1?" = 1 and y? = 2?" —1 respectively. Consider
the map

S ———=5

(z,y) — (z,iy")

According to Examples 1.10 and 1.8, the genera of the two
curves equal (2n — 1)(2n — 2)/2 and n — 1 respectively. We know
also that in both cases the x coordinate can be used as local pa-
rameter at all but finitely many points (and the points at infinity).
Thus, the local expression of f near all but finitely many points
is simply @ +— x. The results of the next section will show that
this is enough to ensure that f is holomorphic everywhere (alter-
natively one can directly check analiticity at each of these points
as we did in Examples 1.20 or 1.21).

As every point of the target curve whose y coordinate is non-zero
has exactly n preimages by f, the degree of f equals n. Denote
by &2y, a primitive 2n-th root of unity. The point (&5,,,0) € Sy is
a branch point of f of multiplicity n, as it is the unique preimage
of the point (&,,,0) € Ss.

Recall that the curve 2" 4+ 3?" = 1 has 2n points at infinity,
whereas the curve 2 = 22" — 1 has only two. Then, necessarily
each of these two latter points has exactly n preimages and no
further ramification occurs at infinity.

The Riemann—Hurwitz formula gives in this case

(2n —1)(2n — 2)
2

2

—2=n(2(n—1)—2)+2n(n —1)

which is correct since both sides equal 4n? — 6n.

Example 1.79 Let S7 and S5 be the Riemann surfaces associated
to the curves y?> = 2® — 1 and y? = 2° — z. Consider again the
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morphism defined in Example 1.33 by

Sl—>52

(‘Tay) — (.Z'2,.Z'y)
X0l b———> 0
X2 p——>

Clearly deg(f) = 2, as every point (a,b) € Sy with a # 0 has
two preimages, namely +(y/a,b/y/a). Moreover, this statement
holds true also for the points (0,0),00 € Sy, whose two preimages
are (0,=£i) and oo, 009 respectively. We thus see that f is an
unramified morphism whose Riemann—Hurwitz formula reduces
to the identity 2-3—-2=2-(2-2—2) +0.

1.2.7 Auxiliary results about the compactification of
Riemann surfaces and extension of maps

Let us start this section with an unramified holomorphic covering
of finite degree f* : X* — Y™, where Y™ is a Riemann surface of
finite type, that is Y* has been obtained from a compact Riemann
surface Y by removing finitely many points.

Let y be a point in Y\ Y* and (V};, ¢,) a coordinate disc around
it. Set V; = V,~{y} and let f_l(Vy*) =Uy,U---UUy, be the de-
composition of f _I(Vy*) as the union of its connected components.
Each of them is clearly a holomorphic covering of V;/, hence, by
Example 1.72, there must be a commutative diagram of the form

ur vy

%\L \L‘Py
D* ——D*
Z M

where the vertical arrows are holomorphic isomorphisms.

This leads us to create an additional point Py that will play the
role of the centre of U;Z We extend our holomorphic isomorphism
@; = U, — D* to a bijection ¢; : Uy; = U, ; U {Pﬁ} — D by
setting ¢; (P;) = 0, and declare ¢; to be a homeomorphism. This
way we have defined a new topological space X := X* U {P?f}i,y'
We can provide X with a Riemann surface structure by adding
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to the atlas of X* the charts (Uy;, ;) we have just introduced.
Whenever an old chart (U, ) intersects one of the new ones, the
transition function ¢; o 1»~! is holomorphic in U N Uyi C Uy,
as this is precisely what saying that ¢; is holomorphic means.
Moreover, setting f (ng) = y we extend the map f*: X* — Y*
toamap f: X — Y. Locally we have ¢, o foc,oi_1 (z) =2z™i. In
other words, f is a morphism with m P f=m,.

One can also show that X is compact. For this, it is enough to
check that X ~\ {{JU,,;} is compact (assuming that the nighbor-
hoods V,, have been chosen sufficiently small so that the closures
of the open sets U, ; are compact). What is clear is that its image
FX~{UUyi}) = Y ~{UV,} is compact. Therefore, there is
a finite collection of well-covered open sets Vi,...,V,, such that
Y ~{UVy} cViU---UV,. From this we deduce that the closed
set X N {UUy:} = f1 (Y ~{UV,}) is contained in the compact
set f~1(Vi)U---U f~1(V,,), hence it is also compact.

Summarizing, we have proved the following result:

Lemma 1.80 (Extension of morphisms) LetY be a compact
Riemann surface, ¥ C Y a finite subset, Y* =Y 3. Assume
that f* : X* — Y™ is an unramified holomorphic covering of
finite degree. Then there exists a unique compact Riemann surface
X D X* such that f* extends to a unique morphism f: X — Y.
Moreover, X ~ X* is a finite set.

Proof Only the uniqueness of X requires still a proof. This is
done in the following Proposition 1.81, where it is shown that the
compactification X of X* is even independent of f. O

Proposition 1.81 Let X; (resp. X2) be a compact Riemann sur-
face, and X1 C Xy (resp. Yo C X3) be a finite set. Assume that
X7 = X1 N\ 21 and X5 = Xy \ Yo are isomorphic. Then Xy and
Xo must be isomorphic too.

Proof Let ¢ : X{ — X5 be an isomorphism and let Vi,...,V,, be
disjoint coordinate discs around the different points of ¥o. Take
a point x € X7 and let U C X7 be a coordinate disc around it
such that UN X} = U ~ {z}. Let {z,} C UN X be an arbitrary
sequence of points converging to x, and let y € X5 be a limit point
of the sequence {p(z,)} in Xy. Then y € X9, since y € X5 would
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imply that ¢~!(y) is a limit point of the sequence {x,}, hence
we would have x = p~!(y) € X}, which is a contradiction. This
means that if U has been chosen sufficiently small then (U~ {x})
is contained in VyU- - -UV,,, hence, by connectedness, in just one of
them. Now the removable singularity theorem allows us to extend
the map ¢ : U \ {z} — X3 to the whole U by the rule ¢(x) = y.

After proceeding in the same way at all points, we get a holo-
morphic map @ : X7 — X that has degree 1, i.e. it is an isomor-
phism. O

Because of these extension properties we will use a notation such
as {y2 = iiﬁl (x — ak)} to refer not only to the finite points of

the curve y? = ig:tl (x — ag) but sometimes also to the compact

Riemann surface associated to it.
Let us give now a couple of examples which illustrate the use-
fulness of Lemma 1.80.

Example 1.82 (The hyperelliptic involution) Consider the

map J from the Riemann surface {yz = ig:ﬁl (x — ak)} to itself

(see Example 1.7) defined by J (z,y) = (z,—y). Away from the
points (ag,0) and oo, this is clearly a bijective holomorphic map.
Now by Lemma 1.80 we know that J defines an automorphism
(usually known as the hyperelliptic involution) without having to
check analyticity at the unpleasant points.

Note that (J) is the full group of covering transformations of
the degree two ramified covering of the Riemann sphere given by
the = coordinate (see Example 1.59).

Example 1.83 (Normalized model of hyperelliptic curves)
Here we show that the curves introduced in Examples 1.7 and
1.8 produce equivalent families of Riemann surfaces. In fact we
do a little more than that. We prove that their corresponding
coordinate function x produce equivalent families of coverings. In
more precise terms, we show that every covering of the form

O

i=1

(z,y) ————=z
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where n = 2g + 2 is equivalent to one of the same form with
n = 2g + 1 and viceversa.

In order to find values by,...,by541 and the isomorphisms F'
and f that make commutative the diagram

2942 2g+1
{yz— 11 <w—ai>}—F> =1 @b

i=1 j=1
XL \Lx
~ f ~
C C
we first observe that f must be a Mobius transformation that
sends the branch value set {a1,...,ag442} of the first covering to
the branch value set {b1,...,byg41,00} of the second one. We
1
can therefore choose f to be defined by f(z) = ———, so
) Z = a2g42
that f(agg+2) = o0 and b; = f(a;)) = ————. Accordingly,
A — A2g42

1
the isomorphism F' will take the form F(z,y) = <33T’ y1>,
— U2g+2

where y; = y1(x,y) must satisfy the equation

2g+1
1 1

i1 T — G2g+2 G; — (2942

To compute y; we proceed as follows:

2
( — agg42)Itt T — agg42 T — aggyo
_ <1 e a2g+2> <1 _ QG2g41 — a29+2>
T — a2g+42 L — G2g+42

1 1
2g+1
= — T2 (ai — azgi2) < - >

T — (2942 a; — 2942

hence we can take
Y

(x — a2g+2)9+1 \/— H?gi_l(ai - a2g+2)

Y1 =
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One can even do the following normalization. The identity

y? _ H?f{l(x —b;)
(bg — b))t (bg — by)29t!
2941 (@ —b1) — (b — b1)
- Hi:l < b2 _ bl

shows that the hyperelliptic covering

~

{v* = (@ —b1)-- (& —byg1)} —C
(z,y) ¢ x

is isomorphic to the normalized hyperelliptic covering

(P =z —-D(@—-c)(z—c) - (z —cg01)} —=C

(z,y) x

z_bl
by — by

T — b y
F pr—
(1‘, y) <b2 — bl7 (b2 _ 51)294—1)

where ¢; = and the isomorphism is given by

1.3 Curves, function fields and Riemann surfaces

So far, we have worked with some concrete examples of Riemann
surfaces obtained from certain algebraic curves. Now we prove
the fact that every algebraic curve determines a compact Riemann
surface.

We start with an auxiliary result of algebraic geometric nature.

Lemma 1.84 Let K be an algebraically closed field (such as Q
and C) and F(X,Y),G(X,Y) € K[X,Y] polynomials in two vari-
ables with coefficients in K. The following statements hold:

(i) (Weak form of Bezout’s Theorem) If F' and G are relatively
prime then the curves F'(z,y) = 0 and G(x,y) = 0 intersect
only at finitely many points. Moreover, these points have
coordinates in K.
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(ii) (Weak form of Nullstellensatz) If F' is irreducible and G
vanishes at all points of the curve F(x,y) = 0 then F di-
vides G.

Proof (i) Using the tautological isomorphism K|[X,Y]| = K[X][Y]
we may regard F' and G as elements of K(X)[Y]. By hypothesis
F and G are coprime in K[X][Y], hence they are still coprime in
K(X)[Y] (Gauss Lemma, see e.g. [Lan84]). Let

1=AF + BG

be a Bezout identity in K (X)[Y]. Getting rid of the denominators,
we obtain

q(X) =AF + B1G

where ¢(X) € K[X] and A; = qA,B; = ¢B lie in K[X,Y].

Now, in case F' and G had infinitely many common solutions
{(xn,yn)}>2, then all values in the necessarily infinite sequence
{zn}22; would be roots of the polynomial ¢(X'), which is a contra-
diction. Moreover, if a point P = (z,y) belongs to the intersection
of both curves then ¢(z) = 0 and, since ¢(X) € K[X] and K is al-
gebraically closed, the first coordinate x must lie in K. But since
F has coefficients in K the second coordinate y must lie in K too.

(ii) By (i) F and G cannot be coprime which, F' being irre-
ducible, can only mean that F' divides G. U

Remark 1.85 Lemma 1.84 contains weak versions of two cele-
brated theorems in algebraic geometry, namely Bezout’s Theorem
and Hilbert’s Nullstellensatz. Bezout’s Theorem states that if
in (i) we set deg(F) = n and deg(G) = m then the number of
common solutions is always < nm with equality if the points are
suitable counted. The Nullstellensatz for curves states that if in
(ii) the polynomial F is not assumed to be irreducible then the
correct conclusion is that F' divides some power of G.

Theorem 1.86 Let
F(X,Y) = po(X)Y" +pi(X)Y" 4 + pp(X)

= (V)X + (V)X 4 4 g, (V)



1.8 Curves, function fields and Riemann surfaces 69

be an irreducible polynomial. If n > 1 define
Sp = {(z,y) € C* | F(z,y) =0, Fy(z,y) # 0,po(x) # 0}

and, similarly, if m > 1 set

Sk ={(x,y) € C* | F(x,y) = 0, Fx(z,y) # 0,q0(y) # 0}
Then:

(i) Sy and Sk are connected Riemann surfaces on which the
coordinate functions x and 'y are holomorphic functions.

(ii) There exists a unique compact and connected Riemann sur-
face S = Sp that contains Sif and S};.

(iii) The coordinate functions x and 'y extend to meromorphic
functions on S.

(iv) The branching points of x (resp. y) lie in the finite set
S\ SX (resp. S~ SL).

Proof The holomorphic structure in Sif is completely clear. It
arises from solving y in terms of x, something possible thanks to
the implicit function theorem. It is obvious that x and y are holo-
morphic functions, and so is the fact that x : S? — X (S?) ccC
is a covering map (of degree n = degy F'). Moreover, since the
polynomials F' and Fy have only finitely many zeros in common
(Lemma 1.84), we see that x (Sf,f ) fills C except for finitely many
values {ai,...,a,,00}. Let now W be a connected component
of S¥. Clearly, the restriction x : W — C - {ai,...,a,,00}
is a covering map with degree d < n. By Lemma 1.80, there is
a unique morphism of compact Riemann surfaces x : W — C
extending the map x.

We would like to see that W = S&, i.e. that Sff is already
connected. We consider the symmetric functions

si(2) = Y wile), sa(@) = Y wi@)yi(@), ..., sale) = [[wila)

where the points (z,v1(z)), ..., (z,ya(z)) € Sy are the preim-
ages of x € C\ {ay,...,a,,00} via the function x : W — C.
In particular, yi(x),...,yq(z) are roots of F(z,Y) when consid-

ered as a polynomial in one variable. Each of them is a holomor-
phic function defined only in a certain open set of C. However,
the functions s;(z) are well-defined holomorphic functions in the
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whole C {ai,...,a,,00}. On the other hand, it can be easily
seen that near aj the roots yi(z) are bounded in terms of the
coefficients of the polynomial F(z,Y) € C[Y] (see Lemma 1.88
below). Similarly, the functions 1/y(z) remain bounded near oco.
Therefore, each function s;(z) extends to a meromorphic function
defined in the whole (E, hence it can be identified to a rational
function s;(x) € C(z).
We now consider the polynomial

G(X,Y)=s(X)(Y? - 51 (X)Y9 ! 4 5p(X)VE2 — oo £ 54(X))

where s(X) is the least common multiple of the denominators of
the rational functions s;(X). Any point P € W can be written as
P = (z,y;(x)) for some j € {1,...,d}. Therefore,

G(P) = s(2)(yi(z) —si(2)y] ' (2) + - £ sa(2))

= s(2) [T (5 (@) — yi(w))
= 0

The conclusion is that G(X,Y’) vanishes identically in W (as
does also the irreducible polynomial F'(X,Y")). By Lemma 1.84
the polynomial G' has to be a multiple of F', hence degy (G) >
degy (F'). It follows that d = n. Moreover, as by construction
the coefficients of G as a polynomial in C[X][Y] are coprime, one
easily sees that ' = (. In particular W = Sf,f.

Of course the proof of the statement relative to S}; is the same.
Since Sif and S}; coincide apart from finitely many points, Propo-
sition 1.81 implies that they have a common compactification Sp.

U
Example 1.87 If F(X,Y) =Y then Sx = {(z,0) |z € C} =C
and so Sp = C.

Lemma 1.88 Ifa"+cia™ 14 -+¢, = 0 then |a| < 2max ]ck\l/k.

Proof Take ¢ = max |ck|1/k and divide by ¢” to obtain

‘g la/e|™ =1
c la/c| — 1

n—

1 o |n—2 Ie%
A ]2 1=
C C

n e}
s(—
C
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Now, if |a/c| > 2 we would get |a/c|” < |a/c¢|™ — 1, which is a
contradiction. O

Having proved that every irreducible curve is a compact Rie-
mann surface, a natural question is whether the converse state-
ment also holds, that is one would like to know if all compact
Riemann surfaces are obtained in this way. The answer to this
question is affirmative; proving it is the next section’s main goal.

1.3.1 The function field of a Riemann surface

Recall that if S is a compact Riemann surface, we denote by M(S)
the field of its (meromorphic) functions.

Proposition 1.89 Suppose f € M(S) has degree n. Then the
field extension C(f) C M(S) has degree < n. (In fact the degree

equals exactly n, as we will soon see.)

Proof 1t is enough to show that every h € M(S) satisfies a poly-
nomial of degree < n with coefficients in C(f). Then the result
will follow from the Primitive Element Theoremt, see [Lan84].
Let y1 (x),...,yn (z) € S be the preimages of x by f, counted
according to their multiplicities. Consider the expressions

bi(x) = 22 h (yi(x))
ba(x) = - R (yi(x)) b (y;(x))

bn(x) = [Th(yi(x))

and set

p(y) = [T (ry) = h(wilf @))) =D (=1 b f ()h ()"

Arguing as in the proof of Theorem 1.86, it can be easily seen
that the symmetric functions b;(x) define functions on the whole

1 One possible version of the Primitive Element Theorem states that any finite
extension k — K = k(au,...,an) between fields of characteristic zero (such as
ours) is generated by a single primitive element 3 € K, which can be chosen to
be of the form 8 = kiag + -+ + knan.
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P!; they are therefore rational functions which we denote b;(x).
On the other hand, it is clear that p(y) defines a local function
that vanishes identically, since one of the preimages y;(f(y)) must
coincide with y.

Then the polynomial with coefficients in C(f) that has h as one
of its roots is going to be

PY)=Y" = bi(/)Y" b (f) = D (D) ()Y *
since the value of the function

P(h) = (=1)*b(f)h" "
at an arbitrary point y € S is P(h)(y) = p(y) = 0. O

We need at this point a result that will be proved in the next
chapter (Corollary 2.12, Proposition 2.16).

Theorem 1.90 Given two points P and Q of a compact Riemann
surface S there exists a meromorphic function p € M(S) such that

¢ (P) =0 and p (Q) = oo.

We often refer to this statement as the separation property of
the field of meromorphic functions. We must stress that this is
a highly non-trivial result. For instance, we already know that S
does not admit non-constant holomorphic functions ¢ : S — C
(Remark 1.25).

Theorem 1.91 Let M(S) = C(f,h), and let F(X,Y) be an ir-
reducible polynomial such that F(f,h) = 0. Then the rule

s—2 -9,

P——=(f(P),h(P))

defines an isomorphism.

Proof We start by showing that ® is a well-defined map. With
the notation of Theorem 1.86, let x (S?) =C~{ay,...,a,,00}.
Set B = {a1,...,a,,00}, and S° = S~ f~1(B). We have the
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following commutative diagram

(]
50— 5

\ lx
f

C\B
We note that if f(P)=a € C~ {a1,...,a,,00}, then the value of
h at P must be one of the n distinct roots of F'(a,Y’), hence ®(P)
is a well-defined point of S ? for every P € S°. Now, by the results
in Section 1.2.7, in order to be able to extend ® to the whole S we
only need to show that ® : S0 — Sff is a covering map. This is
a consequence of the fact that x and f are so. Indeed if, with the
notation of Theorem 1.74, f~1(V,) = | |U; and x~ (V) = || W},
then @~ 1(W;) can only be a disjoint union of a number of the
open sets Uj.

It remains to be shown that ® has degree 1. Suppose not; then
the fibres of all but finitely many points Q = (a,b) € S5 would
contain at least two points @)1, Q2. Let now ¢ be an arbitrary
meromorphic function. As M(S) is generated by f and h, it
follows that ¢ can be expressed as a rational function in f and h,
say

X
7 by
hence

. Zaijaibj N
= W = CP(Q2)

This means that for all these pairs of points any meromorphic
function takes the same value at Q1 and Q2. Thus, no meromor-
phic function can have a zero at Q1 and a pole at ()5, contradicting
Theorem 1.90. O

©(Q1)

Remark 1.92 The fact that f and h generate the function field
is not used in the first part of the previous proof. Therefore, the
same argument shows that
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defines a morphism for every pair of functions f and h such that
F(f,h) ~0.

Corollary 1.93 Let (F') denote the ideal of C[X,Y] generated by
F. Then:

(i) The correspondence determined by X — f, Y — h defines
a C-isomorphism from the quotient field of C[X,Y]/(F)
to M(S).

(ii) The correspondence determined by X — x, Y — y defines
a C-isomorphism from the quotient field of C[X,Y]/(F)
to M(Sg). In particular M(Sr) = C(x,y).

(i) F(x,Y) € C(x)[Y] (resp. F(f,Y) € C(f)[Y]) is the mini-
mal polynomial of y over C(x) (resp. h over C(f)).

(iv) deg(f) = [M(S) : C(f)].

Proof (i) As F(f,h) =0 € M(S) the assignment X — f and
Y — h defines a homomorphism of C-algebras

p:C[X,Y]/(F)— M(S)

It remains to show that its kernel is precisely the ideal (F'). Now,
saying that G(X,Y) lies in ker(p) means that G(f,h) = 0 €
M(S), which by Theorem 1.78 is equivalent to saying that G(X,Y)
vanishes identically on the curve F(z,y) = 0, which by part (ii)
of Lemma 1.84 means, in turn, that G € (F).

(ii) is a equivalent to (i), once Theorem 1.91 has been estab-
lished.

(iii) Obvious.

(iv) [M(S) : C(f)] is the degree of the minimal polynomial of
h over C(f), namely F(f,Y) € C(f)[Y]. This degree is of course
degy (F'), which clearly is also the degree of the function x, which,
by Theorem 1.91, is the same as the degree of f. O

Remark 1.94 We have shown the equivalence between the fol-
lowing classes of objects:

(1) Compact Riemann surfaces S.

(2) Function fields in one variable (i.e. finite extensions of
C(X)).

(3) Irreducible algebraic curves C' : F(X,Y) = 0.
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We pass from (1) to (2) by considering the field M (S). The link
from (2) to (3) is performed by choosing a pair of generators f, h
and an irreducible algebraic relation F'(f,h) = 0 between them.
Finally, the bridge from (3) to (1) connects an irreducible algebraic
curve F(X,Y) to the Riemann surface Sp. We observe that the
correspondence (1) = (2) is more natural than the others, in the
sense that it does not depend on any choices.

In fact this is a functorial correspondence, which means that the
rule that associates to each Riemann surface S its function field
M(S) and to each morphism of Riemann surfaces f : S — S
the C—algebra homomorphism f* : M(Sy) — M(S7) defined
by f*(¢) = ¢ o f is a (contravariant) functor from the category
of compact Riemann surfaces to the category of function fields.
Furthermore, this functor is actually an equivalence of categories.

Proposition 1.95 The functor described above establishes an iso-
morphism between the categories of Riemann surfaces and func-
tion fields in one variable.

Proof We have to prove that the following two statements hold:
(i) If f,h € Mor (S, S2) are such that f* = h* then f = h.

(ii) If ¢ : Mgy — M, is an arbitrary C-algebra homomor-
phism (i.e. homomorphism over C) between two fuction
fields My and M then there are Riemann surfaces S7, S
and f € Mor(Sy, S2) such that the following diagram com-
mutes:

M(S2) —= M)

|,

%)
My ——— M,
where the vertical arrows are field isomorphisms over C.

(i) Let f,h € Mor(S;,S2) and = € Sy such that f(z) = P and
h(z) = Q with P # Q. By Theorem 1.90 there exists ¢ € M(S2)
such that p(P) # ¢(Q). Therefore, (f*¢)(x) = ¢(f(x)) does not
agree with (h*¢)(z) = p(h(x)). This proves the first statement.

(ii) Let ¢ : My — M a C-algebra homomorphism of fields
(hence necessarilly an injection).
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For i = 1,2 let x;, y; be generators of M, such that y; is algebraic
over C(x;). As above, choose an irreducible polynomial F;(X,Y)
satisfying Fj(z;,vy;) = 0.

Consider the following commutative diagram:

M(Sp,) —2= M(Sr)

-,

M2—¢>M1

where each «; is an isomorphism defined by sending the coordinate
functions x,y of the Riemann surface Sp, to the generators z;, y;
of M; (Corollary 1.93), and @ = a; 'pas.

Put a;'p(22) = Ri(x,y) € M(Sk) and a; '¢(y2) = Ra(x,y) €
M(SF,) where Ry and Ry are certain rational fuctions in two vari-
ables. We can now write

0 = Fy(z2,y2) € M(SE,)
and therefore

0 = ay'e(Fa(za,y2))
= Fy(oq e(w2), a1 o(y2))
- F2(R1(X7Y)7R2(X7Y)) S M(SFl)
Now Remark 1.92 tells us that the rule

f(x>y) = (R1($>y)7 R2($ay))

defines a morphism f : Sp, — Sp,.
Moreover, we claim that f* = ¢ as required. This is because f*
and ¢ coincide on the generators x,y of M(Ss), e.g.

F(x) = Ri(x,y) = oy 'p(z2) = a7 ' p(e2(x)) = 3(x)

1.3.2 Manipulating generators of a function field

We devote this section to describe the kind of manipulations that
are often performed when dealing with function fields. The point
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is that one can choose the generators of a given function field so
as to obtain convenient associated curves.

To illustrate this idea we first work out the case of the Riemann
surfaces of genus 3 associated to curves of the form

F(X,Y)=Y" - P(X) e C[X,Y]

We will find that among them there are only two isomorphism
classes, namely those corresponding to Fy(X,Y) =Y — X (X —1)
and Fp(X,Y)=Y" - X(X —1)2

According to the preceding results this statement is equivalent
to saying that among the finite field extensions K = C(z,y) of
the field of rational functions C(x) satisfying a relation of the
form y” = P(x) whose corresponding Riemann surfaces have genus
three there are only two different isomorphism classes.

So, let us assume that £ = C(z,y) with

y' = (2 —a)™ (x —ag)™ - (= ag)™ (1.5)

We proceed in several steps:

Step 1: suppose that m; = Tm +n with 0 < n < 7. Then, if

we set y; = Y we see that K agrees with C(x,y;) with
(x —a)™

yl = (r —a1)"(z — ag)™ --- (v — a,)™. Proceeding in the same

way with the rest of the factors we conclude that K has generators,

still denoted x and y, satisfying an equation of the form

y = (x—a)™(x—ax)™ - (x—a)™; 1<m; <7 (1.6)

Step 2: now, by Example 1.11, in order for the equation 1.6 to
define a Riemann surface of genus 3, one of the following two
possibilities must occur:

(a) r =2 and my 4+ my is prime to 7.
(b) r =3 and my + ma + mg is multiple of 7.

Next we observe that case (b) can be transformed into case (a).
To see this we start with an equation of the form

y' = (@ —a)™ (2 - az)™(z — a3)™

with mq + mo +ms3 = Tm.
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Therefore

7 mi ma
Yy (T r — a
((w—as)’”> (x—a3> <x—a3>
-(1-222)" (- 2m2)”
Tr —as Tr —as
1 1 i 1 1 2
:C<CL1—CL3_£U—CL3> (ag—a3_$—a3>

for a suitable constant c.

1 0*1/7y

This shows that the generators of IC given by ,
x—ag (r—az)™

are related by an equation of the form
y = (z—b)™(x—by)™2, 1<m; <7 (1.7)
Step 3: we now rewrite the identity (1.7) as
y' = ((x=b) = 0)™ ((x —b1) = (ba —b1))™, 1<m; <7

which, chosing (xz — b1) and y as new generators, takes the form
y" = 2™ (z — ¢)™2, a relation which in turn can be written as
(py)" = (qz)™ (gz — 1) for suitable non-zero constants c, p and
q. Thus, in terms of the generators gx and py our algebraic curve

becomes
y =™ (-1, 1<m; <7 (1.8)

Step 4: let us now choose integers d and n > 0 satisfying a Bezout
identity nmy + 7d = 1. Then our relation (1.8) implies that

x
Y™ = (g — 1) = ﬁ(ac —1mm2l 1<m; <7

Now replacing y with yz? and arguing as in the first step if
nmso > 7 we conclude that K can be generated by two elements,
still denoted x,y satisfying an equation of the form

y =2z —1)™, 1<m<6 (1.9)
Now we claim that:

(1) The values m = 1, 3,5 produce isomorphic fields.
(2) The values m = 2,4 produce also isomorphic fields.
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To check statement (1) we start making m = 3 and observe
that 47 = 2(x — 1)3 = 3™ = 2%(z — 1)>5. From here we see that
5

the generators x1 = x,y; = are related by the equation

_Yy
(z— 1)
y] = 29(21 — 1), which can be turned into y” = z(z — 1), arguing
as in the third step.

In turn,

y =25z —1) = (y/a) = (%) <1 N %)

e

Hence, if we take =—=, — as new generating pair of functions we
x x

arrive at the desired equation 3’ = z(z — 1). This completes the

proof of claim (1) except that in this case it is not entirely obvious
5

that the functions 1 = z,y; = y71)2 do indeed generate . In

order to leave no doubt of that we observe that
@) @)
(¥y7)?  (2%(z — 1))

Turning now to statement (2), we see that

yr=a’(x—1)=y=

2 7
Y =z -1 =y =2 -1)* > < Y 1> =%z —1)
x_

2
Thus the elements z, y—l satisfy the equation 37 = 2?(x — 1).
$ [e—

Note that z and

7 are generators because of the identity
$ [e—

y’ z(r—1)*
y _= _=
(y?)? (y)?
Finally, one argues as in the third step to turn y” = 2?(x — 1)
into y" = z(z — 1)%
We have therefore proved the following:

Proposition 1.96 There are, up to isomorphism, at most two 7-
gonal Riemann surfaces of genus 3. More precisely, if the compact
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Riemann surface Sg associated to a polynomial F of the form
F(X,Y) =YY"~ P(X) has genus 3, then Sp ~ {y7 = z(x — 1)}
or Sp ~ {y" = x(x — 1)}.

As another application of these techniques we prove the follow-
ing result:

Proposition 1.97 Let S be a compact Riemann surface such that
the field M(S) is generated by two functions x and y of degree 2.
Then the genus of S is at most 1.

Proof By the results in Section 1.3.1 we know that S is isomorphic
to Sp where F' = F(X,Y) is an irreducible polynomial such that
degy (F) = degx (F) = deg(z) = deg(y) = 2.
Thus f and h satisfy an algebraic relation of the form
A(z) + B(z)y + C(z)y* = 0 (1.10)

where A, B and C are polynomials in one variable of degree at
most 2.

Multiplying identity (1.10) by C(x) and setting y; = C(z)y we
get

2 T T 2
0= A@)C(@)+ B@ +17 = A)Cla)~ 2D ¢ (B; ), yl>

so, if we take x and yo = B(z) +y1 = Blz) +C(x)y as generators

of M(S), we see that S ~ {y? = p(x)}, where p(z) is given by
B?(z

pa) = 29 _ a@yc).

Since deg(p(z)) < 4, the result follows from Example 1.83 and
the fact that {y? = (z —a1)(z — a2)(x — a3)} has genus 1, see the
beginning of Section 1.2.4. O

This last result will be used later to show that the two Rie-
mann surfaces S; = {y” = z(z—1)} and S = {y" = z(x —1)?} in
Proposition 1.96 are in fact not isomorphic to each other. More
precisely, we will prove that S5 is not isomorphic to any hyper-
elliptic curve (see Example 2.50), whereas the obvious change of
generators r1 =y, y1 = x—% transforms the relation y7 =z(z—1)
into y3 = x7 + % (hence S; is the Riemann surface associated to a

hyperelliptic curve).
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Riemann surfaces and discrete groups

2.1 Uniformization

We begin this chapter with one of the most important results in
the theory of Riemann surfaces:

Uniformization Theorem FEvery simply connected Riemann sur-
face is isomorphic to D,C or C.

This is a very deep result which we shall assume throughout
this book. For a proof the reader may consult [Bea84], [FK92].

As we saw in Section 1.2.5, covering space theory shows that
every Riemann surface S can be represented as S = S /G, where
the natural projection R /G = S is the universal cov-
ering and G = Aut(S,7) C Aut(S) (see Theorem 1.69). Recall
that the action of G on S is free and properly discontinuous and
that G is isomorphic to 71(S5). Now, the Uniformization Theorem
provides the three possible candidates for the universal covering
space S. On the other hand, the automorphism groups of these
three surfaces are very well known (Proposition 1.27).

We are interested in the case when S is a compact Riemann
surface. If the genus g of S equals 1, then m1(S) is isomorphic to
Z. &7 (see Example 1.73), therefore it is an abelian group. On the
other hand, the fundamental group of S is not abelian if ¢ > 1
(this was announced in Section 1.2.2 and will be proved in Section
2.1.2).

These are the ingredients required to obtain the following de-
scription of compact Riemann surfaces in terms of their universal
coverings:

81
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Theorem 2.1 (Uniformization of compact Riemann sur-
faces) According to their universal coverings, compact Riemann
surfaces can be classified as follows:

o C is the only compact Riemann surface of genus 0.

e Fuvery compact Riemann surface of genus 1 can be described in
the form C/A, where A is a lattice, that is A = w1 Z ® weZ for
two complex numbers wy,wy such that wy/wy ¢ R acting on C
as a group of translations.

o Fuvery compact Riemann surface of genus greater than 1 is iso-
morphic to a quotient H/K, where K C PSL(2,R) acts freely
and properly discontinuously.

Proof We know from the Uniformization Theorem that C is the
only simply connected compact Riemann surface. It is in fact the
only surface that has S = C as universal covering, since every
transformation M € Aut(C) = PSL(2,C) has one or two fixed
points (alternatively use Corollary 1.77). Thus, Riemann surfaces
of genus > 1 must have C or H as universal covering space.

If S has genus 1 then S = C and S = C/G. One can rule
out the possibility S = H observing that Aut(H) = PSL(2,R)
does not contain any subgroup G isomorphic to m1(S) ~ Z & Z
acting freely and properly discontinuously on H (see Lemma 2.2).
Moreover, since the transformations of the form z — az + b with
a # 1 have fixed points, we deduce that G is an abelian group
with two generators T}, : z — z+w; and Ty, : 2 — 2+ wa, where
wy,wy are linearly independent over R as otherwise the quotient
would not be compact. B

Consider now the case of genus g > 2. Now S # C since (as we
have just mentioned) in order for a group G to act freely on C it
has to consist entirely of translations, hence it must be abelian.
But the fundamental group of a surface of genus g > 2 is not
abelian (see Section 1.2.2). O

Lemma 2.2 No subgroup of PSL(2,R) isomorphic to Z & Z acts
freely and properly discontinuously on H.

Proof The proof of the fact that such a group I' = («, #) cannot
exist consists of several steps, each of which is easy to check. See
also [Sie88], Volume I, Section 2.10.
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(i) Since I' acts freely on H, the fixed points of « and (3 in C
must lie in RU{oo}.

(ii) There exists a transformation v € PSL(2,R) that maps the
fixed point set of 3 to {oo} (in case there is only one fixed point)
or to {0,00} (in case there are two).

(iii) Conjugation by v gives a new group with the same proper-
ties as I', namely

I =qoloy ' = (y =yoaoy ™, i =70 B0y ') CPSL(2,R)

where now 3 (2) = z+ 1 (in case there is only one fixed point) or
B1 (z) = kz (in case there are two).

(iv) The relation aq o 1 = (1 o ay implies aq (2) = z + 13 (if
Bi1(z)=z+1) or ai (z) = kiz (if 81 (2) = k2).

(v) We can assume [;/l ¢ Z (resp. logk1/logk ¢ 7Z), for other-
wise I would be a cyclic group.

(vi) Given € > 0, there exist a couple of integers m,n € Z such
that |mly +nl| < € or |mlogk; + nlogk| < € respectively. Hint:
assume |l1| < |I| and choose m; € Z such that |I/l; —mi| < 1,
then proceed in the same manner with ls := [ — m1l; to obtain a
sequence of real numbers [, = agly + bl (with ag,bp € Z) such
that |lg4+1| < |lg|. This implies that the sequence I+ — [ has a
subsequence converging to zero.

(vii) Considering af" o 57 (z) we deduce that the action of the
group cannot be properly discontinuous. O

Remark 2.3 Point (iv) in the previous Lemma implies that for
every a € PSL(2,R), the subgroup Comm(a) = {f | aff = fa},
known as the commutator of «, is abelian.

We are already used to quotients of the form C/A, that produce
Riemann surfaces of genus 1. We now would like to construct some
examples of higher genus. For this purpose it will be convenient,
or even necessary, to recall the basics of the hyperbolic metric.

2.1.1 PSL(2,R) as the group of isometries of hyperbolic
space

The hyperbolic metric on the upper half plane H is defined by

|dz>  _ (dz)? + (dy)?
- 2

(Im 2)* y
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where |dz|? stands for the Euclidean metric (dz)? + (dy)?. This
notation is commonly used in complex variable theory because the
result of transforming |dz|? by a holomorphic mapping f is simply
|f'(2)|?|dz|?. Indeed if f = u+ iv the Cauchy-Riemann equations
allow us to write
(du)? + (dv)? = (ugdz + uydy)? + (vydx + vydy)?
= (U +v)(dr)® + (uj + vy)(dy)”
+ 2(ugpty + vavy)(d)(dy)
= |f'(2)]?(dz)* + | f'(2)]*(dy)* + 0 - (d)(dy)

The length of a curve v (t) = (x(t),y(t)) and the area of a set
E C H are therefore given by the formulas

L) /\/x'<t;42($y/<t>2 o am)- [

y2

It is obvious that hyperbolic lengths and areas become much
bigger than their Euclidean counterparts as one moves towards the
boundary of H. On the other hand, since the hyperbolic metric
is conformal to the Euclidean metric da? 4 dy?, hyperbolic angles
coincide with Euclidean angles.

b

Let M € Aut(H) ~ PSL(2,R) be given as M (z) = %,
where ad — bc = 1. A simple computation shows that
, 1 Imz

M (z) = ——— and ImM(z)=—35 (2.1)
(cz+d) lcz + d|

This easily implies the invariance of the hyperbolic metric with
respect to the action of the automorphisms of H. In fact PSL(2,R)
agrees with the group of all orientation-preserving isometries of H,
the reason being that since such an isometry f must preserve an-
gles, it necessarily has to be holomorphic ([Ahl78]), in other words
f € Aut (H) = PSL(2,R). This explains why the hyperbolic met-
ric on H is so natural from the point of view of complex analysis.

One can easily check that the isomorphism of Riemann surfaces
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in Example 1.18, namely

D

H
i(1+4 2)
1—=z

Z

transforms the hyperbolic metric on H into the metric

[L(2)Pld=? _,  ldzf? (dz)? + (dy)?

(Im L(2))? (I—12)% (1 —a2—y2)?
which is thereby called the hyperbolic metric on the unit disc D.
One may, and we will certainly do in the sequel, work with any of
the two models of the hyperbolic plane at convenience.

Since the elements of PSL(2,R) have determinant equal to 1,
they are completely classified by their trace, up to conjugation.
On the other hand, the trace Tr(M) gives information about the

az+b o
This is

cz+d
because the equation M(z) = z is equivalent to the quadratic

equation cz?+ (d —a)z — b = 0, whose discriminant is Tr(M)? — 4.
These two observations allow the following classification of iso-
metries of H:

o If |Tr(M)| > 2 then M acts fixed point freely on H, as the
two fixed points of M as a Mobius transformation acting on
C lie on the real line R U {oo} = JH. This kind of isometry,
known as hyperbolic isometry, acts on H as a translation (the
left picture in Figure 2.1), pushing the whole space from one
of the fixed points (the repelling point) to the other one (the
attracting point). The transformation is conjugate to z — Az
with A € R.

e If |Tr(M)| = 2 the two fixed points of the previous case collapse
to a single double point in JH. The attracting and repelling
points of the previous case coincide, and the action of M on
H is often described as a rotation of the whole space around a
point not belonging to the hyperbolic plane (the middle picture
in Figure 2.1). This type of isometry is called parabolic, and is
conjugate to T'(z) = z + 1.

o If |Tr(M)| < 2 there is a point in zp € H fixed by M. Then
M, often called a hyperbolic rotation, is conjugate to a rotation
Ry : z — €92 defined in the unit disc. Any isomorphism from

fixed point set of the transformation M(z) =
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H to D that sends 25 to 0 € D, e.g. 2z +— z—_’

Z =20
M to Ry. The action of M on H is a rotation of the whole space
around the fixed point (the right picture in Figure 2.1). This
kind of transformation is called an elliptic isometry.

will conjugate

Fig. 2.1. The action of a hyperbolic, a parabolic and an elliptic isometry of
the hyperbolic plane.

Since PSL(2,R) < PSL(2,C), the isometries of hyperbolic space
possess all the properties enjoyed by general Mdbius transforma-
tions. Firstly, they preserve generalized circles, where by a gen-
eralized circle we mean either a usual circle or a straight line (a
circle of infinite radius). To see this, it is enough to check that the
equation of a generalized circle can always be written in terms of
the complex coordinate z in the form

A2Z+Bz+Bz+C =0

where B is a complex number and A and C are real numbers. The
shape of such an equation is obviously preserved under Mobius
transformations.

Another interesting object preserved by Mobius transformations
is the cross-ratio. Recall that if (zo, 21, 22, 23) is a 4-tuple of dis-
tinct points in @, the cross-ratio A = (2, 21; 22, 23) is defined to
be T'(z9), where T is the unique element of PSL(2,C) satisfying
T(z1) =0, T(22) = 1 and T'(z3) = oco. Since such T is given by

z—21)(z2 — 23
"= ) -

one can explicitly write

(20 — 21)(22 — 23)
(21 — 22)(23 — 20)

The relevance of this quantity lies in the fact that PSL(2,C)
acts transitively on the set of 4-tuples in C with given cross-ratio.

A = (20, 21; 22, 23) =
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This can be seen as follows ([JS87]). Let M € PSL(2,C) and
denote wj = M(z;) for 0 < j < 3. Let U be the unique element
of PSL(2, C) sending wy,wy and ws to 0,1 and oo respectively, so
that (wo,w;wa, ws) = U(wp). Now UM is the unique element of
PSL(2,C) sending z1, 22 and z3 to 0,1 and oo respectively, hence

(20, 21; 22, 23) = UM (20) = U(wo) = (wo, w1; wa, ws)

Conversely, if (zg, 21; 22,23) = A = (wp, w1; Wy, ws), then there
exist U,T" € PSL(2,C) such that U(w;) = T(2;) = X,0,1,00 for
j =0,1,2,3 respectively. It follows that U~'T(z;) = w;.

We have therefore found the following facts:

e Moébius transformations preserve generalized circles.
e PSL(2,C) acts transitively on triples of distinct points.
e Mobius transformations preserve the cross-ratio.

The distance d;, induced by the hyperbolic metric is called the
hyperbolic distance. The distance dp(z,w) between two points z
and w is defined as the infimum of the lengths of paths connecting
them. Paths that realize the distance between two points are
called geodesics.

We proceed now to find all the geodesics of the hyperbolic plane.
Let first z = ip and w = iq with p < ¢ be two points lying on
the imaginary line in H, and let v(¢) = (z(t),y(t)),t € [0,1], be a
differentiable path from z to w (Figure 2.2). Then we have

TP Ly
e

= logy(1l) —logy(0)

v

= logq/p

This is in fact an equality if and only if z(¢t) = 0 and y/(t) > 0
for all ¢t € [0, 1]. Therefore, dj(ip,iq) = log¢/p and the imaginary
axis is a geodesic of H.

Accordingly, the real interval (—1,1) C D is a geodesic in the
unit disc model, since it is the image of the imaginary axis under

z—1
the isometry z — - used to transport the hyperbolic metric

zZ+1
on H to D.
Let now z,w € H be two arbitrary points and choose an element
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Fig. 2.2. The shortest path from z = ip to w = iq in the hyperbolic metric
lies on the imaginary axis.

T € PSL(2,R) such that T(w) = i. After composing with a
suitable hyperbolic rotation around i we can assume that T'(w)
lies on the imaginary axis. By the above computation the geodesic
through z and w is then T71({z : Re(z) = 0}).

It follows that every geodesic in H is the image of the imaginary
axis by certain isometry. Accordingly, every geodesic in D is the
image of the interval (—1, 1) by some isometry of D. Since M&bius
transformations are conformal, it follows the geodesics in H are
generalized circles perpendicular to OH = R. Conversely, if C' is
a generalized circle perpendicular to R and z1,20 € C, then as
the geodesic L through these points must be a generalized circle
perpendicular to R we necessarily have L = C, that is C is a
geodesic.

We now summarize some relevant facts about hyperbolic space:

e The generalized circles perpendicular to 0H = RU{oo} account
for all geodesics of H.

e PSL(2,R) acts transitively on the set of all geodesics, meaning
that given an arbitrary pair of geodesics there is always a trans-
formation in PSL(2, R) sending one to the other.

e Any two arbitrary points z, w € H determine a unique geodesic.
Two pairs of points z,w and 2/, w’ can be isometrically mapped
into each other if and only if dj,(z,w) = dp (2, w’).
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Remark 2.4 The above properties of the hyperbolic metric in H
can be easily translated to the unit disc model, since the isometry
from H to D is realized by a Mobius transformation. The geodesics
are now generalized circles perpendicular to 9D = S'.

It is not difficult to find explicit formulas for dj,(z,w) when z
and w are arbitrary points in H (see [Bea83] for the details). One
can do it by taking an element 7' € PSL(2,R) such that 7'(z)
and T'(w) lie both in the imaginary axis and then computing the
hyperbolic distance between 7'(z) and T'(w), which, as we have
seen, is the logarithm of its quotient. One obtains

1 zZ—w
tanh —d = 2.2
N 22)
The analogous formula in the unit disc D is
1 z—w
h=d = 2.
tan 5 n(z,w) 1= z@‘ (2.3)

2.1.2 Groups uniformizing Riemann surfaces of genus
g>2

We shall use hyperbolic geometry to construct examples of the
kind of subgroups of PSL(2,R) that occur in Theorem 2.1, that
is groups acting freely and properly discontinuously on the hy-
perbolic plane. The concept of fundamental domain introduced
in Examples 1.12 and 1.13 makes perfect sense for these groups.
More precisely:

Definition 2.5 Let D be a simply connected closed subset of
H whose boundary 0D consists of a finite union of differentiable
arcs. Then D is said to be a fundamental domain for a subgroup
I' < PSL(2,R) if the family {y(D); v € I'} tessellates H, i.e.

(1) Uyer (D) = H; and
(i) for any v € I'\ {Id} the intersection DN~(D) is contained
in the boundary of D.

The fundamental domains of the groups we construct in this
section will be hyperbolic polygons, that is hyperbolically convex
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subsets of hyperbolic space whose boundary consists of finitely
many arcs of hyperbolic geodesics.

Let P be a regular hyperbolic polygon with eight sides and
angle 7/4. Note that such a polygon does not exist in Euclidean
geometry, since the sum of the angles of an n-gon is forced to be
equal to (n — 2)m in the Euclidean case.

The construction of P can be carried out in the following way:
take eight vertices symmetrically distributed around the centre of
D, say v; = Re2U=1mi/8 for 1 < j < 8, and let e; be a geodesic
arc joining v; and vjq (where subscripts are taken modulo 8).

,@ﬁ

Fig. 2.3. Computation of R.

The angle of the resulting regular polygon at any vertex strictly
decreases as R tends to 1. This construction produces a polygon

of angle 7/4 exactly for R = 4%/5 To show this, first note that the
geodesic passing through v; and vs is contained in an (Euclidean)
circle of centre ae™/8 and radius L, where a > 1 and L > 0 are
certain real numbers.

The lower triangle in Figure 2.3 has edges of lengths R, L, a and
opposite angles /4, /8 and 57 /8. By the sine rule we have

L a
sinT/8  sinbm/8
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and, using that > = 1 + L? (the upper triangle of the figure is
rectangle) and the addition formulas for sin and cos, we obtain

, cos’m/8
~ cosm/4

Again the sine rule gives

R a
sinm/4  sinbm/8

and inserting in this equation the value of a we finally find the
announced value
27 1
R = y/cos )

Let now A; be the isometry of D that sends v to v9 and vy to vy
(see Figure 2.4). Note that then A; is forced to send e3 to ej, hence
A1(P) is a regular octogon touching P along the edge e;. In the
same way, let By be determined by Bj(ve) = vs and Bj(v3) = vy
(hence Bj(e2) = e4), Aa by As(v7) = vg and Aa(vs) = vs (hence
As(er) = es), and Bg by Bs(vg) = v and Bs(vy) = vg (hence
BQ(GG) = 68).

Let K be the group generated by this collection of side-pairing
transformations, as they are called, i.e. let K = (Ay, By, Ag, Ba).
The images of P by the eight elements {AZ:-H, Biil, i=1,2} are
the eight regular octogons, isometric to P, that meet P along each
of its eight edges.

The collection of octogons {7(P)},ck tessellates D, in the sense
that no gap remains uncovered (Figure 2.4). All are hyperbolically
isometric to each other, but their Euclidean areas become over-
whelmingly smaller as they approach the boundary. Note that,
as the angle of P equals /4, eight polygons of the tessellation fit
perfectly around a given vertex. Moreover, if v; # 5 the inter-
section 1 (P) N y2(P) can only be empty, a common vertex or a
common edge.

This discussion shows that K acts freely and properly discon-
tinuously on D with P as fundamental domain (Definition 2.5).
In particular, D/K agrees with P/ ~, where ~ is the equivalence
relation induced by K on the boundary of P. In other words, ~
is nothing but the equivalence relation we have defined in Section
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Fig. 2.4. A hyperbolic polygon equipped with a side-pairing identification, and
the tessellation produced by the group generated by the side-pairing transfor-
mations.
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1.2.1 to construct the orientable surface of genus g = 2 at a topo-
logical level (see Figure 1.7). The eight vertices of P represent
the same point v = [v;] in D/K, as all them are related by some
side-pairing transformation. The natural projection 7 : D — D/K
is the universal covering of the quotient space S = D/K, which is
a genus 2 compact Riemann surface.

One can compute the transformations A;, B; explicitly. If we
denote

— 1+4(v2—-1

_ im/4 _
o(z) =€z, T(z) T 7

then
A1:T71
Bi=0coToo™ !
Ay =c*oT oo™
By=0%0T o0 "

In fact this construction can be easily generalized to produce
compact Riemann surfaces of arbitrary genus g > 2 (see [Nar92]).
Now K is the group generated by

Al:Tfl Bl:O'OTOO'f1
Ay =c*oT loog™™ By=0%°0T oo™ "

A3 =0%0T loog™8 Bs=00Tooc™?

Ag — 0.4(g—1) O'T_1 o 0__4(9—1) Bg — gl9-3 OT o 0.—(49—3)

where o(z) = €?7/%92 and T is determined by the conditions
T(R) = Re™/?9 T(Re™/29) = Re®™/?9 where R = | /cos 421_7;'

The quotient space D/K is a genus g Riemann surface, and
a regular hyperbolic polygon P with 4¢ sides is a fundamental
polygon. After labelling the vertices of P as above, the transfor-
mations A; are side pairings determined by A;(vg;) = v4i—3 and
Ai(v4i—1) = v4i—2, whereas B; are determined by B;(v4i—1) = va;
and Bj(v4i—2) = Vaiy1-

As we announced earlier (see Section 1.2.2), we have the follow-
ing result concerning fundamental groups:

Theorem 2.6 The fundamental group of a compact orientable
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surface of genus g > 1 has generators

alaﬁha?)ﬁ% s aag7ﬁg

subject to the essentially unique relation
arBrar Bt asBeay Byt Oégﬂgoé;lﬂg_l =1 (2.4)

Proof We prove the result for the particular Riemann surface of
genus g constructed in this section. Let «;, 8; be the loops induced
by the paths in P parametrizing the directed edges ey 4(;—1) and
€9+4(i—1) counterclockwise oriented (here i = 1,...,g). With the
notation of Section 1.2.2 the directed edges €3 4(;—1) and €4 4(;_1)
counterclockwise oriented correspond to o Land B ! respectively.
We can assume that g = 2, for it will become apparent that the
proof is similar in the general case.

Recall (see Theorem 1.69) that K is isomorphic to the funda-
mental group of S =D/K via the isomorphism

K—2m(8,v)
A———74

where v4 is a loop that lifts to a path in D joining vy to its im-
age A(v1). In particular, 71(S,v) is generated by the elements
®(A;), ®(B;). In turn one can check that these loops can be ex-
pressed in terms of «y, 5; (the precise expressions being the iden-
tities (2.7) in Example 2.7). It remains to be shown that

—1 -1 —1 -1
aifroy B by By =1

is essentially the unique relation. That is, we have to see that if
w = w(a;, b;) is a formal word in the kernel of the epimorphism

p i Fog ——m(S,v)
w(ag, b;) ——=w(ay, 5;)

introduced in Section 1.2.2 then w lies in the smallest normal
subgroup containing the word w, = alblaflbflagbgaglbgl.
There is an obvious way to represent a word w as a path -~y
with initial point v; supported on the edges of the fundamental
polygons of the tessellation such that v : [0, 1] — D is a lift of p(w).
For instance, the path depicted in the first picture of Figure 2.7
represents the word wy = alblafl whose image under p is ®(A;).
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When p(w) = 1, the path ~ is closed. Let us denote now by
0=ty <ty <--- <ty =1 the values at which ~(¢;) is a vertex
of the tessellation, so that v; = v(0) = 7(t,). Note that the
condition y(tx) = (t;) = v for | # k means that v is a self-
intersection point of v. We argue by induction on the number m
of self-intersection points.

If m = 0 then v(0) = v(1) = vy is the only self-intersection
point, so that v is a simple loop enclosing £ > 0 copies of the
fundamental polygon P. If £ = 0, w can only be a trivial word of
the form a; Ya;. If k = 1 then obviously w can only be the word
wy or its inverse if the enclosed polygon is P, or the conjugate
of one of these two words by ®(A) if the enclosed polygon is the
transform A(P) of P (we will encounter an explicit example of
this situation in Example 2.7). For k& > 1 we can always write
(see Figure 2.5) v = ¢/y1¢ where both 41 and ¢ = 7, enclose less
than k polygons. Therefore v = yoc'vic and the result follows
arguing by induction on k.

S

U1

A

Fig. 2.5. An example of the loops v and v1 and the paths ¢ and ¢’ in the case
k> 1.

In the case m > 0 there must exist a self-intersection vertex
v =(t) = v(t;) with 0 < ¢; < t; < 1. But then we can write
v = 75%;% where v; = ¥([0,%]), vij = v([ti, t;]) and ~; = ~[t;, 1].
We now observe that both paths ~;v; and ~;; are loops having
each less than m self-intersection points. Now the proof is done.

O



96 Riemann surfaces and discrete groups

For ¢ = 1 Theorem 2.6 also holds. In this case relation (2.4)
means that 71 (5) is isomorphic to Z @ Z, as was seen in Example
1.73.

Example 2.7 As a further illustration of the correspondence be-
tween the fundamental and the uniformizing groups we now check
relation (2.4) in terms of the group K. In order to do that we first
show that the relation

A1BiAT By Ay By A By = 1d (2.5)

holds in K.
The eight polygons of the tessellation meeting at vy are, in cyclic
(counterclockwise) order:

Ai(P)

A1 B (P)

A1B1ATY(P)

A1B1AT BT Y(P)
A1B1AT B Ay (P)

A1B1 AT B Ay By (P)
A1B1AT B Ay By ALY (P)

A1 B AT By Ay By A BSH(P)

(see Figure 2.6, where a neighbourhood of v; has been magnified).
The last polygon in this list is just P itself, hence the claim follows
from the fact that K acts freely in I since the transformation
AlBlAl_lBl_lAngAz_lBQ_1 obviously fixes the centre of P.

It follows that the relation

(A1 B1A' B A3 B Ay By ) =1 (2.6)

must hold in (S, v).

If we had ®(4;) = a4, ®(B;) = G, identity (2.6) would agree
with identity (2.4). However, this is not the case. In fact with
the notation used in the proof of Theorem 2.6 we have (see Figure
2.7)

®(A) = aifitag!
®(B1) = aifia;ptart (2.7)
B(Ar) = foasfylay'fy! '
®(By) = foay By’
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Aq(eq)=A1Bq(e2)

e1=A1(e3)

A1B1(e3)=A1B1A]  (e1)

A1B1 AT (e2)=A1B1 AT B (eq)

A1B1AT B N(es)=A1B1AT ' By P As(er)

AyB1AT B Y Ax(eg)=A1B1A] ' By ' A3 By (eg)

—1 51 o —1 -1 —1
A1B1AT By " A2 Bo(er)=A1B1 AT ' By ' A2 B Ay Y (e5)
A1B1AT By P A Bo Ayt (eg)=A1B1 AT ' By P As Bo A Y (eg)

Fig. 2.6. The configuration of the polygons surrounding v;.

and so (2.6) becomes instead

Braa By tar tBaanBy st =1 (2.8)

Nevertheless, it remains true that (2.8) can be derived from
(2.4) by first inverting it and then conjugating by OégﬁQOé;lﬁ;l.

It may be illustrative to show how this conjugating element
can be determined geometrically. First, equation (2.8) can be
rewritten in the form

O (Brouf tar feanBy tas ) =Td € K

which in turn is equivalent to saying that the lift of the loop
ﬁlalﬁflaflﬁgagﬁglo@l with starting point at v; ends also at
v1. In order to find this lift, note that according to Figure 2.6 the
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Fig. 2.7. Lifts to D of the loops corresponding to ®(A;), ®(B1), P(A2) and
®(B2) in (2.7).

edges of the tessellation meeting v; are in clockwise order

AlBlAIlB;IAQ (4
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Since our loop begins with (; its lift must move first along
A1B1 AT B ! (eq) — the other possible candidate, namely A; By (e2),
is a lift of 3, ! Now one has again eight possibilities to move for-
ward, and the correct one (the only one which is a lift of ay)
is choosing the next edge of the polygon AlBlAlefl(P) in
clockwise order, namely A;B; A7 By (e3). In this way one eas-
ily checks (Figure 2.8) that the lift we are looking for is the loop
that runs along the boundary of A; By A;* B !(P) in the clockwise
direction, ending back at v; as expected.

AlBlAle;1(64)

AlBlAlefl(es)

Fig. 2.8. The lift to the unit disc (with base point at vi) of the path
Braifyt ol Beasfy tayt = ®(A1B1AT By P A2 B Ay By ).

As claimed in the proof of Theorem 2.4 (case m = 0, k = 1), the
element of 71 (S, v) conjugating our word ﬂlalﬂflaflﬂgagﬁgla;
to w, ! is precisely ®(A; B A B, which by (2.6) is the same

as ®(ByAsBy 'Ay1). By (2.7) this agrees with
(Bacry B3 1) (Bacvz By oy By ) (Boaa By ) (Baca vy B )

which equals aofBray ! By L Of course this only means that the lift
of 042[32042_152_1 starting at v7 ends at AlBlAl_lBl_l(vl) (this time
this lift goes along one half of A; By A7 B! (P) counterclockwise).

The following generalization of the construction carried out in
this section holds for non-necesarily regular hyperbolic polygons.

Theorem 2.8 (Poincaré’s polygon Theorem — first ver-
sion) Let P be a convex hyperbolic polygon in D with sidesly, . .., l,,
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Iy..., . Suppose there exist isometries g1, ..., gy € Aut(D) such
that g;(1;) = 1;. Let K be the group generated by the elements g;.
If the sum of the angles of P at every equivalence class of vertices
equals 27, then K acts freely and properly discontinuously on D
and D/K is a compact Riemann surface.

The proof becomes clear from Figure 2.4, although the details
are not easy to write down. In fact it was not until long after
Poincaré’s time that a complete proof was achieved (see [dR71],
[Mas71], [Bea83]).

Here we only emphasize the two essential points of this proof:

(i) Each transformation g¢; identifies two of the sides of P,
therefore the isometric polygons P and g;(P) meet along
one common edge.

(ii) The sum of the angles of the polygon P at all vertices
identified by the side pairings equals 2.

The idea is that (i) describes the configuration in D of the suc-
cessive images of P by the elements of the group K, whereas (ii)
implies that these images fit perfectly, leaving no gaps among them
but also not overlapping; that is, they tessellate D.

2.2 The existence of meromorphic functions

Now the time has come to face the problem of constructing func-
tions on Riemann surfaces of genus 1, i.e. isomorphic to C/A, and
of genus g > 2, i.e. of the form H/K. Our aim is to show the sep-
aration property of the field of meromorphic functions (Theorem
1.90).

The first trial would be choosing a function on C (or D) and
forming the sum F(z) = > f(v(2)) where v runs along the uni-
formizing group A (or K). By construction the function F will
be A—invariant (or K —invariant), hence it will induce a well-
defined function on the quotient surface. Indeed one of the func-
tions we construct in genus g = 1 arises exactly in this way for
f(z) = —2/23. However, the defining series will not converge in
general, so we must proceed more carefully.
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2.2.1 Existence of functions in genus g =1

We consider first the existence of functions for surfaces of genus
g = 1. More information about this question can be found in
[Car61], [Ahl78] or [JS87].

Describe S in the form S = C/A where A = Zw; @ Zws for two
R-linearly independent complex numbers w; and ws.

Lemma 2.9 The series
1
> 3 (2:9)
0F£weA |w]

converges for every lattice A as above.

Proof The number of points of A belonging to the parallelogram
P, that passes through nw; equals 8n (see Figure 2.9). Moreover,
if w € P, and D is the distance from 0 to P;, we have |w| > nD.
Therefore,

> 8 o= 1 8 w2
Y Sl Piw DT

0#weA

Fig. 2.9. The lattice A = Zw1 P Zwo.
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Corollary 2.10 (Weierstrass o function) The series
1
pl)==5+ > ( E) (2.10)
0#weA

defines a meromorphic function in C.

Proof Let r > 0 be a fixed positive real number. Take w € A
such that |w| > 2r (a restriction that fails to hold for only finitely
many lattice points w). Then, for all |z| < r, we get

1 1 _ el ]2 = (z/w)]

(z—w)? o? CwL - (zfw)P

z (2w — 2)

w? (2 — w)?

w2

2l @+ [z/w]) _ r]2+(1/2)]
WP 1= |2/wl” T o’ (1 -1/2)*

Now apply Lemma 2.9 and the Weierstrass Theorem on the uni-
form convergence of analytic functions ([Ahl78])f. O

Corollary 2.11 Both p and ¢’ define meromorphic functions in
S =C/A.

Proof We have to show that these functions are well-defined mod-
ulo A, i.e. that they are A-invariant. This is obvious for the func-

tion
=2 Z (2.11)

wGA

which in turns implies that g is A-invariant too. Indeed, for every
w € A the derivative of the function f(z) = p(z + w) — p(2)
vanishes identically, hence we can write p (z + w) — p (2) = ¢ (w).
Evaluating this function at the point z = —w/2 and noting that
p is an even function we find ¢ (w) = p(w/2) — p(—w/2) = 0,
which implies the periodicity of . O

Corollary 2.12 Meromorphic functions separate points in Rie-
mann surfaces of genus g = 1.
1t The Weierstrass Theorem states that if a sequence of analytic functions f;, con-

verges uniformly on compact sets to a function f, then f is also analytic. Moreover,
f}, converges uniformly to f’ on compact sets.
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Proof Since p([z]) has a unique pole at [0], given two points
[21], [22] € C/A the function

F(2D) = o[z = z]) —p(lz1 — 22])
has a zero at [z1] and a pole at [z9]. O

Let us study these functions p and ¢’ in some more detail. We
have

1
p(2) = + a2’ +asz 4 (2.12)

near z = 0.
Note that the last series has only terms of even degree (p is an
even function), and has no constant term since

@(z)—;lgzogA(ﬁ—%)

vanishes at z = 0. Differentiating we find

4 8a
2 2

S R 2.13
£ (Z) 56 52 4 ( )

while taking third powers in (2.12) yields

1 3a
3 2
=—+ = +3 2.14
©°(2) z6+z2+a4+ ( )

It follows that

20a
0% (2) — 4% (2) = ——

22

+ h(z)

where h is a holomorphic function.

If we define now go = g2 (A) = 20ag, we see that the func-
tion o' (2) — 43 (2) + g2p (2) is holomorphic everywhere in C/A,
therefore equal to a constant —g3 = —g3 (A). Thus we have the
following algebraic relation between the functions o and g’

0 = 40> — gop — g3

Now, since p is a function of degree 2 (it has only one pole
and its multiplicity equals 2), Corollary 1.93 implies firstly that
C (p, ') is the full field of all meromorphic functions in C/A and
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secondly that there is an isomorphism between the transcendental
and the algebraic models of the Riemann surface C/A given by

C/AN —— Sp = {y2:4:v3—ggzn—gg} (2.15)

[l ——(p[z], ¢’ [2])

Remark 2.13 We recall for further use that @’ is a meromorphic
function on C/A whose degree equals 3 (it has a single pole of
order 3 at [0]). Now, since ¢/(z) = —¢'(—=z), the three zeros of
¢ are located at [w1/2], [w2/2] and [(w1 + w2)/2] and they are all
simple. The algebraic relation between ' and p shows that none
of these three points is a zero of p unless we have g3 = 0. In other
words, for the case g3 # 0 the (two) zeros of the Weierstrass p
function are also simple and, since @ an even function, they are
located at [tzp] for certain zo # 0.

2.2.2 Existence of functions in genus g > 2

We shall start by constructing a meromorphic function on the
Riemann surfaces S = /K exhibited in Section 2.1.2. We have:

Lemma 2.14 Let K = {v,},-, be the group constructed in Sec-

tion 2.1.2. The series
2
> (2] (2.16)

converges uniformly in compact subsets of .

Proof We split the proof into several steps. Let P be the funda-
mental polygon of K as described in Section 2.1.2.
(i) For every n we have

LGP = [ Reu)+ @2 = [

equals the Euclidean area of ~,,(P), and therefore

Z/P () =7

which gives the euclidean area of the unit disc.
a b
(ii) Write 7, (z) = %, where |a,|* — |b,|* = 1. Then we

O (,y) ‘
0(x,y)
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1

(bpz + an)2 '

|z|, |lw] <7 < 1 the following inequalities hold

have 7/, (z) = Since |b,| < |ay|, it follows that for

buz+anl . Jbullel +lanl _ Janl (1 +]2))
buw+an] = Towl Tl = fenll = Tanl = [oul ]

janl (L J2l) _ 147

jan| (1 = Jw]) = (1 =7)

1—7? - 1
(1=r)? " (1—r)

(iii) Taking z = 0 in (ii) yields

< 5
’bnw+an‘ (1 —r)

hence we conclude that for |z| < r the following estimate holds

S P =Y — =Y (2.17)

|bnz + ap, ] ]an]

(iv) Taking w = 0 in (ii) yields

|bry z—i—an] 1
|an| (1 —7")
hence
1 (1 —7“)8
[ L

and therefore

LIRS G-

|an| bz + an|*

(v) If we now choose r such that P C D (0,r) so that the above
estimates hold in P, and we apply the operator [ p in the last
inequality above, we get

(Euclidean area of P) - Z Z /
\an] P lbnz + an]
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1
and therefore ) | ——
|an|

(2.17). O

< 00. The proof now follows from Equation

1
Corollary 2.15 Let a € D, and define f, (z) = <z — a>' Then:

(i) The series

Qa(2) =D fa (1 ()7 (2)? (2.18)

defines a meromorphic function in D and, moreover
(il) Qg (2) satisfies the following quadratic relation with respect
to the group K

1

Qa (7(2)) -7 gQa (2)7 Jorall ~v=7v,€K
7 (2)

(2.19)

Proof (i) Since K acts properly discontinuously and fixed point
freely, there exists a disc D(a,e) such that for all n we have
Yn (D(a,e)) € D~ D(a,e). Convergence is now a consequence
of the previous lemma together with Weierstrass Theorem on the
uniform convergence of analytic functions.

(ii) Direct computation gives

Qa(v(2) = Zfa(’YnO’Y(Z)I)’)(/;L(;(Z))Z

where we have set v, = v, 0 7. O

Proposition 2.16 The field of meromorphic functions separates
points in Riemann surfaces of genus g > 2.

Proof Suppose first that S is the Riemann surface of genus g
constructed in Section 2.1.2. Let a,b € D be points whose images
by the projection 7 : D — D/K ~ S are the points P, = [a],
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P, = [b] that we want to become respectively a zero and a pole of
some meromorphic function f. Then

F(2) = @ (2)

Qa (2)
solves our problem, since although @, and @} do not define func-
tions in S ~ /K, their quotient does. This is because relation
(2.19) obviously implies that f (v (2)) = f (2).

The same proof would work for any Riemann surface S’ ~ D/ K’
with the same genus as S, if we knew that any such group K’ has
a fundamental domain (maybe less nice than the regular polygon
given in Section 2.1.2). This is actually the case as can be shown
as follows. By the classification of compact topological surfaces
(see Section 1.2.1), S" and S must be homeomorphic and even
diffeomorphic to each other. By covering space theory any diffeo-
morphism f : .S — S’ (or more precisely the map f o) lifts to a

(2.20)

diffeomorphism f : D — D), i.e. we have a commutative diagram
as follows:

]D)—f>]D

|k

S——=9

The fact that f transforms the group K = Aut(D, 7) into the
group K' = Aut(D, '), that is K’ = fKf~' (see Section 1.2.5)
implies that f (P) is a fundamental domain for K.

Although f (P) will no longer be a hyperbolic polygon, Lemma
2.14 and Corollary 2.15 (and their proofs) remain valid. O

2.3 Fuchsian groups

Subgroups of PSL(2,R) acting freely and properly discontinuously
on H arise in a natural way in Riemann surface theory due to
the Uniformization Theorem. We are more generally interested
in subgroups acting only properly discontinuously (see Definition
1.68) because they still do define a Riemann surface.

Recall that if I" < PSL(2, R) is such a group, given a point z € H
there exists a neighbourhood U, such that v(U,) N U, = () for all
v € I" except the finite set of elements I(z) = {v1,...,7 } fixing
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the point z. Clearly I(z) is a subgroup of I' usually called the
stabilizer or isotropy group of z.

Let M be an isomorphism from H to D sending z to 0 € . Then
MI(z)M~! is a finite group of rotations around the origin, hence
it is a cyclic group generated by the rotation Ry, : w — e2mi/nyy
where n = [I(z)|. It follows that I(z) = (M~ o Ry, o M)
itself is also a cyclic group and that the neighbourhood U, above
can be chosen to be I(z)-invariant. For this we can simply take
U, = M~Y(D(0,¢)). It also follows that the set of fixed points
is discrete for otherwise there would be an infinite sequence of
elements v, € I' and of points z, — z such that v,(z,) = z,.
This would mean that for every € > 0 there would be infinitely
many elements vy € I such that v(U,) N U, # 0.

Now recall that PSL(2,R), which is naturally equipped with
the topology induced by the usual topology of Maxo(R) ~ R?, is
a topological group. This simply means that the maps o +— a~!
and (a, ) — af are continuous.

Definition 2.17 A Fuchsian group is a subgroup I' < PSL(2,R)
such that for all 4 € T there is a neighbourhood V of v in PSL(2, R)
with V N T = {v}. In other words, the topology induced in T' is
the discrete topology.

An important property regarding the nature of Fuchsian groups
is the following:

Lemma 2.18 ([Ive92]) Let I' be a Fuchsian group. For every
a € PSL(2,R) (not necessarily in T") there is a neighbourhood
V C PSL(2,R) such that V NT is a finite set. In particular, T is
a closed subset of PSL(2,R).

Proof By definition of Fuchsian group the result holds trivially if
a € I'. In particular, we can take an open neighbourhood W of
the identity such that W NT = {Id}.

For arbitrary « the set a- W~ = {af~! | 3 € W} is an open
neighbourhood of o. Now, if a- W™ NT = () we are done. If
not, let v € a- W1 NT, so that a = 73 for some 3 € W. Take
V = ~W, which is obviously an open neighbourhood of « as well
as of . Then, since W NT = {Id} we have v~ }(V NT) = {Id}
and therefore VNT = {~}.
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In particular, if v, € I' is a sequence converging to «, the exis-
tence of a neighbourhood V' as above implies that all but finitely
many elements of the sequence agree with «. Thus I' is a closed
subset of PSL(2,R). O

Fuchsian groups and groups acting properly discontinuously are
equivalent concepts.

Proposition 2.19 I' < PSL(2,R) is a Fuchsian group if and only
if it acts properly discontinuously on H.

Proof Suppose that I' is not a Fuchsian group. Then there ex-
ists an infinite sequence of distinct elements 7, € I' such that
lim, oo VYo = 7 € I, hence if we put 3, = v~ !9, we find that
Bn — Id and therefore f3,(2) — z. Thus for any neighbour-
hood U of z there are infinitely many elements 3, € I' such that
Bn(U)NU # () and so T’ does not act properly discontinuously.

On the other hand, assume I' is Fuchsian. If I" does not act
properly discontinuously, then there exists zy € H and an infi-
nite sequence {7y} C I' \ I(zp) of distinct elements such that
Y& (Dr(20,1/k)) N Dp(20,1/k) # (0 where Dy stands for hyper-
bolic disc. In particular, {7;} is contained in the set C' = {a €
PSL(2,R) | dp (20, @(20)) < 1}, which is compact (see Lemma 2.20
below). Therefore, {v;} = {7} N C is contained in I' N C, which
by Lemma 2.18 is a closed (hence compact) subset of C' and being
discrete it must be finite. Contradiction. O

Lemma 2.20 Given zg € H and € > 0, the set
C: = {a € PSL(2,R) | dp(20,a(20)) < €}

is a compact subset of PSL(2,R).

Proof We can work with SL(2,R) C Msy2(R) ~ R For an

a b
element o = < e d

Since the set C. is clearly closed we only need to show that it
is bounded. By conjugation by an element of PSL(2,R) sending
zp to ¢ € H, we can assume that zy = i.

) we denote |a|? = a? + b + 2 + d°.



110 Riemann surfaces and discrete groups

A straightforward computation using formula (2.2) shows that

1., . [|laf? =2
tanh idh(z,a(z)) = PR

1
therefore if || — oo then tanh §dh(i,a(z’)) — 1, which implies
dp(i,a(i)) — oo. O

The most obvious example of Fuchsian group is PSL(2,7Z). We
will show in Section 2.4.4 that the quotient space H/PSL(2,Z) is
a Riemann surface isomorphic to C. In fact the quotient of H by
the action of an arbitrary Fuchsian group always gives a Riemann
surface.

Proposition 2.21 IfT is a Fuchsian group then the quotient H/T'
has a Riemann surface structure for which the canonical projection
7w H — H/T is holomorphic.

Proof We first observe that H/T" is Hausdorff. Indeed if w(x), 7(y)
are two different points in H/I" then there must exist hyperbolic
discs Dy, (z,¢e) and Dp(y,e) such that w(Dy(x,e)) Nw(Dy(y,e)) =
(). Otherwise there would be an infinite sequence of distinct ele-
ments v, € I' such that v,(Dy(z,1/n)) N Dp(y,1/n) # 0. This
implies that if & € PSL(2,R) \ T is such that a(x) = y we have
a1y, (Dy(x,1/n)) N Dp(z,1/n) # O for every n. By Lemma
2.20 the sequence a7, is contained in a compact set and there-
fore, passing to a subsequence if necessary, we can assume that
a~'y, — (3, hence v,, — af3, which by Lemma 2.18 is an element
of I'. This cannot happen for a Fuchsian group.

The quotient map 7 : H — H/I" restricted to a small neigh-
bourhood provides a coordinate function around the points where
I' acts freely. If U and V are two such neighbourhoods and
m(U) N7(V) # 0 then the transition function looks like

(7ly omlu) (2) = (2)
where v € I is the element which sends z € U to y(z) € V (as in
Example 1.13).
Now, suppose zg € H is a fixed point of some element. Let U be
I(zp)-stable and small enough so that U/I' = U/I(zp). The map
m: U~ {20} — U~ {20}/I' is a covering of Riemann surfaces
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with degree n and therefore 7 is of the form z +— 2" (Example
1.72). More precisely we have a commutative diagram

U—"=U/I(2)
N
D D

 ——

where the maps ; are holomorphic isomorphisms. We can there-
fore take 19 as a chart around [zp], and the resulting transition
function 1 o m = 9" is certainly holomorphic. O

Remark 2.22 We observe for further use that along the previous
proof we have obtained the identity ord,(7) = |I(z)].

Proposition 2.23 A Fuchsian group I' acts freely on H if and
only if T is torsion free (i.e. if it has no non-trivial elements of
finite order).

Proof An element v € PSL(2,R) fixes a point if and only if it is
conjugate to a rotation Ry(z) = €™z in the unit disc.

Now if 6 = m/n € Q then the order of Ry (hence of 7) is n,
whereas if 6 ¢ Q then {R’g = ng} ., 1s an infinite sequence of dif-
ferent rotations which must have limit points since its elements are
parametrized by their rotation angles and these lie in the compact
set [0, 27]. O

Corollary 2.24 A subgroup of PSL(2,R) acts freely and properly
discontinuously on H if and only if it is discrete and torsion free.

Of course different Fuchsian groups may produce the same Rie-
mann surface. In the case of torsion free groups it is easy to
characterize when this occurs.

Proposition 2.25 Let S; = H/I'y and So = H/T'y be two Rie-
mann surfaces (compact or not) uniformized by freely acting Fuch-
sian groups I'y and I's. Then S1 and Sy are isomorphic if and only
if there exists T € PSL (2,R) such that T oT'; 0T~ = Ty.

Proof The if part is trivial. The isomorphism 7" : H — H induces
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a well-defined isomorphism between S7 and Ss. Indeed, with the
obvious notation, if [z]; = [w]; then w = 7, (2) for some v, € T';.
Therefore, T (w) = T o~ (2) = y2 0T (z) for some ~, € 'y, hence
T ()], = [T (=),

Conversely, an isomorphism ¢ : S7 — S5 determines a commu-
tative diagram

H H

H/T: —~H/T,

where ¢ = T € Aut(H) = PSL(2, R) is a lift of ¢ (more precisely,
of ¢op1). In turn this implies that 'y = T o'y o T L. O

2.4 Fuchsian triangle groups

In this section we study the Fuchsian groups whose fundamental
domain has the minimum possible number of sides. They are
called triangle groups and admit fundamental domains with only
four hyperbolic sides, which are obtained by glueing two copies of
some hyperbolic triangle.

2.4.1 Triangles in hyperbolic space

A hyperbolic triangle in H is a topological triangle whose edges
are hyperbolic geodesic segments. We admit in this definition the
possibility of triangles with edges of infinite (hyperbolic) length, a
case in which some vertex lies in R U {oo} and the corresponding
angle is zero.

What characterizes hyperbolic geometry is the fact that the sum
of angles of a hyperbolic triangle is less than 7. In fact we have
the following:

Proposition 2.26 If T is a hyperbolic triangle with angles o,
and 7y, then the hyperbolic area of T equals a(T) =7 —a— (3 —7.

Proof (Following [JS87]). Suppose we have proved the statement
for triangles with (at least) one null angle. Then, if T is a triangle
with angles a, 3 and  we can construct 7”7 as in Figure 2.10 in
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such a way that both 77 and T'U T” are triangles with one null
angle.

Fig. 2.10. The hyperbolic triangles T, 7" and 7" U T" in H.

Then we would have
a(l) = a(TUT) —a(T)
= (r—a—(+6)-0)—(x—(x—5)—0-0)
= m—a—fF-vy
as we wanted to show.

In order to prove the result for a triangle with exactly one
null angle, we can restrict ourselves to the case in which T has
a vertex at oo, one edge (of finite length) contained in {|z| = r}
and two straight edges (of infinite edges) L, and L; contained in
{Re(z) = a} and {Re(z) = b} respectively (see Figure 2.11). The
reason is that we can always achieve this configuration applying
transformations of the form z — z 4+t and z — —1/z.

Let now « and 3 be the angles of T' shown in Figure 2.11.
By elementary Euclidean geometry we see that b = rcos 8 and
a = —rcos a = rcos(m — «) respectively.

We can therefore compute

a(T) = /dxdy_/b/oo @dx—/bidx
T y2 a Jr2—zx2 y2 a \/7‘2—332

/3 . .
_ / rsm@da:ﬂ__a_ﬁ

_o Tsinf

where in the second line we have employed the change of variables
x =rcosf with 6 € (0,7). The proof is done. O
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L_4 Ly

I
I
I
|

—— rcos 3 —

Fig. 2.11. A hyperbolic triangle with a vertex at oco.

Given three non-negative real numbers «, 3 and v such that
a + B+ v < m there exists a hyperbolic triangle with angles «, 8
and . Figure 2.11 illustrates the construction of such a triangle
in the case v = 0.

We begin with the (degenerate) triangle with sides are L_1, Ly
and C' C {|z| = R}, whose three angles equal 0. If we move con-
tinuously the geodesic L, from L_; towards L; the angle between
C and L, measured in positive sense goes from zero to 7. There
must be intermediate positions where the line L, meets C' with
angles « and ™ — 3 (see Figure 2.11).

Fig. 2.12. A hyperbolic triangle with angles «, 3, .
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Now, Figure 2.12 is meant to llustrate the existence of a tri-
angle with given angles «, 3,7 > 0. The proof relies again on a
continuity argument. Starting from Figure 2.11, we see that if we
now move the geodesic L; from Ly to the left, keeping the angle
[ constant in the process, the angle v formed with L, goes from
0 to m — (a + (), since in the limit we would encounter a triangle
with zero area.

2.4.2 Reflections

The reflection Ry, in the geodesic L is the unique non-trivial isom-
etry that fixes every point of L. The reflection in the imagi-
nary axis Lo is Rg(z) = —%, and the reflection in an arbitrary
geodesic L can be described as a conjugate of this one. Namely,
Ry = M~'oRgo M, with M € PSL (2,R) such that M (L) = Ly.
Note that reflections are anticonformal isometries (they reverse
orientation).

If R is an arbitrary reflection, it is clear that Ry o R is an
orientation-preserving isometry, hence RyoR € PSL (2, R). There-
fore, every reflection can be expressed in the form

az+b

R(z) = =1 d where a,b,c,d € R and ad — bc = —1

2.4.3 Construction of triangle groups

Let R; be the reflection in the side L; of the hyperbolic trian-
gle T of Figure 2.13, with vertices vy, v9,v3 and angles z, T and
n’ ' m

% respectively (here we denote by L; the edge from v; to v;41,

with subscripts taken modulo 3). The numbering of the vertices
v1, V2, v3 is understood to follow counterclockwise order, as in Fig-
ure 2.13, and n,m, | are either positive integers or oo (the latter
meaning that the angle at the corresponding vertex equals zero,

see for instance Figure 2.17). In what follows we assume that

1
— + — 4+ - < 1. This condition guarantees the existence in hy-
n o m

perbolic space of such a triangle 7', as was seen in Section 2.4.1.
Let us now consider the images of T under the following se-
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Fig. 2.13. The starting triangle 7" in the case (n,m,l) = (3,4, 5).

quence of compositions of the reflections Ry and Ry

R10R2

(2.21)
(RioRy)* " (
(Rio Ro)" ' o Ry (
(R1o Ro)" (

SIS

)

Since vy € Ly N Lo, this vertex remains fixed along the whole
process, hence all the triangles have a common vertex at vo. More-
over, (2.21) is a sequence of adjacent triangles.

Indeed:

o Ry (T) =:T" is the reflection of T" in the side L.

e RioRy(T)= RyoRyo R (R (T)) is the reflection of Ry (T
in its side Ry (La).

e RioRyoRy(T) = (RioRy)oRyo(RioRy) "RyoRy(T) is
the reflection of Ry o Ry (T') in its side Ry o Ry (Lq), etc.
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R10Ro(T)

Fig. 2.14. D3 is a neighbourhood of vz constructed as a reunion of triangles.

Since the angle at vy of each of these 2m triangles equals 7/m,
we see that the reunion of the first 2m triangles of the sequence
(2.21) produces a complete neighbourhood Dy of vy (see Figure
2.14). It also follows that (Ry o Ry)"™ = Id.

Alternatively, this same neighbourhood Dy can be also obtained
as the reunion of images of the quadrilateral

Q=TUT =TURy(T)
since
Dy =QU (RioRy) (Q)U---U(RioRy)™(Q)

as can be seen by reordering in the appropiate way the terms of
sequence (2.21).

It becomes apparent that by reflecting T in every possible di-
rection, that is translating T by all the elements of the group
(R1, Ra, R3), we obtain a tessellation of I (see Figure 2.15).

Alternatively, a tessellation of D is obtained also translating the
quadrilateral @ by all the transformations in the group

I'=Tm1 = (21,22, 23)

where 1 = R3 0 Ry, xo = R1 0o Ry and 3 = Ro o R3. Clearly the
relations

o =P = zb = ryrexs =1
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Fig. 2.15. The tessellation of D corresponding to the triangle group 'y m
with (n,m,l) = (3,4, 5).

hold in T

Note that now the transformations 1, xo and z3 are certainly
conformal isometries, therefore I' < Aut(D) ~ PSL (2,R). In fact
x1, 2 and x3 are hyperbolic rotations around vy, v and vg through
angles 27 /n, 2w /m and 27/l respectively.

The fact that the quadrilaterals {v(Q) | v € T'} provide a tes-
sellation of the unit disc is a manifestation of the fact that I' acts
properly discontinuously and that @ is a fundamental domain. Of
course this is not a fixed point free action. The set of points of
D fixed by elements of I' agrees with the set of vertices of the
tessellation. Accordingly, the finite order (torsion) elements of T’
are the conjugates of powers of x1,zs and xs.

According to Proposition 2.21, D/T" carries a Riemann surface
structure. From the side identifications in @ it is easy to deduce
that the genus of this surface is 0, therefore D/T" ~ C (or C minus
one, two or three points in case one, two or three of the angles
equal zero).

These last statements are nothing but a particular application
of a more general version of Poincaré’s theorem. The difference
with the situation we studied in Section 2.1.2 is the fact that
the sum of the angles of all the vertices of @) equivalent to, say,
vy is no longer 27 but rather 27w/m. Therefore, the reunion of
the small circle sectors around these vertices does not provide a
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complete neighbourhood of the vertex. We need now to apply a
mapping of the form z — 2™ to get a complete neighbourhood.
According to the proof of Proposition 2.21 this only reflects the
fact that the stabilizer of vy is a cyclic group of order m, namely
I(Ug) = (Rl o R2> = <.’L’2>

The version of Poincaré’s polygon Theorem that covers the case
of our group I'y, ,,; is:

Theorem 2.27 (Poincaré’s polygon Theorem) Let P be a
convex hyperbolic polygon in D with sides Iy, ... L, 1, ... 1. Sup-
pose there exist gy, ..., g, € Aut(D) such that g;(l;) = . Let G
be the group generated by the g;. If the sum of the angles of P at
the j-th equivalence class of vertices equals 2w /n; for an integer
nj, then G is a Fuchsian group and D/G is a compact Riemann
surface.

Summarizing, the projection
7m:H—H/T
z—[2]p
ramifies at all points z fixed by some element of I' = I, ,,, ;. These
are the vertices v; and their translates by I'. According to Remark

2.22 each of these points has branching order equal to n,m or [.
Since x1 o0 x9 o x3 = Id, we can also write

Ly = (@1, 22) = (21, 23) = (22, x3)

Definition 2.28 The group I, ,,; described above is called the
triangle group of signature (n,m,1).

Remark 2.29 The triangle group of signature (n,m,l) is unique
up to conjugation in PSL(2,R).

Given two hyperbolic triangles 717, T, with the same angles there
exists an isometry  of hyperbolic space that maps T} to 75. The
two triangle groups I'1,I's corresponding to 77,75 are conjugated
by v, that is v~ o'y 0y =T7.

As an abstract group, Iy, ,,; can be defined in terms of genera-
tors and relations as follows (see [JS87], Appendix 2)

con o om ol _
Loy = (21, 22,235 o] = 25" = 23 = x10023 = 1)
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o]

7 means no relation, e.g. the group

where x
Ioo,00,00 = (@1, X2, 35 T1T223 = 1) = (21, 22)

is the free group with two generators.

1 1 1 1 1 1
Remark 2.30 When —+ —+->-=1o0or —+ — + = > 1 one can
m_ n m |

n
construct the triangle group I, ,,,; as a subgroup of isometries of
Euclidean 2-space or the sphere respectively. The starting trian-

gle T with angles E, T and I exists in Euclidean or spherical

geometry rather thgn inmhyperbolic space, but the construction of
such an Euclidean or spherical triangle group goes exactly along
the same lines as that of a hyperbolic triangle group. The result-
ing group of transformations is still infinite in the Euclidean case,
but is finite in the spherical case. For instance, in Figure 2.16 the
tessellations corresponding to I's 2 2 and I'y 3¢ are depicted.

Fig. 2.16. Tessellation of the sphere and the complex plane associated to a
triangle group 'z 2,2 and I'2 3,6 respectively.

From the presentation
F272’2 = <$1,$2,$3 : .’L‘% = 37% = .’L‘g = T1T2x3 — 1>
we see that I'y o o is generated by two elements of order 2 which

commute (their product has again order 2), hence I'g 2 is Klein’s
group of order 4.
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2.4.4 The modular group PSL(2,7Z)

In this section we introduce the most important triangle group
of all. We now work with the upper half plane model of the
hyperbolic plane.

Let T be the hyperbolic triangle with vertices located at v; = 4,
vy = €™/3 and vy = co. The edges L; (i = 1,2,3) of T lie on
|z| =1, Re(z) = 1/2 and Re(z) = 0 respectively (see the shadded
region in Figure 2.17). The angles of T at its vertices are 7/2, 7/3
and 0 respectively, hence the construction of the previous section
produces a triangle group I'z 3. We recall that the quotient
H/T'23 00 is the sphere minus one point.

With the same notation as in Section 2.4.3, one can easily check
that

Rl(Z) = -, RQ(Z) =—-z+1, Rg(z) = —Z

| =

and therefore any chosen pair of the following three elements of

PSL(2, R)

z1(z) = R3zoRi(z)=-1/z
x2(z) = RioRa(z)=1/(—2z+1)
x3(2) = RooR3(z)=2z+1

generate I'g 3 .

If we take @ = T'U R3(T") as fundamental domain, the images
of @ by the elements of I'y 3 o, provide the well-known tessellation
of hyperbolic space shown in Figure 2.17.

lr2 (Q)
L=

1 12 0 12 1

Fig. 2.17. Fundamental domain of I'z 3, .c = PSL(2,Z).
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This group is specially relevant in number theory, because it
consists of the elements of PSL(2,R) with integer entries.

Theorem 2.31 The group I's 3 o above agrees with

SL(2,7)

PSL(2,7) = )

Proof Obviously I'y 3 oo < PSL(2,7Z).
Conversely, suppose that PSL(2, Z) strictly contains I'y 3 o. Let

(o)
A € PSL(2,Z) \ T3 and take a point z in the interior @ of
the fundamental domain @ above such that A(z) lies also in the

[0)
interior of another fundamental domain, say A(z) € v ( Q

some 7y € Fg 3.00- Then the transformatlon M =~y o A will send

z back to Q This way we will have in Q the two points z and
b
M (z) = az_l—{_—d with a,b,c,d € Z, ad — bc =1 and M # +I1d.
cz

We first observe that ¢ has to be non-zero. Indeed if ¢ = 0 then
a = d = %1, hence the transformation M would be a translation
by a non-zero integer and so z and M (z) could not both lie in Q.

On the other hand, since |z| > 1 and |Rez| < 1/2, we have

= A z* +2cdRe z + d
> 2+ d? — |cd|
2
= (e[ = d])” + |ed|
and this is a positive integer since otherwise ¢ = d = 0, which is a

contradiction. Therefore, |cz 4+ d|> > 1 (strict inequality), and it
follows by (2.1) that

ez + d|?

ImM (z) = ————5 <Imz
ez + d|?

Exactly the same argument applied to the point M (z) and to
the transformation M ! shows that Im z < Im M (z), which is a
contradiction. O

In the next example we will use the following observation:

Lemma 2.32 Let 'y < I'y be an inclusion of Fuchsian groups of
index n, and y1, ...,V € 'y a set of representatives of T'1\I'a, the
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right cosets of I'y modulo I'1. Let Q and D be hyperbolic polygons
such that Q is a fundamental domain for T'y and D = |J;_; 7i(Q).
Then D is a fundamental domain for I'y.

Proof (1) Note first that

U = U 7<CJ%<@>>

yel'1 yel'y i=1

= U UV%’(Q)
~eTy i=1
= 8@

BET:
= H
(2) For any 7 € I'y one clearly has
n
Dny(D) = J 7(Q) Ny,(Q)
ij=1
Now, D being a convex hyperbolic polygon, if 7;(Q) N yv;(Q)
contains an interior point of D then vv;(Q) must equal one of
the polygons v;(Q) that intersect v;(Q), or equivalently v, = V.
Since 71,...,7, are distinct representatives of I's modulo I'y the
last equality occurs only if v = Id. Our conclusion is that if
v € Ty ~ {Id} then D N~(D) is contained in the boundary of D.
O

Example 2.33 The modular group PSL(2,Z), also denoted T'(1),
contains with index 6 the so-called principal congruence subgroup
of level 2, defined as

F<2):{<Z 2>GIP’SL(2,Z) : (‘i 2>EIdmod2}

From the exact sequence
1—-T(2) -T(1) - PSL(2,2/2Z) — 1

we deduce that I'(2) < I'(1) with index 6.

The group I'(2) is itself a triangle group. In fact we claim that
I'(2) is the triangle group I'es o000 corresponding to the triangle
T with vertices at 00,0 and 1 and angle 0 at every vertex. This
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can be seen quite clearly after a good choice of the fundamental
domain for I'(1) and representatives for the six equivalency classes
of T'(2)\I'(1). Instead of @ it will be more convenient to choose
the quadrilateral Q' = T'U Ry(T)) with vertices at i, ™3, 1+
and oo as fundamental domain for I'(1) (see Figure 2.18).

1 12 0 12 1

Fig. 2.18. The group I'(2) agrees with the triangle group I'es,o0,00-

For a set of representatives we take

(10 A A R |
a=(5 V) =1 5) (1)
_ 1 -1 _ -1 0 _
w31—<0 1>7.Z'31IL'2< 1 _1>,x31x§—<

By Lemma 2.32 the reunion
D =Q Uxy(Q)Ua3(Q) Urg (Q) Uy 22(Q) Uy '25(Q)

is a fundamental domain for I'(2) (see Figure 2.18). Now, D can
be also described as the reunion of the two adjacent triangles
T = Q'Uz2(Q")Uz3(Q’) (with vertices at 0, 1,00) and T~ = Ry(T)
(with vertices at 0, —1 and o).
Since I'(2) identifies the sides of D in the same way as the trian-
gle group corresponding to T, it follows that I'(2) equals T'og oo oo-
This identification allows us to find explicit generators for I'(2).

= O

|
S =
—_
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With the notation as above, we have

Ri(2) = -7, Rs(2) R3(z) = -2 42

T 1
hence

Z1(z) = R3R1(2) = z+2 (which fixes c0)

z

To(z) = RiRy(2) = 22__ 1 (which fixes 0)
— ~ =~ —2z+2 .
x3(z) = RaR3(z) = 9,13 (which fixes 1)

One obviously has 717273 = Id, as mentioned at the end of the
previous section.

Fig. 2.19. A path in H joining ¢ to Z2(i).

Now, being torsion free, the group I'(2) = I's 0,00 acts freely
on H and so I'(2) must be isomorphic to the fundamental group
of H/T'(2) = H/I's 00,00, Which clearly is isomorphic to the sphere
with three points deleted corresponding to the vertices 0,1, 0o
of the domain D. Since PSL(2,C) acts transitively on triples of
points we can choose this isomorphism in such a way that these
vertices correspond respectively to the points 0, 1,00 € C.

The identification of I'(2) with 71 (C~.{0, 1,00}, P) can be made
very explicit. Let us choose as base point P the projection of the
point z = ¢ onto H/I'(2). According to Theorem 1.69, the loop
corresponding to To is the projection to H/I'(2) of any path ¢
in H connecting z = i to za(i) = —% + % In Figure 2.19 we
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have chosen one such ¢ as a piecewise geodesic path, connecting
first z = i with a point 2’ in the imaginary axis near the real
line, followed by a geodesic arc orthogonal to 0D that leaves D
traveling within Z9(D) towards the point 2" = Z3(2’), and from
here heading towards 5 (7) along the arc Za([2’,1]).

Taking into account the side-identifications in D, we see that
our choice of ¢ projects to a loop in C~.{0, 1,00} that goes near the
missing point 0 through a path ¢y, turns once (counterclockwise)
around it, and goes back to P following ¢g in the reverse direction
(see Figure 2.20).

[i]

Fig. 2.20. The loop in the sphere minus three points corresponding to .

Similarly, z; and Z3 correspond to simple loops around oo and
1 respectively.

Let us state explicitely the result we have obtained in this ex-
ample.

Theorem 2.34 The triangle group I' o000 agrees with the prin-
cipal congruence subgroup of level two T'(2) and it is isomorphic
to the fundamental group of the thrice punctured sphere.

In the same way one can introduce the principal congruence
subgroups I'(n) for arbitrary level n > 1 as the kernel of the epi-
morphism

I'(1) — PSL(2, Z/nZ)

defined by reducing the entries modulo n. These groups will be
studied in the next section (Example 2.40).

2.5 Automorphisms of Riemann surfaces

As a consequence of Proposition 2.25 we get:
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Proposition 2.35 If I' is a Fuchsian group acting freely on H,
then

Aut (H/T) = N (T') /T,

where N (') = {T € PSL(2,R) : ToT'oT~' =T} is the normal-
izer of T in PSL (2,R).

Proof Taking I'y = I's in Proposition 2.25, we get a group epi-
morphism

N (T') —> Aut (H/T)

whose kernel is precisely I'. O

Proposition 2.36 IfI' is a non-cyclic Fuchsian group, then the
normalizer N (T') is also a Fuchsian group.

Proof If N (I') is not Fuchsian there is a sequence v,, € N (I') such
that v, — Id. Therefore, for any pair of elements v, 3 € I' we have
Ynoyory,t — v and v, 0B 07, — 3. Since I' is discrete, it
follows that for n sufficiently large 7, 5 € Comm(y,,). By Remark
2.3 v and 8 must commute. We conclude that I' is abelian, which
contradicts Lemma 2.2. O

Corollary 2.37 The automorphism group of a compact Riemann
surface (or, equivalently, of an algebraic curve) of genus g > 2 is
finite.

Proof Let S =H/I'. By Proposition 2.35, the quotient map
f:S— S/Aut(S)

can be described in terms of Fuchsian groups as the following
morphism of compact Riemann surfaces

H/T — H/N (T

2] F— [Z]N(r)
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The commutativity of the obvious diagram

| e

™

H,/T —’~ H/N(T)

implies that the map f is holomorphic. Therefore, d = deg (f) is
a finite number. But we can show that this number is precisely

the order of the group N (T') /T. If {~,} € N (T') is a complete
set of representatives of the quotient group, then

7 (Elvm) = {10}

where the points [y, (z)]p are all distinct except for the case in
which z is a fixed point of some element of N(I"). O

From the proof of the above theorem we extract the following
result.

Corollary 2.38 Let H < K be an inclusion of Fuchsian groups.
Then the degree of the corresponding morphism of Riemann sur-
faces

H/H — H/K
equals the index [K : H].

We now give a formula that relates the genus of a Riemann
surface and the genus of a finite quotient.

Lemma 2.39 Let S be a compact Riemann surface of genus g > 2
and G < Aut(S). Then

29 -2=G|(25-2)+ Y (1(p)| - 1)
peS

where G is the genus of S/G and I(p) < G denotes the stabilizer
of p in G. Equivalently

29-2=1d <2§_2+Z<1_m>>

where {p1,...,pn} is a mazimal set of fixed points of G inequiva-
lent under the action of G.
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Proof The result follows from the application of the Riemann—
Hurwitz formula to the quotient morphism f: S — S/G. Recall
first that the degree of f equals |G| and that a point p € S is
a branching point of f if and only if it is a fixed point of some
automorphism of S. As for the computation of the ramification
indices, we shall consider again the commutative diagram

| N

where I' is the Fuchsian group uniformizing S and G is the sub-
group of N(T') such that G/T' ~ G (that is, G consists of all lifts
of G to H). The ramification index of ¢ at z equals |I(z)|, where
I denotes the stabilizer of z in G. As 7 is an unramified map,
the ramification index of f at [z]r equals also |I(z)|. But |I(2)]
can be naturally identified with the stabilizer I(p) of p = [z]r in
é/F ~ (& since I' does not fix points.

In order to obtain the second formula, note that if p and ¢ are
two fixed points of G such that ¢ = h(p) for some h € G then
I(p) and I(q) are conjugate subgroups (by means of ). It follows

that, given a branching value b of f, the partial sum

> ()l -1)

pe{f~1(b)}
equals
G| 1
(Hp)l =1) =G| 1 = 77—
()™ 11(p))]
where p; is any representative of the fibre f~1(b). O

As an application of this lemma, we now compute the genus
of the Riemann surface uniformized by the principal congruence
subgroup of level n > 1.

Example 2.40 Recall that I'(n) is the kernel of the epimorphism
I'(1) — PSL(2,Z/nZ)

defined by reducing the entries modulo n. We observe that I'(n)
is torsion free (equivalently it does not fix points, see Proposition
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2.23) because the generators z — —1/z and z — 1/(1—z) of I'(1)
do not belong to I'(n) and neither do any of their conjugates, since
the inclusion I'(n) < T'(1) is normal.

We would like to compute the genus of the quotient Riemann
surfaces H/I'(n) (or rather their compactifications).

There is an obvious commutative diagram

H (2.22)

| T

H/T(n) —— /T (1) ~ € ~ {c0}
where the horizontal morphism is a quotient map given by the ob-
vious action of the group PSL(2,Z/nZ) = I'(1)/T'(n) on H/I'(n).

Since clearly this action extends to the compactification H/T'(n)
we can use Lemma 2.39 to compute its genus g,,. We have

1 1 1

29, —2=1[I'(1) : T'(n)] <—2 + <1 T e E)) (2.23)
where mq, mg, m3 stand for the multiplicities above the three bran-
ching values in H/I'(1), namely [i], [£] and oo.

As I'(n) is torsion free and I'(1) = I'y 3 oo we know that m; = 2,
mgy = 3 and therefore only mgs remains to be worked out. For
this we need to understand the compactification of H/T'(n) and
the behaviour of (the extension of) f near the compactifying
points over oo. In order to do that we consider the open set
U={z€eH : Im(z) >1}. As in Example 1.71 we have an obvi-
ous commutative diagram of coverings

U (2.24)

| T

U/(z—z+n)—=U/{z— 2z+1)
which is equivalent to

U z

I I

D* —— D* e27riz/n [ e27riz

2

where D* is a punctured disc of radius e™*™ around the origin.
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Moreover (2.24) is precisely the restriction of diagram (2.22) to
U. This is because (z — z + n) is the subgroup of I'(n) that
a b

d
U into a disc y(U), which by formula (2.1) does not intersect
U. Actually, such discs are called horocycles. Their boundary
v({Im(z) = 1}) is a circle passing through the rational point a/c.

It follows that mg = n and so formula (2.23) gives the genus g,
in terms of the order of the group PSL(2,Z/nZ) (cf. [Gun62],
[JS87]). For instance, when n is a prime number p we have
PSL(2,Z/pZ) = p*(p — 1)/2 and therefore

stabilizes U, and any other element v = ) € I'(1) maps

0 if p=2
SN W RS CED ST

Another consequence of the above discussion is that the action
of I'(1) on H extends to an action on H := HUQ U {oo} in such
a way that I/E\]I/I‘(n) agrees with the compactification of H/T'(n).
This is why in what follows we will make no distinction between

H/T'(n) and Hm)

A deeper application of Lemma 2.39 is the following theorem:

Theorem 2.41 (Hurwitz) The number of automorphisms of a
compact Riemann surface of genus g > 2 never exceeds 84(g — 1).

Proof We include here the proof given in [FK92].
Let S be a compact Riemannn surface of genus g > 2. By the
previous lemma we have

n
1
2g—2=N|2g—2+ <1——> 2.25
g < 7 ; o ) (2.25)
where we have denoted N = |Aut(S)|, m; = |I(p;)|, and 7 is the
genus of S/Aut(S). Note that m; > 2, and therefore we have
% <1- m% < 1. The proof consists of a case-by-case analysis:

(a) If g > 2 then from (2.25) we obtain 2g — 2 > 2N, that is
N <g-—1.

(b) If g =1 then n > 0 since otherwise g = 1 (see part (iii) of
Corollary 1.77). Therefore, from (2.25) we get the inequal-
ity 2g — 2 > %, or equivalently N <4(g —1).
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(¢) Let g = 0. Then n > 3 since otherwise we would have
20 —2< —2N 42N =0.
Now, if n > 5 then we get 2g — 2 > N(—Q—i—%) = %,
therefore N < 4(g —1). On the other hand, if n = 4 one of
the multiplicities m; must be grater than 2 for if not again
29 —2 < —2N +2N. Thus 29 — 2 > —2N + N (3 + 2),
that is N < 12(g —1).

Suppose finally that n = 3 and that 2 < m; < mg < mg.
It can be easily seen that ms > 2 and ms > 3. Now we
argue as follows:

o Ifmg > 7 weget 2g—2 > N(—2—|—%—|—%—|— g),therefore
N < 84(g —1).

If m3 = 6 and m; = 2 then mg >4 and N < 24(¢g —1).
If m3 = 6 and m; > 3 then N < 12(g —1).

If m3 =5 and m; = 2 then mg >4 and N <40(¢g — 1).
If mg =5 and m; > 3 then N < 15(g — 1).

Finally, if mg = 4 then m; > 3 and N < 24(g — 1).

O

From the proof we see that the Hurwitz bound is attained if
and only if g = 0, n = 3 and (mq,mg,m3) = (2,3,7). Therefore
we have

Corollary 2.42 A compact Riemann surface S of genus g > 1
reaches the Hurwitz bound if and only if the quotient S/Aut(S)
has genus 0, and the projection S — S/Aut(S) ramifies over
three values with branching orders 2,3 and 7.

Remark 2.43 The group Aut(S) is not even finite when the
genus g of S is lower than 2. As we know, C is the only com-
pact Riemann surface of genus 0, and its automorphism group
agrees with PSL(2,C). On the other hand, if g = 1 then S can be
described as C/A, where A is a lattice. For any translation 7 we
have 7A7~! = A (translations always commute), and therefore 7
induces an automorphism of S.
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2.5.1 The action of the automorphism group on the
function field

We remind the reader that any subgroup G < Aut(S) acts on
the function field M(S) by 7*(¢) = ¢ o7, where 7 € G and
v € M(S) (see Proposition 1.95). We shall denote by G* the
subgroup of Aut(M(S)) defined by G* = {7* | 7 € G}. The next
proposition identifies the function field of S/G with the subfield
M(S)E" of M(S) consisting of the elements fixed by G*.

Proposition 2.44 If G < Aut(S) then M(S)¢ ~ M(S/G).

Proof Let m: S — S/G denote the canonical projection. We
claim that the mapping

M (g) T M)

f——(f)=for

defines a field isomorphism over C whose image equals precisely
M(S)E".
Note first that for 7 € G we have

THr(f)) =fomor = for=m"(f)
and therefore Im(7*) € M(S)%". On the other hand, any given

h € M(S)%" induces a well-defined function on c by means of
the rule [P] — h(P). O

As an application of this result, we next describe the algebraic
equation of an arbitrary prime Galois cover of C. In order to do
that, it will be convenient to introduce the concept of rotation
number. Let 7 € Aut(S) be an automorphism of order p fixing a
point @ € S and (U, ¢) a T-invariant chart around @ centred at
the origin. Then, of course, ¢oTo@ ™! is an order p automorphism
of the disc D = ¢(U) which fixes the origin. Hence, it is of the
form

porp l(z) =&z

The integer k£ will be referred to as the rotation number of T
at Q. This number is well defined modulo p because if (V) is



134 Riemann surfaces and discrete groups

another such chart and 1 o 70 ¢! (2) = &,z we can write

g = (Woroy™1)(0)
= ((po™)™)(0)- (poT o ) (0) (po)(0)

= g}’;

Furthermore, even if (V1) is not centred at the origin, say
P(Q) = 20, it is still true that (Yoroyp 1) (2) = {;f. This can be
seen by choosing a local isomorphism with a(zp) = 0 and noting
that

{5 = (aoq oTop ! oofl)’(())
= o/(z0) - (Yo 1o ) (20) - (a')71(0)
(% o709 (20)

Proposition 2.45 Let S be a compact Riemann surface admiting
an automorphism T of prime order p so that S/{T) has genus zero.
Assume that T fizes r+1 points Py, ..., P.y1 with rotation numbers
di,...,dry1. Then S is isomorphic to the Riemann surface of an
algebraic curve of the form

W= (= a)™ (o - a)™

where 1 <m; < p and my + - -+ + m, s prime to p.
Moreover, there is an isomorphism

o:S —{y=(x—a)™- -

under which T € Aut(S) corresponds to (x,y) — (x,&py), the
points Pp,... Py, P,y to Py = (a1,0),..., P, = (a,0), Py = o0
and the integers mqy, ..., My, My = — Z:Zl m; are the inverses
of di,...,dr+1 modulo p.

Proof By hypothesis we have the following Galois extension with
group G* = (7%)
C(x) ~ M(S/G) = M(S)E — M(S)

Viewed as an endomorphism of the vector space M(S) over
the field M(S)Y", the automorphism 7* satisfies the polynomial
P(X) = XP—1, hence its minimal polynomial is a divisor of P(X)
and, in particular, the eigenvalues of 7" are p-th roots of unity.

Let y € M(S) ~ M(S)%" be an eigenvector with 7*(y) = n,y,
where 7, is some non-trivial p-th root of unity. Then clearly
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™ (y*) = n{jyk. This has two consequences. The first one is

that by changing y by a suitable power y* we can assume that
7*(y) = &y and the second one is that 7*(y?) = y? and so
yP € M(S/G) = C(x), that is

y' = % € C(x)

Clearing out denominators we get (b(x) - y)? = a(x) (b(x)) .
From here the proof of the first part follows replacing y with b(x)-y
and arguing as in the first step of Section 1.3.2.

Moreover, the fact that 7%(x) = x and 7%(y) = £,y means that
under the isomorphism

o:S —{y=@—a)™ - (r—a)"}

defined by ® = (x,y), the automorphism 7 is given by the rule
(#,y) — (2,&y)-
More precisely, for a generic point (z,y) = (x(P),y(P)) one has

bPorod Hz,y) = Por(P)=(xo07(P),yor(P))
= (7x(P), 7"y (P)) = (x(P),&y(P))

= (% gpy)

We finally check that the rotation number of 7 at the point P,
that is the rotation number of ¥ = ®o70®~ ! at P, = (a;,0), is the
inverse of m;. We recall from Example 1.11 that a parametrization
around the point P; can be defined by

e M (t) = [ +ant™ [[[(# + a; — aj)™
J#i
Its inverse is given by
—1/m;
o(zy) =y ] = aj)™
i#]

Now

po7oe (1) gp(tp—l—ai,ﬁptmi Q/Hi#(tuai—aj)mj)

= &Mt
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as required.

As for the point ]57,+1 = oo the corresponding calculation is

~ _ 1 —(m ceedm .
poToE 1(t) = <t—p,£pt (- tmr) H(l _aitp)Tm)
g;l/(mlJr---err)t

O

When p = 2 we say that S is a hyperelliptic Riemann surface.
Proposition 2.45 yields the following:

Corollary 2.46 If S is a Riemann surface of genus g > 2 ad-
mitting an involution J such that S/(J) has genus zero, then
S is a hyperelliptic Riemann surface with equation of the form

v =(z—a) (v = ay) and J(2,y) = (v, —y).

An important result relative to the hyperelliptic involution J is:

Proposition 2.47 The hyperelliptic involution J of a hyperellip-
tic Riemann surface S is the only automorphism of order 2 such

that S/(J) ~ P

Proof Two such involutions J; and Jy would give rise to two
meromorphic functions

fi: 8 — S/{J)~P (i=1,2)

of degree 2. Since [M(S) : C(f1)] = deg(f1) = 2, we see that
either M(S) = C(fy, f2) or fo € C(f1).

The first case is impossible by Proposition 1.97. In the second
case we have fo = M o fi, where M is certain rational function.
Since deg(f2) = deg(f1) = 2, this rational function must have
degree 1, hence it is a Mobius transformation.
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Therefore, we can write

We conclude that J; = Js. O

This result has a number of consequences.

Corollary 2.48 The hyperelliptic involution J of a hyperelliptic
Riemann surface lies in the centre of Aut(S).

Proof For any 7 € Aut(S) the automorphism 7o .J o 77! must

agree with J by Proposition 2.47. O

Corollary 2.49 Two hyperelliptic curves
2g+2 2g-+2

= [[@-a) and {s*=[]@-b)}

i=1 i=1
are isomorphic if and only if there is a Mobius transformation M
such that M({al, PN ,CL29+2}) == {bl, PN ,b2g+2}.

Proof The if part was proved in Example 1.83.

For the only if part we can argue as follows. If there is an iso-
morphism f : Sy — S5 and J; and Js denote the corresponding
hyperelliptic involutions, then by Proposition 2.47 one has

Jo=foJof ! (2.26)

This yields an obvious commutative diagram as follows

51 ! S2

| |

S/ = C 2> 8y /(Jy) ~ C
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By the commutativity of the diagram the degree of M has to
be 1, hence it is a Md&bius transformation. Moreover, denoting
Fix(J;) the set of fixed points of J;, identity (2.26) implies

{bi} = x(Fix(J2)) = x o f(Fix(J1)) = M({a;})

as claimed. O

2.5.2 Uniformization of Klein’s curve of genus three

We devote this section to study again Klein’s quartic (cf. Propo-
sition 1.44), now from the point of view of Fuchsian groups.

Example 2.50 The principal congruence group I'(7) is a normal
subgroup of index 168 of the modular group I'(1) (Example 2.40).
Hence there is a natural action of PSL(2,Z/7Z) ~ I'(1)/I'(7) on
H/T (7). This action extends to its compactification H/T'(7).

As the genus of H/I'(7) is three (see Example 2.40), and the
Hurwitz bound for the number of automorphisms in the genus
three case equals precisely 168, we deduce that the normalizer
N(T(7)) of T'(7) in PSL(2,R) equals I'(1), and moreover that the
group of automorphisms of both H/I'(7) and H/T'(7) is isomorphic
to PSL(2,Z/77Z).

Now observe that the element 2 — 2 + 1 induces an automor-
phism 7 of order 7 on H/T'(7). The Riemann—Hurwitz formula
applied to the group (7) reads

2:3-2="7(29 —2)+6r

where ¢’ is the genus of the quotient Riemann surface S/(7) and
r is the number of branch values. Simple inspection shows that
necessarily ¢’ = 0 and » = 3. Now, a combination of Proposition
2.45 and Proposition 1.96 implies that H/I'(7) is isomorphic to
the Riemann surface of either y7 = z(x — 1) or y* = z(x — 1),
and in both cases 7 is given by the formula 7(z,y) = (z, &7y).

We claim that in fact H/T'(7) ~ {y"=2(x—1)?}. To rule
out the other possibility we recall from the last lines in Section
1.3.2 that the Riemann surface {y7 =z(r — 1)} is hyperelliptic,
and therefore the centre of its automorphism group is non-trivial
(Corollary 2.48), while PSL(2,Z/7Z) is known to be a simple
group.
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Example 2.51 Figure 2.21 describes a very well-known Fuchsian
group that was studied first by Felix Klein (cf. [Kle78]). The
regular 14-gon P of angle 27/7 is the fundamental domain of a
Fuchsian group K generated by the identification of the sides e;
and e; of P for the following pairs

(1,7) € {(1,6),(2,11),(3,8), (4,13), (5, 10), (7,12), (9, 14)}

Fig. 2.21. Klein’s Riemann surface is uniformized by a subgroup K < I'7 7 7.
The lines indicate the side-pairing transformations that generate K.

From the point of view of plain topology these identifications
are the same as those in Example 1.51, therefore we already know
that the genus of the resulting surface is ¢ = 3. The group K
is discrete by Poincaré’s polygon Theorem, as the set of vertices
splits into two classes of seven identified vertices each, yielding
two points @1, Q2 € D/K (depicted in Figure 2.21 as a white and
a black point respectively).
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Let I'7 77 be the triangle group determined by the triangle T'
with vertices at the origin and two consecutive vertices of P (in
particular T is an equilateral triangle of angle 7/7, see Figure
2.21). The group K is clearly contained in I'7 7 7, since its genera-
tors preserve the tessellation corresponding to this triangle group.
Note that P consists of seven copies of the fundamental domain
of I'7 77 related by the order 7 rotation 7 : z —— {rz; therefore
[['777: K] =7 by Lemma 2.32. The inclusion is normal, since 7
clearly normalizes K.

It follows (see Proposition 2.35) that the Riemann surface D/K
has an order 7 automorphism 7 induced by 7 whose quotient is

S/(r) ~C.

As in the previous example, a combination of Proposition 2.45
and Proposition 1.96 would imply that D/ K is isomorphic to either
y" =z(z — 1) or y" = z(z — 1)%. Proposition 2.45 will show that
the right equation is the second one provided that we are able to
check that the rotation numbers of 7 are 1, 2 and 4. In any of the
two cases 7 will be given by 7(z,y) = (z,&7y).

For j = 1,...,14 let v; be the intersection of the edges e;j_1
and ej of P (where the subscripts are taken modulo 14), and let
vo = 0. One can easily check that the three fixed points of 7 are
Qo = [vo]k, Q1 =[]k and Q2 = [v2] k. Now, since K acts freely,
the restriction of the quotient map 7 : D — D/K to a suitable
neighbourhood of v; (for instance, a hyperbolic disc centred at
vj with radius ¢ small enough) defines a parametrization around
@; whose inverse v; is a 7-invariant chart around . Moreover,
if ; is any automorphism of the hyperbolic disc sending v; to 0,
the composition ¢; = 7, o; is even a 7-invariant chart around
@ centred now at the origin, and we can use it to compute the
rotation number of 7 at @;.

In the case of QQy we see that pgoTo gpal(z) = &7z by construc-
tion, and therefore that the rotation number of 7 at Q¢ equals 1.
We claim that o1 070 gpl_l(z) = (22 and ppoToO gp;l(z) = ¢4z,
and therefore that the rotation number of 7 at Q1 (resp. at Q2)
equals 2 (resp. 4).

The collection of 14-gons {y(P), v € K} is a tessellation of the
hyperbolic disc I such that seven polygons meet at every vertex.
The seven polygons meeting at vo are, in cyclic (counterclockwise)
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Fig. 2.22. Computation of the rotation number of 7 at Q2 = [v2]x. The lines
on the left-hand side indicate the side pairings. The picture on the right-hand
side shows a magnified detail.

order

P=P

Py = 76,1(P)

P3 =751 0710,5(P)

Py = 76,1 ©710,5 © Y14,9(P)

Ps = 76,1 ©710,5 © V14,9 © 74,13(P)

Ps = 76,1 ©710,5 © V14,9 © 74,13 © 78,3(P)

Pr = 76,1 ©710,5 © V14,9 © 74,13 © 78,3 © Y12,7(P)

where v; ; stands for the side-pairing transformation that sends
e; to e; (compare with Example 2.7). If v is the element of K
sending P to P, we set ef = v(er). In other words, ef is the
edge of Py which is K-equivalent to the edge e; of P. With this
notation we find that the eight edges meeting at vy are in cyclic
(counterclockwise) order

er = 6,1 (e6) = €

e = v6,1(e5) =61 © Y10,5(€10) = €3

€5 = Y6,1 ©710,5(€9) = V6,1 © V10,5 © V1a9(€14) = €y

64113 = 76,1 ©710,5 © 714,9(613) = 76,1 ©710,5 © 714,9 © 74,13(64) = 62
e% = 76,1 ©710,5 ©714,9 © 74,13(63)
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(see Figure 2.22) and we already see that we must turn an angle
4- 27“ around vy to go from e to 4,130 Y14,9 ©Y10,5 0 V6,1(€3) = e,
which is equivalent modulo K to es = 7(e;), hence the rotation
number at Q5 is 4. The study around v; can be done in a similar
way.

To finish this section, we summarize all the information we have
obtained about the various equivalent models of Klein’s Riemann
surface of genus 3 in the next classical result.

Theorem 2.52 The following Riemann surfaces are isomorphic:

(i) {y" =a(z —1)*}.
(ii) The Riemann surface of genus g = 3 uniformized by the
Fuchsian group generated by the side-pairing identifications
i Figure 2.21.

H
(iii) Gk
(iv) Klein’s plane quartic X3 X1 + X3 X2 + X3Xo = 0.

Moreover the automorphism group is isomorphic to the group
PSL(2,Z/7Z) of order 168. In particular, it reaches Hurwitz’s
bound for a curve of genus 3.

Proof The equivalence of the first three models has been shown
in the last two examples, whereas the equivalence with Klein’s
quartic was established in Section 1.1.3.

The order of the group PSL(2,7Z/7Z) ~ T'(1)/T(7), equals pre-
cisely 168 = 84 - (3 — 1), the maximal number of automorphisms
of a Riemann surface of genus three. It follows that the auto-
morphism group of Klein’s Riemann surface is indeed isomorphic
to PSL(2,7Z/7Z) and in particular all the automorphisms can be
described in terms of the model in part (iii) as

@
NGORG]
2] — [y(2)]

for some v € I'(1). O
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Remark 2.53 Any triple {09,03,07} of elements of order 2, 3
and 7 respectively generates the automorphism group of Klein’s
Riemann surface, since the order of (09,03, 07) must be divisible
by 2-3-7 and PSL(2,Z/7Z) does not contain any proper subgroup
of such order (see [CCN*85]). In the algebraic model (i) we can

take for instance
1 y2
Ug(.%',y) = <1 —33'7 1 _$>

0'7(1', y) = (.Z', §7y)
but the order 2 automorphisms have a more complicated expres-
sion. As it is stated in [KK79], denoting wy = &7 + &2 + &2 + &8
and y; = {% + 5? the map ¢ induced in projective space by the
matrix

and

w1
I y1 wr
y1 o wp 1

is an automorphism of order 2 of Klein’s plain quartic. Since we
already know (Proposition 1.44) that the two algebraic models are
related by the isomorphism

{y" = x(x —1)?} 2 . {2321 + 2329 + 2310 = 0}
(2.9): (&5t L)

whose inverse is

—1
{y" = x(x —1)?} . {2321 + 2329 + 2310 = 0}

3
| T1 . .
—_—= | =
(1 + moxg’ :(:2) (CEQ N 1’2)

we can take

_ B3 B
e ()
where
Alz,y) = wi —yi(z—1)+(z—1)y
B(z,y) = v’ —wi(@—1)+y(z—1y
Clz,y) = ny’—(z—1)+wi(z—1y
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2.6 The moduli space of compact Riemann surfaces

Uniformization theory allows us to gain insight on the size of the
set of isomorphism classes of Riemann surfaces of given genus g
(the moduli space M,). We have already said that there is only
one isomorphism class of Riemann surfaces of genus 0 (Theorem
2.1), therefore the moduli space of genus 0 reduces to a single
point. We shall consider now the case g > 0.

2.6.1 The moduli space Mq

Theorem 2.1 along with the observation that for 7 = +wy/w; the
automorphism of C defined by T'(z) = z/w; induces an isomor-
phism

C/(w1Z & W) L C/(Z & T7)

shows that every compact Riemann surface of genus g = 1 is
isomorphic to one of the form C/A, for some 7 € H, where A,
stands for the lattice Z @ 7Z acting by translations. Hence, only
one complex parameter is needed to describe M. In fact:

Proposition 2.54 M; ~ H/PSL(2,Z) ~ C.

Proof The content of the statement is that for 7,7 € H the
Riemann surfaces C/A;, and C/A;, are isomorphic if and only if
b
= Z;Zid for some < Z 2 ) € PSL(2,Z).
Just as in the proof of Proposition 2.25, covering space theory

shows that the existence of an isomorphism

C/A,, —L>C/A,,

(which we can always assume to send [0] € C/A,, to [0] € C/A.,)
is equivalent to the existence of T € Aut(C) (which we can always
assume to be of the form T'(z) = w - z) such that

ToA;, =A,0T

that is
wZenZ)=(Z®nZ)
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This is equivalent to the existence of matrices A = < d c >

b a
! !
and A" = Z, z,

det(A) = det(A’) = £1 such that

(e )=a(n)=#(5)

It follows that 7 = A = atz +b and that in fact A belongs
cro +d

to PSL(2,R), hence to PSL(2,Z), since both 71 and 79 lie in H.

with integer coefficients and determinant

Conversely, if 71 = ar +0 the isomorphism C/A,, ~ C/A,, is
cro +d
induced by T'(z) = (cra + d) - 2. O

The identification M; ~ C can be also understood from the
point of view of algebraic curves. We know that any Riemann
surface of genus 1 can be regarded as an algebraic curve of the form
y? = 42®— gow— g3, see equation (2.15). Now, by Example 1.83 this
curve can be written in the canonical form C) : y? = z(z—1)(z—\)
for some A € C ~ {0,1}.

The next step is to determine when C) and C) produce iso-
morphic Riemann surfaces. For this question we will need the
following auxiliary result:

Lemma 2.55 Let Cy be the compact Riemann surface corres-
ponding to the curve y? = z(z — 1)(x — \), A # 0, and let P € Oy,
be a given point. Then Cy has exactly one automorphism of or-
der 2 fizing P. When P = (0,0) (or (1,0), or (\,0), or co) this
automorphism s given by

I (x,y) = ($, _y)

Proof Let C ~ C/A for certain lattice A. An automorphism f of
C/A is induced by an automorphism of C, say f(z) = az+b, such
that aA C A. Assume that P corresponds to the point [0], € C/A,
something we can always achieve by conjugation by a translation.
Then we can choose our lift f to be of the form f (2) = az.

If f is going to be of order 2 we must have

[(F)? () = [a°2]a = [2]a
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and, as A is a discrete set, we deduce that a?z —z = (a2 - 1) zisa
constant value in A. This can only happen if a = +1. Therefore,

f has to be given by f ([z]) = [—z].
The last statement about Jy follows from the uniqueness of f.
O

Proposition 2.56 For X\ #£ 0,1 let Cy be the compact Riemann
surface {y?> = x(x — 1)(x — A\)}. Then C, is isomorphic to C,, if
and only if p € X(X), where

1 A 1 A—1
E()‘)_{)\vl_)\a X’)\—l’l—)\’ A }

Proof For i =1,...,6 let u; = p; (A) be the six values in X(A),
and let M, be the obvious Mébius transformation that satisfies
w; = M; (\) for all A. The required isomorphism is given by

C Cy
(z,y) —— (M;(z), R(z,y))

where R is a rational function uniquely determined up to sign
that can be obtained by forcing the point (M;(z), R(z,y)) to lie
in C, (just as we did in Example 1.83). For instance, in the case

M;(x) = % this means that

R(z,y)? = <$f1> (xi1_1> (mil_%>

_ —z(x—N)
(e 1P (- 1)
_ —y’
=D (=1
hence we can take

(- 17 V(A= 1)

The other cases can be easily handled in a similar way.
Conversely, let

b = (@1,@2) . C)\ — CH
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be an isomorphism. We can assume ® (\,0) = (u,0), again by
composition with a translation in C/A ~ C,,.

By the previous lemma, Jy = <I>*10JMOCI>, that is Po.Jy = J, 0.
It follows that for all (z,y) € C\ we have

(@1 (2, —y), P2 (2, —y)) = (P1 (2, 9) , = P2 (z,y))

In other words, we have a commutative diagram

c—2-C,

]P>1 L]Pﬂ

where 7,7, are the respective projections onto the first coordi-
nate and M(z) = ®1(z,y) = Pi(x,—y) is an isomorphism, its
inverse being x —— (@‘1)1 (). It follows that M is a Mobius
transformation that, due to the commutativity of the diagram,
must send the branching values {0, 1,00, A} of 7 to the branch-
ing values {0, 1,00, 1} of m,. Moreover, since ®(\,0) = (u,0) we
even know that M(\) = p and M({0,1,00}) = {0,1,00}. But
the Mobius transformations that permute 0,1,00 form a group
isomorphic to X3 consisting of the six matrices M; defined above.
By definition, the orbit 33(\) of the point A is precisely X(A). O

Corollary 2.57 The Riemann surfaces C\ and C, are isomor-
phic if and only if j(\) = j (), where j stands for the so-called
J-invariant, given by

(1-x+22)°

() —
i AZ(\—1)°

Proof A direct computation shows that j(\) = j(\) for every
A € X(A). Since, as a rational function, j(x) has degree 6, it
follows that j71(5(A\)) = X(A). Therefore, j(A\) = j(u) if and only
if 4 € 3()\), as was to be seen. O

2.6.2 The moduli space Mg for g > 1

As in the case g = 1, for g > 2 there are also two ways to define the
moduli space Mg; the algebraic one due to Mumford and others
(see [MF82], [HM98]) and the trascendental one due to Fricke,
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Teichmiiller, Ahlfors, Bers and others (see e.g. [Abi80], [Ber72],
[Bus92], [Gar87], [Har74], [Nag88]). In this case M, is a variety
of complex dimension 3g — 3. A precise description of any of the
two approaches is far beyond the scope of this book. However, we
can at least give an argument to show that the given dimension
is right. In view of Theorem 2.6 the Uniformization Theorem
for genus g > 2 tells us that describing a Riemann surface of
genus g > 2 amounts to specifying 2¢g real 2 x 2 matrices {%}?il
satisfying:

(1) det(y) = 1
o () -mabn= (3 1)

By (1) each ~; depends only of three real parameters, which
makes a total amount of 3 -2g = 6g real parameters. Now (2)
imposes three relations among the entries of the matrices +; (the
fourth one, s99 = 1, is a consequence of the fact that the determi-
nant equals one). This reduces the number of needed parameters
to 6g — 3.

Finally, since for any 7 € PSL(2,R) the groups I' = (v;) and
ATy~! = (y97~1) uniformize isomorphic Riemann surfaces (see
Proposition 2.25), we conclude that the true number of real pa-
rameters needed is 6g — 6. In fact it is known that the set of
isomorphism classes of Riemann surfaces of genus g > 2 can be
endowed with a complex analytic structure of (complex) dimen-
sion 3¢g — 3.

2.7 Monodromy

Let f : .51 — S be a morphism of degree d ramified over the values
Yi,.--,yn € 5. If y € S is a chosen regular value we can associate
to f a group homomorphism

My :m (S~A{y1,-- - unt y) —=Bij (f(y))
v My(y) = o3

where o0 is defined as follows.
Since f: S~ f " {y1, ... yn} — S~{y1,...,Yn} is a covering
map and -~y is a loop based on y, we can lift v to a path 7 with
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initial point at any given point x € f~!(y) and endpoint at certain
2’ € f~Y(y). We then set o (z) = 2.

The reason why My is a homomorphism is that if v = «of is
a composition of two loops a lift ¥ can be viewed as a lift of «
followed by a lift of 3. Notice that if we had chosen to define
M¢(v) = 0 we would have obtained an anti-homomorphism.

Of course if we number the points in f~!(y), i.e. if we choose a
bijection ¢ : {1,...,d} — f~1(y) such that ¢(j) = z; then My,
or more precisely M}p defined by

Mf(y) =9 o Mi(y)op

becomes a group homomorphism from the fundamental group to
the symmetric group 4.

In the sequel we will refer to this representation of the funda-
mental group m1 (S~ {y1,...,¥yn}) in the symmetric group X, as
the monodromy of f. The homomorphism M; depends on the
ordering of the points in f~!(y) only up to conjugation in the
symmetric group. This is obvious; if ¢ : {1,...,d} — f~(y) is
another numbering then

Mf(y) =7 o Mf(y)oT
where 7 € ¥, is the permutation ¢! o 4. Similarly, the role
played by the base point y € S is also irrelevant, in the sense that
different choices give rise to conjugate monodromies. Let z be
another point of S with f~1(z) = {z},...,2/} and consider the
corresponding monodromy homomorphism

My :m{S ~A{y1, -y} 2} —= %y
B (op)!

Then if ¢ is a path in S\ {y1,...,y,} joining y to z, we have

™1 (S\ {yla"'7yn}7z) :cil SN (S\ {yla"'7yn}7y) oc
and also
Je=¢loFod if A.=cloqyoc
hence afy = Op-lye = acayagl where 0. € ¥, is the permutation

defined by o.(i) = j when the lift of ¢ with initial point x; has
endpoint .
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When we refer to the monodromy group of f, which we will de-
note by Mon(f), we will mean the image of My inside ¥4, namely

Mon(f) ={oy [ve€m (S~ {y1,...,un})} < 3g

The connectedness of the surface implies that the monodromy
group is always a transitive subgroup of X4. Any pair of given
points z;,z; € f~1 {y} can be joined by a path ¥, which is obvi-
ously the lift, with initial point z;, of the path v = f (%) (a loop
based on y).

2.7.1 Monodromy and Fuchsian groups

From the point of view of Fuchsian groups, monodromy can be
rephrased as follows.
Consider the unramified covering

81~ fﬁl({yl,...,yn}) — S~ A{y1,---,Un}
and let
m:H/Ty — H/T

be the Fuchsian group representation of this map provided by
covering space theory. That is, I'y < I' and there is a commutative
diagram as follows:

H
o T
H/T'y i H/T

! i1
!
SNy yn) —= SNy ynd

We now have the following identifications:

e y = [zo|p for some 2y € H.

o m(S~{y1,....ynty) =T

e f1(y) = {[B(20)]r, }, where § runs along a set of representa-
tives of T'1\I', the set of right cosets of I'y in I". We recall that
T8 =T18 & BBy €T
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Consider the bijection

®: T\ —— f1(y)
I8 ———[B(20)Ir,

We would like to understand what the monodromy map looks
like as a group homomorphism My : T' — Bij(I';\I'). To describe
My(y) for v € T' as a bijection of I';\I" one proceeds as follows.
According to the identification m1(S ~ {y1,...,yn},y) ~ T the
element 7 corresponds to the loop 71 ([20,7(20)]), where [z, v(20)]
is a path in H connecting zo to v(zp) (see Section 1.2.5). The lift
of this loop to H/I'y with initial point [3(z9)]r, is clearly the path
71, (B[20,7(20)]), whose endpoint is [3y(zo)]r,, which corresponds
to I'y#y. This means that o,(I'13) = I'1#y. Thus, we arrive at
the following neat description of the monodromy map

My : T — Bij(I,\I)
V= M (v)

where

My(y) : Th\D [\l (2:27)
[ My(7)(T1f) :=T18y "
In fact this description of the monodromy map of
H/Ty — H/T

remains valid even when the groups are not torsion free (cf. for-
mula (4.5) in Section 4.4).

We note in passing that the stabilizer of I'; 5 € T'1\T', that is the
subgroup of I' consisting of those v € T' such that I';3 = T3y~ !,
agrees with 31Ty 3. This discussion yields the following crucial
remark:

Remark 2.58 The subgroup I'y < I' which defines the covering
f is recovered (up to conjugation) from the monodromy map as
the stabilizer of a point of the fibre of an unbranched value.

Another interesting consequence of our previous discussion is
the following:
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Corollary 2.59 The monodromy map My : T' — Bij(I'1\I') in-
duces an isomorphism
T
ﬂ 373

Bel’

~ Mon()

Proof Indeed 7 € ker(M;) if and only if for every 5 € I' we have

T8y~ = M(y)(T18) =T

that is if and only if v € 37'I'13 for every 3 € T, as was to be
seen. 0

Remark 2.60 If I'; <T then the quotient G =T41\I' =T/T"; is a
group, thus we are allowed to write

Mx(7)(BT'1) = (BT1) (v 'T1)
We can conclude that in this situation Mon(f) agrees with the
group G viewed as a subgroup of Bij(G) via the monomorphism
g > O'g

where for any h € G we have o,(h) = hg™!.

2.7.2 Characterization of a morphism by its monodromy

The relevance of the monodromy can be clearly perceived in the
following result:

Theorem 2.61 Let f; : S; — S, for i = 1,2 be two morphisms
of some degree d, with the same branch values {yx} C S. Then fi
and fa have conjugate monodromies if and only if they are isomor-
phic coverings, i.e. if there exists an isomorphism ¢ : S — So
such that the diagram

51—¢>52

P

S

18 commutative.
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Proof The result is obvious in one of the directions. If the cover-
ings are isomorphic, then the monodromies coincide, provided the
elements of fy ' (y) = ¢ (fl_1 (y)) have been labelled in the right

way (meaning that the labels of f 1 (y) have been transferred to
f1(w) via ).

According to (the extension) Lemma 1.80, for the converse we
only need to show that if the monodromies are conjugate there is
a commutative diagram as follows

H/Ty = 5 \ffl{yk}*?>52\f2_1{yk} =H/T,

| |

H/T = S~ {yp} —— S~ {y} = H/T

where I'1, 'y < I' are Fuchsian groups such that the covering maps
fi o Si~ fiH{yr} — S~ {yx} are represented by the natural
projections H/T'; — H/T", i = 1, 2.

Now if the monodromies of f; and fs are conjugate then there
must be a bijection ¢ : I'1\I' ~ I's\I" such that the stabilizer of
My, at a point I'8y (61 € I'1) agrees with the stabilizer of My, at
the point I'Bs = ¢(I'f1) for some 32 € I'y. But, by the observation
made above, these stabilizers are subgroups of I' conjugate to I'y
and I'y respectively, therefore I'1 and I's must be conjugate sub-
groups. Finally, if I'y = 4Ty~ for some v € I" then the required
isomorphism ¢ is induced by the element ~. O

Remark 2.62 This is the result upon which the classical repre-
sentation of a Riemann surface as a union of a number of copies
of C suitably glued together is based.

For instance, a hyperelliptic curve

S={y*=(z— A1) (x— Aygt2)}

can be obtained by glueing two copies of C. One begins by drawing
in C a collection of g + 1 segments ¢; connecting the points Ag; 1
and Ag;, for i = 1,...,9+ 1. Then one cuts C open along these
segments to obtain a space Y isomorphic to a sphere with g + 1
holes each of them with an upper and lower boundary c;r and c;,
corresponding to the two sides of ¢; (see Figure 2.23).

Finally, one glues two copies of Y together by identifying the
lower bound c¢;” of the first copy to the upper bound c;r of the
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+ + + +

G Ca C3 Cg+1
MM x . axs Y C ag

cy Cy c3 Cot1

Fig. 2.23. Cutting C along ¢; to obtain Y, a sphere with g + 1 holes.

second copy (and vice versa) to obtain a new Riemann surface X.
The lift of a small loop v encircling Ay, say, jumps from the first
copy to the second one (see Figure 2.24). Thus X carries in an
obvious way a 2 : 1 map to C ramified over Al ..., Aogro, which
has the same monodromy as the x function in S. In particular, S
and X must be isomorphic.

We finish this section with the following useful result:

Proposition 2.63 Let S be a compact Riemann surface and let
B ={ai,...,an} C S be a finite subset. Given a natural number
d > 1 there are only finitely many pairs (5, f) where S is a com-
pact Riemann surface and f : S—Sisa morphism of degree d
and branching value set B.

Proof Assume first that S = P! and n = 3, a special case that
will be very important in the next chapters. With the notation
as above the Fuchsian group I' in this case is the principal con-
gruence subgroup I'(2) (see Theorem 2.34), a group generated by
two elements v, and 5. Therefore, any possible monodromy map

M;:T(2) — %4

is determined by the images of 7, and 7, and hence there can only
be finitely many of them.

The same argument can be applied in the general case, since
the group uniformizing S ~\ B is always finitely generated. This
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) (2, ~9)-

Fig. 2.24. The monodromy of the obvious 2 : 1 cover from X to C

is a well-known fact we will not prove (or need) in the rest of the

book. O

2.8 Galois coverings

Definition 2.64 A covering f : S; — Sy is called a Galois (or
normal, or regular) covering if the covering group

Aut(Sl,f) = {h € Aut(Sl) :foh= f}
acts transitively on each fibre.

A Galois covering can be thought of as a quotient S; — S1/G
where G = Aut(Sy, f). More precisely, there is a commutative
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diagram
51 (2.28)
S/ -2 2 g,
[Pl — f(P)

where ¢ is an isomorphism.
Of course this terminology comes from field theory. One has:

Proposition 2.65 A morphism f : S — S is a Galois cover-
ing if and only if f*: M(S3) — M(S1) is a Galois extension.
Moreover, in that case Aut(Sy, f) ~ Gal(M(S1)/M(S2)).

Proof 1f we denote by G* the subgroup of Aut(M(S7)) given by
G* ={h* | h € Aut(Sy, f)} then by Proposition 2.44

FH(M(S2)) = T (M(81/G)) = M(51)

and this is one of the ways to say that f*: M(S3) — M(S) is a
Galois extension with Galois group G* ~ Aut(Sy, f).

Conversely, if f*(M(Sq)) = M(S1) for some group H of field
automorphisms of M(S;) over C then, due to the equivalence
between the categories of Riemann surfaces and function fields
(Proposition 1.95), the group H agrees with G* for some sub-
group G < Aut(S7) and, again by Proposition 2.44, there is a
field isomorphism

() Lpasnyer © FF 2 M(S2) — M(51/G)

which must agree with ¢* for some isomorphism ¢ : S1/G — So,
so we get a diagram like (2.28). O

By now we have encountered several examples of Galois cover-
ings, the simplest ones being the hyperelliptic covers of P! given
by

x: 8=y = [l(@ - a)} — P
(z,y)1 z

whose covering group G is the order 2 group generated by the
hyperelliptic involution J(x,y) = (x,—y). Indeed we have the
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following commutative diagram:

S

|

S/{J) ——C
[(z,y)]¢ —

More generally, all covers of degree 2 are normal. This is only
because the corresponding statement holds for function fields.

Another example of normal covering is given in Example 1.21,
where the covering group is the order d group generated by the
automorphism (z,y) — (z,&4y) of the Fermat curve. Also nor-
mal are the coverings given explicitly as quotient maps, such as
the covering of P! by Klein’s curve of genus three induced by
the (normal) inclusion of I'(7) in the modular group (see Exam-
ple 2.50). The covering group is in this case the quotient group
PSL(2,7Z)/T(7) ~ PSL(2,Z/7Z).

Galois coverings are easily characterized in terms of their mon-
odromy groups, as shown in the following proposition:

Proposition 2.66 A covering f : S1 — Sy is normal if and
only if deg(f) = [Mon(f).

Proof 1If f is a normal covering with covering group G then cer-
tainly deg(f) = |G| = |Mon(f)|, the last equality by Remark 2.60.

Conversely, since the monodromy group Mon(f) is a transitive
subgroup of ¥; with d = deg(f), the fact that d = |[Mon(f)]
implies that for any j € {1,...,d} there is a unique element in
Mon(f) sending 1 to j. When applied to j = 1 this means that
M¢(v)(1) =1 is equivalent to M¢(y) = Id € ¥4. In other words,
the stabilizer Mf_l(I (1)) agrees with the kernel of My and so our
covering is equivalent to the compactification of a covering of the
form H/T'y — H/T with I'y < T, which is a Galois covering with
covering group G ~ T'/T';. O

2.9 Normalization of a covering of P!

Let f : S — P! be a covering of degree d > 0 with monodromy
group Mon(f) C X4. In this section we will prove that Mon(f)
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is isomorphic to the group Aut(§ , f) of covering transformations
of certain morphism f: S — P! associated to f:8 — P
called the normalization of f and characterized by the fact that
the corresponding field extension f* : M(P!) < M(S) is the nor-
malization of the extension f* : M(P!) — M(S) in the sense of
Galois theory. We recall that the normalization of a field exten-
sion ¢ : K — L is a Galois extension of K of the lowest possible
degree among those containing L. In other words, it is a Galois
extension j : K < L of minimum degree such that there is a field
extension j : L — L making commutative the diagram

I

LK
Accordingly, we make the following definition:

Definition 2.67 The normalization of a covering f : S — P!
of degree d > 0 is a Galois covering f : S — P! of the lowest
possible degree with the property that there is a third morphism
w5 — S making the diagram

commutative.

Let M(S) = C(f,h) and let F(X,Y) € C[X,Y] be an irre-
ducible polynomial such that F(f,h) = 0. The results in Sec-
tion 1.3.1 tell us that the ramified coverings f : S — P! and
x : Sp — C (or, equivalently, the corresponding field extensions
f* o M(PY) — M(S) and C(x) C C(x,y) = M(SF)) are iso-
morphic. Moreover, the minimal polynomial of y over C(x) is
precisely F(x,Y) € C(x)[Y].

In these terms we can construct the Riemann surface S as fol-
lows. Consider the normalization of the field extension C(x) —
C(x,y). It is known that the normalization is the splitting field of
the polynomial F'(x,Y’) over C(x). Recall that this is an abstract
field M enjoying the following two properties:
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(i) There is a C-embedding ¢ : C(x,y) — M such that the
polynomial F(p(x),Y) € C(¢(x))[Y] has all its d roots in
M.

(ii) If these roots are denoted by y1, ..., yq with, say, 11 = ¢(y)
and ¢(x) is denoted by z, then M = C(Z, 915, d)-

By the Primitive Element Theorem M = C(Z, §) where
y=a(Z)y1 + - + aq(Z)Ya

for certain polynomials ay,...,aq € C[X].
Now, Proposition 1.95 implies that there is a commutative dia-
gram of field embeddings over C

M(Sp) —2= M(S;)

ag—Idl C‘lll

C(x,y) — M
where:

o '€ C[X,Y] is an irreducible polynomial satisfying F (z,y) = 0.

e «; is a field isomorphism defined by a;'(Z) = X, o' (y) = ¥
where X, y stand for the coordinate functions on the Riemann
surface Sz. In particular M(Sgz) = C(X,y).

® 0 : M(SF) — M(S) agrees with the pull-back ®* of a mor-
phism @ : Sz — Sp defined by ®(z,y) = (Ri(7,y), R2(z,y))
where Ry, Ry € C(X,Y) are rational functions that express the
image of x and y under afl o ¢ in terms of the coordinate
functions x,y of Sg.

Since a; ! o p(x) = X we see that ® is actually of the form
®(z,y) = (z,Ra(z,y)). In other words, there is a commutative
diagram as follows:

Sp 2 Sk (@) ———>
AN

_ According to Definition 2.67, the morphisms 7 : S — S and
f: S — P! providing the normalization of f : S — P! are

(z, Ra(x,y))
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given, up to equivalence, by ® : Sz — Sp and x : Sz — C
respectively.

2.9.1 The covering group of the normalization

We shall now describe the action of the monodromy group Mon( f)
on the function field M(S3) = C(x,y).

Let 20 € C be a non-branching value of X and hence of x. We
can assume that 2° € x(Sx) (see Chapter 1). Then the Implicit
Function Theorem implies that there are functions yq, ...,y de-
fined on a small disc D around z° satisfying F(z,y;(z)) = 0 on
D, and such that the fibre x~!(2°) consists precisely of the points
(@, 97), .., (2°,y)) € Sk where y = y;(a”).

Let us put y; = ozl_l@i) and let U be an open set that maps
isomorphically to D via X. From the identity

0=F(Z,5)=Fla;'(@),07' (%) = F(X, ¥:)
we infer that the function

FEF) o ®p) " (@) = F (r.5:0 (%) @)

vanishes identically on D. Therefore, y; o (i\f]) ! agrees with one

of the functions y1,...,y4. Let us assume y; o (§|ﬁ)_1 = 1.

Since a meromorphic function is completely determined by its
restriction to any open set we have an obvious bijective corre-
spondence between the functions y; € M(Sz), the local functions
yi : D — C and the points (20, 1Y) € x~1(2°) C Sp.

Before we proceed any further we recall (see e.g. [JS87]) that the
analytic continuation of a meromorphic function v defined on a
neighbourhood of some point 2° € C along a path v : [0,1] — C
with 7(0) = 20 is (if it exists) a finite sequence of meromorphic
functions obtained by choosing a partition of the unit interval
0=ty <t < -+ <t, =1, a sequence of overlapping discs
Dy,...,D, centred at 2° = ~(to),...,v(t,) covering the path ~y
and meromorphic functions g = ¥, 91, ...,1¢, on Dy, Dy, ..., D,
with the property that 1, = ;11 on D; N Dy q.

The expression analytic continuation of 1 along v will be also
used here to refer to the final function v, := 1,.

We can now state the following lemma:
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Lemma 2.68 Keeping the notation as above, let B C C be the
branching value set of x : Sp — C and

~ My
m(C\ B,2%) ——= %4
V0!
the monodromy map as defined in Section 2.7. Then the analytic
continuation of the local function y; along vy is precisely y,. (i)-

Proof In order to avoid getting mixed up with subindices, let us
set ¥ = y;. As F(z,¢(x)) = F(x,yi(z)) = 0 on Dy = D and
11 agrees with ¥y = 1) on Dy N Dy we see that F(x,¢1(x)) =0
on Dy as well, similarly F(z,¢9(x)) = 0 on Ds, etc. Clearly this
process can be continued to reach a final function v,, = 1), defined
in a neighbourhood of 2% that must coincide with one of the local
functions y1, ..., yq4.

To see that ¢, is in fact the function y,. (;y one only has to
realize that the rule

() = (v(t), Yr(y(t))) if () € Dy,

defines a lift to Sp of the path ~ whose initial point 7(0) is
(2% yi(2Y)) = (2%¢?) and its endpoint is Y(1) = (2°,,(z?)).
Then by the definition of the monodromy map we must have
Py (2Y) = ygw(i), that is 1, = y,. (i), as required. O

We recall in passing that 1), depends only on the homotopy
class of v, for if 4% is a collection of loops with base point z°
approaching « as ¢ tends to zero, then the corresponding functions
b+ will approach ¢, and so all of them must equal the same local
function y;.

We can now define a map

T 771((6 N B,20) — Gal(M(Sﬁ)/C(i))

aa Ty

where 7, is determined by

Y=Y a®Fi =¥, = Y ai®)¥o,0 (2.20)
i=1 i=1
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Of course, in order to show that 7, truly defines an element
of Gal(M(S3)/C(x)) we must first prove that y, is a root of

F(X,Y) e C(X)[Y].
Now

F(&.§,) 0 (X]z) " =0
F(z,¥y0 (X[5) (2))=0VzeD

and the latter holds because we know that F'(z,y o (Xl7) ! (x))
0 on D, and by Lemma 2.68 the function

% X’U Zaz ycrw(z

is clearly the analytic continuation of

7o (&) " (0) = Y aito)

along 7.

Proposition 2.69 The automorphism 7, described by formula
(2.29) is characterized by any of the two following properties:

(i) For any v € M(S5), the function T,Y(J) o (>~<|[7)_1 is the
. . . ~ o -1
analytic continuation of 1 o (x\ﬁ) along .
(i) 7(¥i) = Yo, fori=1,...,d.

Proof (i) Write

Then
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that is for all x € D we have

io(iiﬁrwg (Z )

for all x € D.
We similarly have

N d d k
@Yo &) @) = 3l (z o )
k=1 =1

which is indeed the analytic continuation of ) o (i\ﬁ)fl (x).
Part (ii) is a consequence of part (i). O

Corollary 2.70 The map
7:m(C~ B,2°) — Gal(M(Sj)/C(X))

A -1
Y Ty

is a group homomorphism that induces an injection of the mon-
odromy group Mon(x) in the Galois group Gal(M(Sg)/C(xX)).

Proof The fact that 7 is a homomorphism follows from the first
characterization of 7, given in Proposition 2.69 along with the
obvious observation that if v = Jo« is a composition of two paths
then the analytic continuation of a function v along ~ equals the
analytic continuation of 1, along j3.

On the other hand, by the second characterization in Proposi-
tion 2.69, the kernel of 7 agrees with the kernel of the monodromy
map

My : Wl(@ \ B, 2% — 3y
therefore we can write

m(C~ B,2°) m(C~ B,a°
Mon(x) = l(lir(]\/i’) ): l(ier(f)’ )@Gal(M(Sﬁ)/C(i))

O

In fact, the following stronger statement holds:

Theorem 2.71 Mon(x) ~ Gal(M(Sz)/C(X))
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Proof By elementary Galois theory it is enough to show that
M(SzMn) = C (%) (2.30)

So, let us consider a function 1 € M(S) such that T—Y(”Lf/;) = 1),
or equivalently such that v o (i\ﬁ)fl = 7'7(1’/;) o (ilﬁ)fl for every

v € Wl(@ \ B,2"). We have to show that ¢ = R(X) for some
rational function R(X) € C(X).

By Proposition 2.69 this invariance property of 1; is equivalent
to saying that the analytic continuation of the meromorphic func-
tion ¢ o (ilﬁ)fl along any loop v € 711((6 \ B, ") agrees with
itself. Using this fact we can construct a meromorphic function
¢ on C \ B via analytic continuation. More precisely, let = be
a point in C \ B and « a path inside C ~ B with initial point
20 and final point z. If ¢, denotes the analytic continuation of
Yo (§|[~])_1 along « then we set ¥(z) = 1o (z). The function
is well defined because if 3 is another such path and v = 7! o «
then, clearly, v, can be obtained by performing analytic continu-
ation of 1, along 371. Since ., = 1) we conclude that ¢5(z) has
to agree with ¢, ().

Clearly the identity ¥ ox = {/; holds on U, hence on §\§*1(B).
In view of the Casorati—Weierstrass Theorem, this relation implies
that the points in B are not essential singularities of 1. Therefore,
1 is a meromorphic function on the whole C, that is ¢(x) = R(x)
for some rational function R. Now the identity 1) o X = {/; can be
written as ¢ = R(X) € C(X) as required. O

In view of this result we can rephrase our definition of normal-
ization as follows:

Corollary 2.72 The normalization of f : S — P! is up to iso-
morphism the only Galois covering f : S — P! of the form
f = fom, for some morphism w : S — S, whose degree equals
[Mon(f)].

Corollary 2.73 Mon(f) ~ Aut(S, f)

Proof The equivalent statement Mon(x) ~ Aut(Sz,x) follows
from Proposition 2.65 and Theorem 2.71. O
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We end this section by pointing out that this last result to-
gether with Corollary 2.59 allows the following Fuchsian group
interpretation of normalization:

Proposition 2.74 Let f : Sy — S be a covering of Riemann

surfaces, St~ f~*({y1,...,yn}) — S ~{y1,...,yn} its associ-
ated unramified cover and m : H/T'y — T its Fuchsian group
representation. Then the normalization of f : S1 — S can be
represented as (the compactification of ) the following diagram:

H

ﬂ v Ty
~yel'

N

_—

I I

Proof Clearly m 47Ty < T, hence
el

H

m v Ty
el

H
N
T

defines a Galois cover whose covering group is isomorphic to the
quotient group

T
(7 'Tiy
~yel’

which by Corollary 2.59 is isomorphic to the monodromy group
Mon(f). Now the result is a consequence of Corollaries 2.72 and
2.73. O

Proposition 2.74 yields the following interesting observation:

Corollary 2.75 The branching value set of a covering agrees with
the branching value set of its normalization.
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Example 2.76 Let F(X,Y) =Y2X — (Y —1)3 and consider the

covering

x:Sp——1p!

(z,y) ——=

The following statements hold:

(1)

S has genus zero. It is sufficient to observe that
M(Sr) = C(x,y) = C(y)

and, in fact, the map y : Sp — Cis an isomorphism with
inverse

p:C Sk

— (")

x : Sp — P! is a function of degree 3 ramified at most
over the values 0, —27 and oo. This is (see Theorem 1.86)
because for a point P = (x,y) € C? the two conditions
F(P) = Fy(P) = 0 can simultaneously occur only for P =
(0,1) or P = (-2, -2).

Mon(x) ~ X3, hence (Sp,x) is not a normal covering. To
see this we first write down the Riemann—-Hurwitz formula

for this covering, namely

2:0-2=3(2-0—-2)+byp+ b1 +bss & bg+ b1 +boo =4

where by, b1, bs < 2 are the natural numbers accounting for
the ramification over the values 0, —2747 and oo respectively.
27 1

Now we observe that the point P = (_T7 Z) € Sp is an

unbranched point of x, since Fy (P) # 0. In fact

() ={EF -2 (R )t = e ({2
and we have by = 1. On the other hand,

x1(0) = {(0,1)} = »({1})

consists of a single point of multiplicity 3, hence by = 2 and
therefore by = 1.
These computations imply that Mon(x) < X3 contains a

2-cycle o corresponding to the value —%7 and a 3-cycle o9
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corresponding to the value 0. Thus Mon(x) = (01,02) =
Y3 and, since |Mon(x)| = 6 > deg(x) = 3, we conclude
that (S, x) is not a normal covering.

(4) The normalization of (Sp,x) is the covering (Sz,X) where

FX,)Y)=Y?1-Y) X+(1-Y+Y?)P> = F(X,Y(1-Y))
Consider the commutative diagram

Sz (2.31)

SFL>]P>1

where 7(x,y) = (z,y(1 —y)) and x, X stand for the obvious
projections onto the first coordinate. Note that 7 is well
defined because F(X,y(1 —y)) = F(x,y) = 0.

We now observe that Aut(Sg,X) is the group isomorphic
to X3 generated by the transformations 71 (z,y) = (z,1 — y)
and 7o(x,y) = (z,1/(1 —y)). To see this, it is enough to
check that (11,72) < Aut(Sg,X) and note that the order
of the group (71, 72) ~ X3 coincides with the degree of the
covering map X. This means that X : Sz — P! is a normal
covering. Now our claim follows from Corollary 2.72.

In general it is not easy to find out the polynomial f(X YY)
representing the normalization of the covering (Sp,x) defined by
a given polynomial F(X,Y). It may be illustrative to unveil how
this example was constructed.

The classical j-function j : P! — P! defined by

1—t+1t2)3
- Oz
(1-1)
(see Corollary 2.57) provides a well-known Galois cover with cov-

ering group Aut(P!,j) ~ X3 generated by 7(t) = 1 —t and
To(t) = 1/(1 —t).

The subgroup H = (71) is an order 2 non-normal subgroup of
33, thus, by elementary Galois theory

M(PHZ = C(j) = M(PHT" = C(t(1 - 1))
is a non-normal field extension of degree 3 whose normalization is

M(P')* = C(j) — M(P') = C(t)
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From the point of view of coverings this amounts to saying that
j : P! — P! is the normalization of the covering

f:Pl———pl

(1 —u)?
2

U—

u

something that becomes obvious by considering the following com-
mutative diagram:

]P>1

(IS

]P>1 _f>IP)1

with p(t) = t(1—t). But this diagram is equivalent to our diagram
(2.31) above via the isomorphisms

P! 4>Sl’5
t——=(j(),1)

and

Pl ———SF

" <(1 ;2u)37u>

With this second chapter we conclude our account of the theory
of Riemann surfaces, from the points of view of algebraic curves
and Fuchsian groups. In the rest of the book we shall employ
these ideas to introduce the reader to the Grothendieck—Belyi
theory of dessins d’enfants and its connection to Riemann sur-
faces associated to algebraic curves with coefficients in a number
field. For those who want to complement or go deeper into the
subject of Riemann surfaces there are many excellent references
avalaible. Among them the books by Jones-Singerman [JS87],
Beardon [Bea84], Farkas-Kra [FK92|, Siegel [Sie88], Jost [Jos02],
Forster [For91], Miranda [Mir95], Buser [Bus92], Kirwan [Kir92]
and Narasimhan [Nar92], just to mention a few.




3
Belyi’s Theorem

We shall say that a Riemann surface S is defined over a field
K C C (or that K is a field of definition of S) if S ~ Sp for some
irreducible polynomial F(X,Y) = > a;; X'V’ with coefficients
a;; € K. We recall from Chapter 1 that the statement S ~ Sp
is the same as saying that its function field M(S) has generators
fyh such that F(f, h) =0.

For example, if S has genus 0 then S ~ P! and therefore it is
defined over Q (take FI(X,Y) =Y, Example 1.87). The Riemann
surface S; corresponding to the curve Y2 = X3 — 72 is obviously
defined over the transcendental field extension Q(w). But it is
also defined over QQ since it is isomorphic to the Riemann surface
Sy = {y? = 2% — 1}, an isomorphism being given by

Sl—>52

S

The problem of deciding when S is defined over a number field
(i.e. a finite extension of Q) is particularly interesting. Since the
number of coefficients involved in a polynomial F'(X,Y) is finite,
the question is equivalent to asking when S is defined over Q, the
field of algebraic numbers.

The main goal of this chapter is to prove the following result,
due to Belyi ([Bel79]):

Theorem 3.1 (Belyi’s Theorem) Let S be a compact Riemann
surface. The following statements are equivalent:

(a) S is defined over Q.

169
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(b) S admits a morphism f : S — P! with at most three
branching values.

A meromorphic function with less than four critical values is
called a Belyi function. For such a function we will always as-
sume the branching values to be contained in the set {0, 1,00},
something one can always achieve by composition with a Mobius
transformation (Remark 1.28). Note that n = 3 is the lowest num-
ber of possible branching values for a morphism f : § — P! with
S # P! Indeed using our knowledge of covering space theory, we
see that:

e n = 0 means that f is an unramified covering, hence an isomor-
phism since P! is simply connected. R

e n = 1 means that the restriction f : S~ f~1(c0) — C ~ {oo}
is unramified, therefore an isomorphism since C is simply con-
nected. It follows that S ~ C. R

e n = 2 means that f : S~ f71({0,00}) — C \ {0,000} is un-
ramified. By Example 1.71, this restriction must be isomorphic
to

C~ {0} —=C~ {0}
 ——
for some k, so again S ~ P!,

This is the reason why very often the term Belyi function is
used as a synonym of Belyi function with exactly three branching
values.

Example 3.2 Let K be a Fuchsian group contained in a triangle
group I' =T, ,,, ;. The induced mapping

D/K —=D/T
2] ——[2]r

is a Belyi function, since the quotient map D — D/I" has only
three branching values.

Before going into the proof of Theorem 3.1 let us see how the
so-called Belyi’s algorithm works in a particular (but illustrative)
example. Consider the curve

VZ=X(X-1)(X -\



3.1 Proof of part (a) = (b) of Belyi’s Theorem 171

where \ = and m,n € N.

The corresponding Riemann surface S) is clearly defined over
Q. According to Belyi’s Theorem, one should be able to find a
function f : Sy — P! with only three branching values. The
first step is to recall that S, admits a degree two meromorphic
function x : Sy — P! defined by (z,y) — = (see Example 1.32)
which ramifies precisely over the values 0,1, A\, 00. At this point
Belyi’s main idea comes in. He considers the following (Belyi)
polynomial

m +n)mt"
Pon(a) = Py(a) = EDT g e ()

mmnn

Proposition 3.3 As a function Py : P — P!, Belyi’s polynomial
satisfies the following properties:

(i) P\ ramifies only at the points x = 0,1,00 and A.
(ii) P\(0) =0, P\(1) =0, Py pn(00) = 00 and Py(\) = 1.

Proof We only need to observe that the zeros of the derivative of
Py, are the solutions of 2 1(1 —2)" ' (m4+n)z —m)=0. O

We now see that the composition of the function x : Sy — P!
with the polynomial Py : P! — P! produces a morphism

f=Pyox:S,— P!

that ramifies at the points (0,0),(1,0), (A,0), 00 € S with branch-
ing values 0,0, 1,00 € P! respectively; that is, f is a Belyi function.

3.1 Proof of part (a) = (b) of Belyi’s Theorem

This is actually the part of Theorem 3.1 proved by Belyi [Bel79].
The converse implication was already known to Grothendieck, see
[Gro97].

We claim that for the proof of this part it is enough to show
the existence of a morphism f : § — P! ramified over a set
of rational values {0,1,00,\1,...,An} C QU {oc}. To see this
we observe that after composing with the Mobius transformations
T(x) =1—x and M(z) = 1/x if necessary, we can assume that
0 < A\ < 1. Therefore, A\ can be written in the desired form
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A1 = m/m + n. Composing now f with the rational function
Py, we would get a morphism Pj, o f with strictly less branching
values, namely {0, 1,00, Py, (A2),..., Px;(An)} € QU {oc0}. From
here the problem is solved inductively.

In order to show the existence of such a function f: S — P!,
let us write S in the form S = Sg with

F(X,Y)=po(X)Y" + pr(X)Y" "+ 4 pa(X) € Q[X, Y]
and consider the morphism
Sp —— pl
(3:7 y) L

Let us denote by By = {u1,...,us} the set of branching values
of x. According to Theorem 1.86 each p; is either a zero of po(X)
or the point oo € P!, or the first coordinate of a common zero of
the polynomials F, Fy € Q[X,Y]. From Lemma 1.84 we deduce
that By, is contained in Q U {co}. Now, if By C QU {oo}, we are
done. If not, we start the following inductive argument.

Let my (T') € Q[T be the minimal polynomial of {p1,..., us},
i.e. the monic polynomial of lowest degree that vanishes at the
points fi1, ..., s (or at py, ..., us—1 if one of them, say us, equals
o0). Equivalently, my (T') is the product of the minimal polyno-
mials of all algebraic numbers p;, avoiding repetition of factors.
We denote by fi, ..., B4 the roots of m) (T') and by p(T) their
minimal polynomial. By definition deg(p(T")) < deg(m/ (T)).

We now make the general observation that if g o f denotes the
composition of two morphisms f and g then the following obvious
identity between their branching values holds

Branch(g o f) = Branch(g) U g(Branch(f))

This implies that the set of branching values of the composed
morphism

mi

Sp ——=P! P!
(z,y) —— z+——>my (x)
is precisely
By =my ({roots of m}}) U{0,00}.
Again, if By C QU {oc} we are done. If not, we denote by
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mo (T') € Q[T] the minimal polynomial of the branch value set of
my, that is my ({roots of m}}) = {m1 (81),...,m1 (B4)}. Clearly,
[Q (m1 (5)) : Q] < [Q(F) : Q], which means that the degree of the
minimal polynomial of my (5;) is lower or equal to the degree of
the minimal polynomial of ;. Moreover, elementary Galois theory
shows that two algebraic numbers f;, 3; have the same minimal
polynomial if and only if o(5;) = (3; for some field embedding
o : Q(B;) — Q. But in that case o(m(;)) = m(5;) and so m(;)

and m(f;) also have the same minimal polynomial. Therefore,
deg (m2 (7)) < deg (p (7)) < deg (m} (1)) < deg(m1 (T)) (3.2)

Next we ask ourselves for the set By of branching values of the
new morphism msy o mq o x. The answer of course is

By = mg ({roots of m'z}) Umsg (By).

By construction, mg (B1) C QU {oo}; in fact mg (B1) consists of
the points 0,00 and mgy(0). Now if the whole set By is con-
tained in Q U {oo} we have finished. If not, we continue the
process denoting by ms (7T) € Q[T] the minimal polynomial of
ma ({roots of m4}) and looking at the set Bs of branching values
of the morphism ms3 o mg o my o x, which is given by

B3 =mg3 ({roots of mé}) U mg omg (Bs)

etc.

This process ends when B C Q U {oc}, something that must
happen after finitely many steps since by (3.2) we have the in-
equality deg (m; (T")) < deg (mi+1(T)) — 1.

Example 3.4 Let S be the Riemann surface
{y2 =z(z—1)(x — \/5)} U {o0}.

We can construct a Belyi function f on S by means of the
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following composition of maps:

{y? =a(z — 1)(z - v2)} U{oo}

(zy)—z
C
t—t>—2 (minimal polinomial of v2)
f C
u——1/u
C
z-42(1-z) (Belyi’s polynomial P )
C
that is
4(2?—1)
x,y) = ————~
f(z,y) 2 2)

We can track back the ramification indices over the three ram-
ification values 0,1, and oo from the bottom to the top in the
previous diagram. We get

o(®)
(1,0 (V2,00
&)

<,1, N \/§> {©0,0)®)} (—VZ [ —a— vER)(®@
_ RV (2)
l <71,7\/727\/§>(1) J (=V2, -\ —4 — V32)
(oo, 1), 1M} {o@®)} (va®, _va@)}

{00(1)’71(1)} {72(2)} {0(2)}

{0(1),1(1)} {1/2(2)} {m(2)}

{0} {1} {oo}

where the superindices denote branching orders.
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3.1.1 Belyi’s second proof of part (a) = (b)
Some years after the proof described above, Belyi [Bel02] provided
a shorter proof, which goes as follows.

First one argues as in the first proof in order to show the ex-
istence of a function f : S — P! ramified over a set of rational
values \; < Ay < -+- A, < 0o. Moreover, applying a Mobius trans-
formation of the form z — Nz to clear out denominators, we can
assume that these rational values are, in fact, integers. At this
point one can avoid the iterated use of Belyi polynomials in the
following way.

Fori:=1,...,n, set

1
Yi =
C s =)

where V' := V(Aq, g, -+ \,) stands for the Vandermonde deter-
minant

and a;,=Vy, €Z

IR VD, R VP Vi
1T X A3 o A2t
2 .. yn—2 yn-1
S ISR SO B T B | (O
L A )‘%—1 A1 )‘Z:i o
IR VR 4 An=2 el

and consider the rational function

n

G(z) =[]z — )" € Q=)

i=1
Clearly G({A\1, A2, ..., Ap,00}) = {0,00,G(c0)}. To determine the

ramification points of G one makes the computation

,_G'(ﬂ:)_ n a " Vy, V
(logG(x)) = G(z) ;CE—)\ *ZQU_)\iiH” (x —Ni)

= i=1

This computation shows that the set of ramification points of G
is a subset of {A1,A2,..., Ay, 00} and so the branching values of
the function G o f : S — P! are 0,00 and G(00). What remains
to be seen is that G(oco) = 1. This is the same as showing that
Z a; = E Vyi = 0.

Clearly each term Vy; agrees up to sign with the Vandermonde
determinant V; := V(A1,..., A\i—1, Aix1,...,A\n) and since V' and
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V; are positive numbers this sign coincides with the sign of y;.
Therefore, we can write

Zai = VTL — anl + -+ (—1)”‘/1

but the right-hand side term is the expression of the determinant

D VD ¢ D |
IR VDt D L |
IR DY D V|
T A1 A2, o A2 1
LA, A2 a2

when developed by the last column. Hence > a; = 0 as required.

Our next goal is the proof of the (b)=-(a) part of Belyi’s The-
orem. Since we are interested in understanding when a Riemann
surface is defined over the field K = Q, we are naturally led to
the study of concepts pertaining to Galois theory. But first of
all we need a suitable algebraic description of morphisms between
compact Riemann surfaces.

3.2 Algebraic characterization of morphisms

As we already saw in Remark 1.92, if two non-constant meromor-
phic functions f1, fo of a Riemann surface S satisfy an identity

G (f1,f2) =0

for some irreducible polyomial G(X,Y’) then they define a mor-
phism f = (f1,f2) : S — Sg. Conversely, any non-constant
morphism f : S — Sg is obviously determined by the pair of
meromorphic functions (fi, f2) obtained by post-composition of f
with the coordinate functions on Sg.

Suppose now that S = Sp, then M(S) = C(x,y) and so we
can write

fim Ry = POy = 20Y)

B Ql (X7 y) ' m
for some polynomials P;, @; € C[X,Y] with Q; ¢ (F'), for other-
wise the denominator would vanish identically.
This leads to the following algebraic description of morphisms
of Riemann surfaces:
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Proposition 3.5 Defining a morphism f : Sp — Sqg is equiva-

lent to specifying a pair of rational functions f = (Ry, Ry), where

- 380

with P;,Q; € C[X,Y] and Q; ¢ (F), such that
QTQy'G(Ri, Ry) = HF (3.3)
where n = degy G, m = degy G and H € C[X,Y].

Proof Clearing out denominators in the identity
G(Rl ('15, y)7 R2('1"a y)) =0
yields the relation

Q7 (z,y)Q3" (x,y)G(Ry1(x,y), Ra(z,y)) = 0

which by the weak form of the Nullstelensatz (Lemma 1.84) is
equivalent to the polynomial identity (3.3). O

Next we address the question of when a morphism f = (Rq, R2)
is an isomorphism. Of course this will occur if and only if there is
an inverse morphism

h:Sqc— Sp.
This means first of all that there are two rational functions

W; = U;/V; with V; ¢ (G) satisfying a polynomial identity of the
form

VEVAF(W1,Wo) =T -G (3.4)

which, according to Proposition 3.5, is equivalent to the existence
of a morphism h = (W1, Ws) : S¢ — Sp. Moreover, h must
satisfy the following identity

hOf((L',y) - h(Rl(way)7R2(way))

(Ul(Rl(ﬂ%y)aRﬂﬂ%y)) U2(Rl(ﬂf>y)aR2(ﬂf>y))>
Vi(Ri(x,y), Ra(2,y)) " Va(Ri(z,y), Ra(x,y))

= (z,9)
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Arguing as above we see that this condition is satisfied if and
only if the two following polynomial identities hold simultaneously

Q1Q5 (U1(Ry, Ry) — XVi(Ry, Ry)) = Hi F (3.5)
for some polynomial H; € C[X,Y] and
Q1Q5 (Us(Ry, Ry) — YVa(Ry, Ry)) = HaF (3.6)

for some polynomial Hy € C[X,Y], where d = degx(U; — XV})
and k = degy (U; — Y'V;). Note that the identity Id = h o f alone

already implies that f is injective, hence an isomorphism.

Example 3.6 In the case of the opening example of this chapter,
that is the isomorphism

{yz :3:3_773} {y2::v3—1}

(2.2

the polynomials ocurring in the identities (3.3) to (3.6) are as
follows:

(33) F=Y?2-(X3-7),G=Y?-(X3-1); PL=X,Q1=m;
Po=Y,Qy =7y H=n>

B4 Uy =7X,Vi=1U;=VmdY,Vo=1,T =75

(3.5) Hy =0.

(3.6) Hy = 0.

Example 3.7 For the isomorphism in Example 1.83
2942 2g+1
F
{y2—H(ﬂc—ai)}—> v = @-1b)
i=1 j=1
given by
1 Y

Y
T (g - azg+2)9+1\/— 1721 (ai — agg2)

the polynomials involved in relation (3.3) are as follows:

P=1,P=Y

F(x>y) =
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Q1 = (X — azg2)

Q2= (X — azge)™™\/— T2 (s — azgo)
H = (X — aggy)?*!

According to the discussion made in this section, we have the
following polynomial characterization of the concept of isomorphy
between Riemann surfaces:

Theorem 3.8 Two Riemann surfaces Sy and Sg are isomorphic
if and only if there are polynomials P;, Q;,U;, Vi, H; (i =1,2) and
H.,T such that the identities (3.3) to (3.6) are satisfied. Moreover,
in such case an isomorphism is provided by ® = (Ry, Re) where

R, = P;/Q;.

Example 3.9 (Meromorphic functions) Let us now look at
morphisms f : Sp — S¢ in the case in which G(X,Y) =Y and
so S¢ is isomorphic to C via the obvious identification (,0) < x
(see Example 1.87).

In this situation Proposition 3.5 tells us that f can be written

in the form
-(38)
Q1 Q2

where the polynomials P;, Q; satisfy the identity
Py
?Qs

_ (B HEN _ (P
f_<Q1’Q2>_<Q1’0>

This way we rediscover the fact that every meromorphic func-
tion on S can be written as a rational function on the coordinate
functions x and y.

QY =HF

hence

Remark 3.10 For later use we record here the fact that for three
morphisms

f:S—5Sqa, h:S¢—Sp, andu:Sp— Sp
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with
[ = (Ri,R2) = (P1/Q1, P/Q2)

h = (Wh,Ws) = (U1/V1,Usz/V2)

u = (Z1,2) = (L1/M, La/M>)
the statement that the diagram

Sp—1~ 8¢

BN

Sp

commutes is equivalent to the existence of two polynomial identi-
ties of the form

QIQ% (U (Ry, Ry)My — Vi(Ry, Ry)L,) = HIF

QY QL (Uy(Ry1, Ry)Ma — Va(Ry, Ry)Ly) = HAF

Note that when u(X,Y) = (X,Y") these relations become (3.5)
and (3.6).

3.3 Galois action

Let us denote by Gal(C) = Gal(C/Q) the group of all field auto-
morphisms of C.

We point out that Gal(C) is a huge group. To realize this we
first observe that if K is a subfield of C and a € C, then any
monomorphism ¢ : K — C admits an extension monomorphism
7 : K(a) — C. Let us recall how & can be constructed:

(1) If « is algebraic over K, then elementary Galois theory
shows that for each root  of the minimal polynomial of «
over K there is an extension @ : K(a) < C characterized
by sending « to ().

(2) If a is transcendental over K, then by definition there is an
isomorphism K(X) ~ K(«a) determined by sending X to
«. Therefore for each g € C transcendental over K there
is an isomorphism 7 : K(a) — K () C C characterized by
the property 7(a) = o(f).
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Now the extension property (1) (resp. (1) + (2) together) im-
plies that any monomorphism ¢ : K — C extends to an automor-
phism of the algebraic closure K of K (resp. to an automorphism
of C). This is because if K C L is an algebraic field extension
(resp. a field extension) which is maximal among the extensions
enjoying the property that o : K — C extends to L, then neces-
sarily L = K (resp. L = C), for if there were an element o € L\ K
(resp. C\ K) then by (1) (resp. (1)+(2)) o : L — C could still
be extended to @ : L(a) — C contradicting the maximality of L.
We remind the reader that the rigorous proof of this fact requires
the use of Zorn’s Lemma to guarantee that such a maximal field
extension K C L exists (see [Lan84], Chapter VII §2).

Definition 3.11 For given o € Gal(C) and a € C, we shall write
a’ instead of o(a). Accordingly we shall employ the following
notation:

(i) If P =Y a;;XY7 € C[X,Y] is a polynomial, we will write
P? =3%7al,X'Y7. Also if R(X,Y) = P(X,Y)/Q(X,Y)
is a rational function we will put R = P?/Q°. This way
o induces automorphisms of the polynomial ring C[X, Y]
and the function field C (X, Y") respectively.

(ii) If S ~ Sp we set S7 ~ Spo.

(iii) If ¥ : Sp — S is a morphism given by ¥ = (R, R2) we
define U7 : Spo — Sgo to be given by W7 = (R7, R9).
In particular, for a meromorphic function

f:R(Xay) :P(Xay) /Q(X7y) EM(SF)
we put
[7=Rr (va) =P’ (va) /QU (X7Y) € M(SF")

(iv) For an equivalence class (S, f) = (S, R(x,y)) of ramified
covers of the projective line we set (S, f)7 = (Spe, R (x,y)).

Before going any further we check that this Galois action is well

defined.

Lemma 3.12 (a) Let Q (x,y) € M(Sr). Then Q # 0 implies
Q7 (x,y) #0.
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(b) If

- hlx y) € M(SF)

then
Y (xy) _ P (xy)
Q7 (xy) Q3(xy)
(c) If ¥ : Sp — Sg is a morphism (resp. an isomorphism)
that transforms Ra(x,y) € M(Sq) into Ri(x,y) € M(SF) then

V7 : Spe — Sgo is a morphism (resp. an isomorphism) that
transforms RS (x,y) € M(Sgs) into R](x,y) € M(Sp-)

€ M(SF)

Proof By the Nullstellensatz (see Lemma 1.84) Q(x,y) = 0 if and
only if Q(X,Y) = H(X,Y)F(X,Y) for some H € C[X,Y]. But
this is so if and only if Q7(X,Y) = H?(X,Y)F?(X,Y), which is
again equivalent to the condition Q7(x,y) =0 € M(Sp-).

Similarly, the function Pj(z,y)Q2(z,y) — Q1(x,y)Pa(x,y) van-
ishes identically on SF if and only if there is a polynomial relation
of the form

Pl(X7Y)Q2(X7Y) - Ql(X7Y)P2(X7Y) = H(va)F(va)

As above, applying o to this identity yields the proof of (b).
For the proof of part (c) one only needs to apply o to the poly-
nomial identities (3.3) to (3.6) in Section 3.2, e.g. (3.3) becomes

(Q7)"(Q8)"G" (R, Rg) = H F”

which means that V7 = (R{, RJ) is a morphism from S% to Sg&.
Finally, the proof of the statement about the action of ¥ and W7
in the corresponding function fields follows from a similar action
of o on the identity Ry o ¥ = R;, something allowed by Remark
3.10. O

Example 3.13 When o € Gal(C) is the complex conjugation
o(z) = Z it is costumary to write F° = F and S° = S. Fortu-
nately this notation will not lead to ambiguity with the notation
used in Example 1.22 to denote the complex conjugate Riemann
surface. This is because, as was observed there, S is isomorphic
to the complex conjugate of Sp (by means of the isomorphism

(z,y) — (7,9))-
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Recall now that the compact Riemann surface Sp was con-
structed out of a non-compact Riemann surface Sff by adding
finitely many points in a rather cumbersome way (see Theorem
1.86). If P = (a,b) is a point in Sx C C2 it is clear how to define
its Galois transform: of course, one writes P? = (a%,b7). It is a
trivial matter to check that this rule defines a bijection between
Sl);( and Sl);(a for one obviously has

F(a,b)=0 = F°(a’b°) =0 =0
Fy(a,b) =0 = FJ(a®,1°) =0

and so on.

But in order to extend the action of Gal(C) to all points of
Sr, we need a purely algebraic interpretation of the remaining
points. This leads us to the algebraic concept of valuation, which
we introduce next.

3.4 Points and valuations

From Section 1.3.1 we recall that the term function field (in one
variable) refers to a field M which is C-isomorphic to a finite
extension of the field C (X)) of rational functions. This is the same
as saying that M ~ M(S) for some compact Riemann surface S
for (see Corollary 1.93) if M = C(X)(y) is an algebraic extension
of C(X) and F(X,Y) € C[X,Y] is the minimal polynomial of y
over the field C (X) in the variable Y, then M ~ M (SF).

Definition 3.14 Let M be a function field, and M* = M ~ {0}
its multiplicative group. A discrete valuation (from now on simply
a valuation) of M is a map

v M — 7
satisfying the following properties:

(i) v(py) =v(e) +v(), ie. v is a group homomorphism.
(ii) v(p=x1) > min(v(p),v(y)), the equality holding whenever
vlp) # V(D).

(iii) v(p) =0if p € C*.

(iv) v is non-trivial, i.e. there is ¢ € M such that v(p) # 0.

Usually one extends v to the whole M by setting v(0) = oc.
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The following properties hold:

o A, ={p e M:uvu(p) >0} is a subring of M.

e pc A, isaunit < v(p)=0.

e The set of all non-units M, = {¢ € M :v(p) > 0} forms an
ideal of A,,.

e A, is therefore a local ring whose unique maximal ideal is M,,.

e Let v(M*) = (my) = myZ with m, > 0. Then M, = (¢) =
pA, if and only if v(p) = m,,.

These facts are readily checked. For instance if ¢ = 1 then
v(1h) +v(p) = 0 and therefore v(v)) = v(p) = 0 if both ¥, p € A,,.
Conversely, this also shows that if ¢ € A, and v(p) = 0 then
necessarily v(¢)) = 0, hence ¢ € A, and it is the inverse of ¢,
etc. The reason why M, is a maximal ideal is that it could only
grow by adding on unit elements, thus becoming the whole ring
A,. This also explains the fact that it is the only maximal ideal.

Finally, M, = (¢) because if ¢) € M,, then ¢ = %gp with i € A,.

One says that A, is a local ring with mazimal ideal M, and
uniformizing parameter .

It is quite often convenient to assume that v is surjective, i.e.
that m, = 1. This can be achieved simply by performing the
vle)
m

normalization v*(p) = . Obviously this normalization does

v
not alter the local ring, nor its maximal ideal. We will say that
two valuations are equivalent if their normalizations coincide.
The following result explains why we are interested in valua-
tions:

Proposition 3.15 FEvery point P of a compact Riemann surface
S defines a valuation on the field M(S) by means of the formula

vp(p) = ordp(p).

Proof This is an obvious consequence of the definition of ordp(¢p).
We shall only point out here that the true reason why these valu-
ations are never trivial is the existence of meromorphic functions
with a given pole or zero. O

Example 3.16 Let S be the hyperelliptic curve

S = {y2 = (ﬂf—al)"'(ﬂf—azgﬂ)}
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P = (a,b) € S and v = vp. Then clearly x,y € A4, and x — q,
y—be M,.

Moreover, if a # a; then v(x —a) =1 and so M, = (x — a)A,
and x — a is a uniformizing parameter. However, if P = (a;,0) we
have v(x — a;) = 2 (see Example 1.32). The computation of v(y)
can also be done indirectly as follows

20(y) = v(y?) =v([I(x~a;))
= v(x—a)+v (H#i(x — aj)>
= v(x—a;) =2
At the remaining point P = oo one has x,y ¢ A,, in fact
1/x,1/y € A,. Moreover, since v(x) = —2 and v(y) = —(29 + 1)
(see again Example 1.32), it follows that ¢ = x9/y is a uniformiz-
ing parameter in this case.

Our next main goal is to show that the valuations vp just de-
fined account for all normalized valuations of the field M(S) (this
will be the content of Theorem 3.23). In other words, the assign-
ment P — vp produces a bijection between the set of points of
S and the set of equivalence classes of valuations on its function

field.
Once we do that we will be in position to extend the action of
Gal(C) to all points of P € S by means of the rule
vpe (¢7) = vp(p)

Before we address the general case we shall check the result
when S = P!

Proposition 3.17 Every valuation of the field M(P') = C(x) is,
up to equivalence, of the form v, for some point P € P = C.

Proof Let v be a valuation of P!. Any element f € M(P!) is of

the form
o I —a
[1(z — ;)™
hence v(f) = > nwv(x — a;) — > mjv(x — b;). Therefore, v is
completely determined by its value on the degree one functions
(x — a). One of the following two possibilities occurs:
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(i) There is a € C such that v(x —a) = —k, where k is a positive
integer. We claim that in this case v = kvs,. This can be seen as
follows. If b # a we can write

-k = v(x—a)
= v(@—-0b+(b—a)) > min(v(z —b),v(b—a))
= min(v(z —b),0)

with equality if v(x — b) # 0. But this must be indeed the case
since otherwise we would get —k > 0. That is, we have

v(z —b) = —k = kv (z — b)

for every b € C.

(ii) For every b € C, v(z —b) > 0. In this case, since v is
not allowed to be trivial there must be some a € C such that
v(z—a) = k > 0 and then what we have is v = kv,. To see this it
is enough to observe that if b # a then v(x — b) = 0 for otherwise
we would obviously get

k=v(x—a)=v(x—b+ (b—a)) =min(v(z —b),0) =0

which is a contradiction. O

The next step towards proving the equivalence between points
and valuations is to show that just as meromorphic functions sep-
arate points (Corollary 2.12 and Proposition 2.16), so they also
separate valuations (Proposition 3.19).

Lemma 3.18 Let vi,v2 be (normalized) valuations of M. Then
v = vy if and only if Ay, = Ay, .

Proof 1f A,, = A,, then M,, = M,, = (¢). In other words,
vi(p) = va(¢) = 1. Now for an arbitrary element ) € M* we
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have

vi(¥) =n
)
vi(e"/¥) =0
©" /1 is a unit of A,

©" /1 is a unit of A,

i}
va (" /1) = 0
i}
v2(Y) =n
O

Proposition 3.19 For any pair of distinct valuations vi, ve of M
there ezists an element ¢ € M such that v1(p) > 0 and va(p) < 0.

Proof Neglecting the statement would mean that A,, C A,,. By
Lemma 3.18 all we need to prove is that this in turn implies that
Ay, = Ay,. We shall do it in three steps:

(1) M, C M,,.
(2) M,, C M,,.
(3) The units of A,, lie in A,,.

(1) If y € My,\M,, then

va(y) >0 va(1/y) <0 1/y ¢ Ay,
{ vi(y) <0 7 { vi(l/y) >0 { 1/y € Ay,

This contradiction implies that M, C M,,.

(2) Since we are assuming that A,, C A,, it is enough to show
that a uniformizing parameter ¢; of A,, lies in M,,,, for then we
would have M, = p14,, C p14,, C M,,.

So, suppose that ¢, € A,, \ M,,, that is ¢; is a unit of A4,,.
Since by (1) M,, C M,,, any element y € M,, ~ {0} could be
written in the form y = up¥ where u is a unit of A,,, hence of
A,,. This way we would conclude that the non-zero elements of
M,,, are units of A,,, which is a contradiction.

(3) If u is a unit of A,, which is not in A,,, i.e. such that
vi(u) < 0, then vi(u~!) > 0 and therefore u=t € M,, = M,,.
Contradiction. 0
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Remark 3.20 Note that when M is the function field of a Rie-
mann surface S and v; = vp, va = vg for two distinct points
P,Q € S, Proposition 3.19 only means that there are meromor-
phic functions in S that separate P and @ (Corollary 2.12 and
Proposition 2.16).

Corollary 3.21 Let vy, vo,...,v, be n > 2 distinct valuations of
a function field M. Then:

(1) There exists an element y € M such that vi(y) > 0 and
vk(y) <0, fork=2,... n.

(2) There exists an element y € M such that vi(y) = 0 and
vk(y) is arbitrary large for k =2,... n.

Proof (1) We argue by induction. Let us consider first the case
n = 2. By Proposition 3.19 above there exists y; (resp. y2) such
that v1(y1) > 0 and va(y1) < 0 (resp. v2(y2) > 0 and vy (y2) < 0).
Therefore v1(y1/y2) > 0 and v(y1/y2) < 0 and so the first step
in the induction argument is settled.

Let now x € M be an element such that v;(xz) > 0 whereas
vo(x) < 0,...,up—1(x) < 0. By the previous step applied to v;
and v, there exists an element z € M such that vi(z) > 0 and
vn(2) < 0. If we denote y = x + 2" then for r sufficiently large we
get vp(y) = vp(z + 2") = min(vy, (z), v, (2")) = rup(2) < 0. Argu-
ing in a similar way one finds that v;(x+2") = vi(z) > 0 whereas
for k=2,...,n—1, one has vi(z + 2") = min(vg(z), rvg(z)) <0,
for suitable r.

(2) Let y be the element obtained in part (1) and set z = 14y
Then v (27 !) = —v1(2) = v1(1) = 0. On the other hand, for k > 2
one has

ur(z71) = —on(2) = —up(1 +y%) = —ui(y?) = d(—vr(y))
a positive integer which grows with d. O

Let M1 C My be a finite extension of function fields. Clearly
a valuation v on My induces by restriction a valuation v = v|q,
on the field M. Note that the latter will not, in general, be a
normalized valuation even if v is. In fact for a normalized valua-
tion v on My one has v(M7}) = eZ where e = [v(M3) : v(MT)],
the index of the subgroup v(My7) in v(M3).
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Theorem 3.22 Let My C My be a finite extension of function
fields and let vi,va,..., v, be distinct normalized valuations on
Moy that restrict to a same valuation v on My, up to equivalence.

Let ey, be the index of vy(My) in vy(Ms) =Z. Then

Zek < [Mg : M1]

Proof Let mq,...,m, € Ms be uniformizing parameters of the
valuations vy, . .., v, respectively. By Corollary 3.21 we know that
there exist elements y1,y2, ..., yn € Mas such that vg(yx) = 0 and
v;j(yr) > Nji, for j # k, where Nj;, is an arbitrary large positive
integer to be determined below.

The proof would be done if we could show that the following
> ey elements

2 €1

Yyimy, ylﬂga sy Y1y
€2

Y272, Y275, . . ., Y27y
2 en

YnTns YnTpy - - s YnTy

of Mj are linearly independent over Mj.
Suppose that we could arrange a linear identity

> ews(ym]) =0

with coefficients c;; € M1 not all equal to zero.

Let us look at the coefficient ¢, € M7 at which the valuation
v, hence each of the valuations v;, reaches a minimal value. Di-
viding our linear combination by ¢,s we can assume that one of
its coefficients, say c11, equals 1 and that the rest of them satisfy
v(cgj) > 0.

By construction, we have

U1 (y17'('1) = 1
v (cionmf) = v(cr2) +2
vy (cre,1mst) = wv(cie) + e

As by hypothesis v (¢1;) € e1Z we find that these values are

pairwise distinct and therefore vy <Z cljylﬂ'{) =uvy (yym) = 1.
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Also by construction we see that for £ > 2 one has
vy <ijyk7T£> = vy (cxj) +v1 (k) + Jor (7)) > Nig + jor (7)) > 2

for a suitable choice of Njj (hence of the elements yj).
Finally, applying v; to the identity

> ey = =) ey,

k>2
we get
I = u chjyﬂ{)
= un Zk22 ijykﬂi)
> ming>9 U1 <ijyk77i>
> 2
which is a contradiction. O

Let us now consider the particular case in which the algebraic
extension M; C My comes from a morphism f : S — P
That is, let us consider the C-algebra embedding given by

oo Mi=MPY - M(S) = M,
R (x) — f(R(x)):=Rof

As it was shown in Section 1.3.1 this is a finite field extension
whose degree is precisely deg (f).

Choose a € P! and suppose that its preimages Py, ..., P, have
branching orders mi,...,m,. Then the value of the valuations
vp, at an element R (x) € M; viewed as an element of My via
this embedding is

UPi(R (.’L’)) = UPi(f* (R (‘T)))
- ’Upl.(ROf)
= ordp,(f)-ords(R (x))
= m;-ord,(R (z))

We infer that vp,r, = mivg.
We emphasize the two following facts arising from this discus-
sion:

(i) The restriction of any of the valuations vp, on M (S) pro-
duces a valuation on M (IP’l) which is equivalent to v,.
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(ii) The index e; = [vp,(M3) : vp, (M7T)] coincides with the
branching order m; = ordp,(f).

Therefore, Theorem 3.22 applied to this particular field exten-
sion yields

indices e; coming from other
Zmi + Z ( pOSSilee extensions of v, ) < deg(f)

On the other hand, by the degree formula (Proposition 1.57),
> m,; already equals deg(f). This means that there are no other
extensions of v, apart from the valuations vp,.

In other words we have almost proved the result announced at
the beginning of this section:

Theorem 3.23 For any compact Riemann surface S, the rule
PeS— vp:=ordp

establishes a one-to-one correspondence between points of S and
valuations on M(S).

Proof The injectivity is simply a manifestation of the fact that
functions separate points (Theorem 1.90), hence only surjectivity
remains to be shown.

Let v be any valuation on M(S). Fix a non-constant morphism
f: S — PL. Via this morphism v restricts to a valuation on M (P!)
which is necessarily of the form v, (Proposition 3.17). By what
has gone above, v = vp, for some P; € S such that f(P;) = a.
The proof is complete. O

3.4.1 Galois action on points
As mentioned in the last paragraph of Section 3.3, for any ele-
ment o € Gal(C) the correspondence P = (a,b) — P? = (a?,b7)
provides a bijection between SI);( and S%,. A nice application of
Theorem 3.23 is that it allows us to extend the action of Gal(C)
at all points of the Riemann surface S = Sp.

Definition 3.24 (1) Given a valuation v on M(S) we define a
valuation v” on M(S7?) by the formula

o 1

Vo =wvoo
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that is
V7 (Y7) = v(v), for every ¢ € M(S)*

(2) Accordingly, for a point P € S we define P? to be the only
point of S? such that vps = (vp)?.

Proposition 3.25 (1) For any o € Gal(C) the correspondence
P — P? defines a bijection between S and S°.

(2) On points P € Sy the definition above agrees with the ob-
VIOUS Omne.

(3) In particular, a® = a for every a € QU {oo} C P! and every
o € Gal(C).

Proof (1) The inverse is obviously given by @ — Q(’fl.

(2) Let us start by considering the field extension C (x) C
C (x,y) which is nothing but the embedding of M(P') in M(S)
induced by the 2 coordinate morphism x : Sp — PL.

Let P = (a,b) € Sx. Then for the function x —a® € M(Sp-)
we have

(vp)7(x = a%) = (vp)(x —a) =1

since P is a simple zero of the function x — a. This shows that
the restriction of (vp)? to the subfield C (x) agrees with v,o. This
means (see Theorem 3.23 and its proof) that the valuation (vp)”
on M(Spo) is one of the n = degy (F') valuations corresponding
to the points of the form (a”,y) € Sifa, which are the preimages
of a” via the function x : Spo — P

Among all of them there is only one taking a positive value on
the function y — b7 (as obviously does the valuation (vp)?). This
is precisely the one corresponding to the point (a?,b”). The proof
is done.

(3) Note that part (2) includes the case of points a € P!\ {oo};
simply take F(X,Y) =Y so that S5 ~ P!\ {co} and identify a
to (a,0). Finally, if in part (1) we let P be the point co € P!, the
corresponding identity is

(Vo) (x —a) = (Vso) (x — a"il) =—1=v(x—a)

for any a € C. O

Example 3.26 Let S = {yz = szflrl(av - ai)} and o € Gal(C).
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If P=(a,b) € S then P = (a?,b%) € S?, whereas if P =00 € S
then o(P) = oo € S, for otherwise o would not be a bijection.

In the case of a hyperelliptic curve S = {y2 = H?if(w - ai)},

the two points at infinity ooy, ooy added for the compactification

can be either preserved or interchanged by each particular o €
Gal(C). The same phenomenon can be seen in the next example.

Example 3.27 In Example 1.10 and Example 1.41 we considered
the Fermat curves

S:{(x,y)€C2:xd+yd:1}

Using the parametrizations around the points at infinity given in
Example 1.10, we see that the meromorphic function y/x takes the
value & (where &g = /4 at the point Pj =00 (j=1,...,4d).
Moreover 7; = y/x — {gl is a uniformizing parameter for P;.

Let now o € Gal(C), then its action on Q(&y) is determined by
(&) = ffj for some exponent k£ coprime to d. It is rather simple
to show that P/ = Py, or equivalently that vpe = vp,, for on the
one hand we know that Py must be one of the points at infinity,
since the restriction of the action of ¢ to S? is always bijective,
and on the other the computation

vpy (1) = vpy (7)) = vp (m1) =1

implies that indeed Upy = UPp,.

3.5 Elementary invariants of the action of Gal(C)

We make the obvious observation that the bijection S < S? per-
formed by a Galois element ¢ € C is never holomorphic (not even
continuous with the exception of the case in which ¢ is the com-
plex conjugation). Therefore, S and S? will in general be non-
isomorphic. Likewise there is not an a priori reason why these
two Riemann surfaces should be even homeomorphic. Neverthe-
less, the action (S, f)7 = (S7, f7) defined at the beginning of this
section (see Definition 3.11) preserves the genus as well as some
other interesting properties.

Theorem 3.28 The action of Gal(C) on pairs (S, f) enjoys the
following properties:
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) deg(f7) = deg(f).
; (f(P))7 = fo(P7).
)

branching value of f°.

(5) The genus of S? is the same as the genus of S, i.e. S and
S7 are homeomorphic.

(6) The rule

Aut(s’ f) - Aut(507 fa)
h———>h°
is a group isomorphism.

(7) The monodromy group Mon(f) of the covering (S, f) is iso-
morphic to the monodromy group Mon(f?) of the covering

(S7, 7).
Proof (1) Since o is a field isomorphism we clearly have

deg(f) = [M(S) : M(f)] = [M(S7) : M(f7)] = deg(f?)
(2), (3) Recall that in the discussion leading to Theorem 3.23
we have seen that f(P) = a means
vp(Ro f) =mp(f) - orda(R)

for every rational function R(x). Thus, showing that f7(P?) = a°
is tantamount to showing that

vpe (R7 0 f7) = mps(f7) - ordaes (R7)

for every rational function R7(x).

Now, for any rational function R(z) and any meromorphic func-
tion f = P(x,y)/Q(z,y) one clearly has (Ro f)? = (R o f9),
therefore

vpe(R70 f7) = wps(Ro f)” =vp(Ro f)
= mP(f) ’ Orda(R)
= mpo(f7)-orde (R?)
since by the definition of P? one has

ordpe (f7) = vpe(f7) = vp(f) = ordp(f)
and similarly

ordgs (R7) = v4e (R7) = v(R) = ord,(R)
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(4) This is an obvious consequence of (2) and (3).

(5) Parts (1) and (3) imply that the Riemann—Hurwitz formula
for the function f° : S — P! (which gives the genus of S7) is
exactly the same as the Riemann—Hurwitz formula for the function
f:S — P! (which gives the genus of S).

(6) This is because for a given h € Aut(S, f) one clearly has
7= (foh)T = 7ok,

(7) In view of Definition 2.67, applying o to the diagram

Sﬁ—“>5F
N
C

that defines the normalization of f : S — C gives a new commu-

tative diagram
Spy— .59
C

that defines the normalization of f7. Now apply (6) together with
Corollary 2.73. O

3.6 A criterion for definability over Q

We now present what is going to be our main tool to decide
whether or not a compact Riemann surface S is defined over Q.
Clearly if S is defined over a number field, that is if S = S for a
polynomial F' with coefficients in some finite Galois extension K of
Q, then the family { F7} r€Gal(C) CONSists of only finitely many (ac-
tually, at most [K : Q]) different polynomials. In particular, the
family {S7} seGal(C Contains only finitely many Riemann surfaces,
hence finitely many isomorphism classes of Riemann surfaces. It

turns out thzﬂ the latter is also a sufficient condition for S to be
defined over Q.

Criterion 3.29 ([GDO06]) For a compact Riemann surface S the
following conditions are equivalent:
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(i) S is defined over Q.

(il) The family {S"}oeGal(C) contains only finitely many iso-
morphism classes of Riemann surfaces.

The proof of this criterion will be the object of Section 3.7. For
the time being let us just point out that for the Riemann surface
S = Sp, with F = Y2 — (X3 — 73), introduced at the beginning
of this chapter, the family of Galois transforms Sgo, o € Gal(C),
certainly satisfies the condition (ii) of the above criterion. In fact,
Galois conjugation yields only one isomorphism class of Riemann
surfaces, the isomorphism between Sr and Sgs being given by

) — (L[

s

We now show how our criterion readily brings the proof of Be-
lyi’s Theorem to a quick end. We note that in the original proof
Belyi used for this part a more powerful criterion due to A. Weil
[Weib6], whose statement and proof we find more difficult to un-
derstand.

3.6.1 Proof of part (b) = (a) of Belyi’s Theorem

With the above criterion at one’s disposal the proof is almost
done. If f : § — P! is a morphism of degree d whose only
branching values are 0,1, 00, then for any ¢ € Gal(C) the con-
jugated morphism f° : S° — P! is by Theorem 3.28 a mor-
phism of the same degree d having the same branching values
0(0)=0,0(1) =1,0 (c0) = oo. In particular, this family {7} of
morphisms gives rise to only finitely many different monodromy
homomorphisms Mo : w1 (P! \ {0,1,00}) — 5, (recall that the
fundamental group of the sphere minus three points is a free group
with two generators, see Example 2.33). Therefore, Theorem 2.61
implies now that among all the Riemann surfaces 57,0 € Gal(C),
there are only finitely many equivalence classes. Finally, apply
Criterion 3.29.
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3.7 Proof of the criterion for definibility over Q
In order to prove Criterion 3.29 we need to introduce a new oper-

ation on polynomials which is in a way similar and yet radically
different to the Galois action.

Example 3.30 As a first glimpse to what is coming ahead let
us now go back again to our running example S = Sp, where
F =Y?— (X% —73%). The question is why the fact that Sp ~ Sps
for 0 € Gal(C) should imply that Sg is defined over Q. The
idea is as follows. Choose o € Gal(C) such that o(m) = e. Then
F7=Y? - (X3 —¢?) and the isomorphism Sp ~ Sro is given by

Spe
e e\3
(@,y) —— | —x, <—) y
T T
Now consider the following Q-algebra homomorphism

s:Q V7, o] —>C (3.7)
Vi—— V&
Je 1

We see that if we formally apply s to the coefficients defining the
isomorphism W : Sp — Spo in the same way as we have applied
o so far, we get a morphism between the Riemann surfaces of the
curves IS = F and (F°)° = F} = Y2 — (X3 — 1), which is given
by

v:Sp

\I/leF

o (e o)

Furthermore, the same process can be applied to the inverse
morphism

Sk,

= (U)':Spe—— = Sp
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to obtain the morphism

(131 : SF1 —>SF
($ay) — <7T£E, my)

which is the inverse of ¥;. We conclude that Sp is isomorphic
to the Riemann surface of a curve F} which has coefficients in a
number field.

Now suppose that in part (c) of Lemma 3.12 instead of a field
isomorphism ¢ € Gal(C) we only have a ring homomorphism
s : A — C from a ring A containing the coefficients of the
polynomials F,G, Py, P5,Q1,Q2, H to the field C (as in Exam-
ple 3.30). Then s : A — C induces a ring homomorphism
s : A[X,Y] — C[X,Y] and it still makes sense to apply s to
the identity (3.3) that defines a morphism f : Sp — Sg to ob-
tain the identity (Q3)"(Q35)™G®(R5,R5) = HSF*®. This in turn
defines a morphism f* = (Rf, R5) between the Riemann surface
of the polynomial F*® (which may agree with F') and that of the
polynomial G° (which may now be defined over Q). This is ex-
actly what we did in Example 3.30, and this is what we intend to
do in the general case.

3.7.1 Specialization of transcencendental coefficients

We now recall some basic facts of the theory of transcendental
field extensions that can be found, for example, in [Lan02].

Let k£ be a subfield of C. A finite set of complex numbers
{m1,...,mq} is said to be algebraically independent over k if the
evaluation map

E[Xi,..., X4 —C

a(X1,.., Xq) = a(m, ..., m)

is injective, i.e. if it induces an isomorphism between k [ X1, ..., X/]
and its image, usually denoted by k [m1,...,m4]. Because of this,
an arbitrary d-tuple (qp,...,qq) of complex numbers induces a
well defined k-algebra homomorphism s : k[m,...,m4] — C by
the rule that sends a(my,...,7q) to a(qq, ..., qq)-
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By a specialization of (my,...,74) we shall only mean a d-tuple
(q1,-..,qq) € C?. The non-negative real number

m?X|7Ti — qil

will be called the distance of the specialization.

Note that saying that a singleton {7} C C is an algebraically in-
dependent subset over k£ only means that 7 is transcendental over
k. Similarly, two elements 71, o € C will be algebraically indepen-
dent over k if for any non-zero polynomial p(X,Y) = Y a;; X'Y7
with coefficients in k one has

p(m1,m2) E a2]7r17r2 E E alﬂrl 7T2 E E awﬂ'z 7T1750

that is if 79 is transcendental over k(m) or, equivalently, 7 is
transcendental over k(my). More generally, we see that a finite
set of elements 71, ..., 7q € C is algebraically independent over a
subfield k if and only if each m; is transcendental over the field
k(ﬂ'l, e 77Ti—1)-

A field extension K of k is called purely transcendental if it
is generated over k by a set of algebraically independent elements
over k. Note that one cannot expect all transcendental field exten-
sions to be purely transcendental. This can be already realized by
considering fields of meromorphic functions for, as we well know
by now, the only function field isomorphic to the purely transcen-
dental extension C(z) is M(P!).

In the case k = Q one simply speaks of algebraically indepen-
dent sets of complex numbers without reference to the base field
k = Q. We observe that there are algebraically independent sets of
arbitrary large cardinality. This is because if there were a maximal
algebraically independent set with only finitely many elements,
say {m1,...,7q}, then the field C would have to be an algebraic
extension of the field Q(7y,...,my). Since the latter is obviously
a countable set, so would be C.

3.7.2 Infinitesimal specializations

Throughout this section (7, ..., 7g;u) will denote a (n+ 1)-tuple
of complex numbers such that 7,...,m; are algebraically inde-
pendent and u is algebraic over the field Q (7, ..., 7).
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Let (q1,...,qq) be a specialization of (71,...,my) and let
s:Qlmy,...,mg) = C

be the Q-algebra homomorphism determined by s(m;) = ¢;. We
would like to understand the extent to which s can be extended
to the ring Q [my, ..., 74, u]. In order to do that we introduce the
following notation, which imitates the one we have used for the
Galois action, namely

a®*=s(a)=a(q,-...,q4)

for an element a € Q [y, ..., 74|, and
¢(X) =) apX'

for a polynomial ¢(X) = 3. ;X! € Q[ry,...,7q] [X].

We first observe that we cannot choose the image of u, say
s(u) = b, arbitrarily. To explain why this is so, let us consider the
minimal polynomial of u over Q (y,...,my)

my(X) = Zanj =ag+a X+ +a, X" (3.8)

chosen so that the coefficients q; lie in the ring Q [y, ..., 74| and
are coprime (this is achieved by the usual clearing out denomina-
tors procedure).

Then we can apply s to relation (3.8) to find

0 = 5(0) = s(my,(u)) = m3(s(w))

In other words, s(u) must be a root of the polynomial m$ (X). We
claim that the converse is true.

Lemma 3.31 Notation being as above, let b € C be any root of
the polynomial m$(X). Then the assignment m; — q; and u — b
extends s to a Q-algebra homomorphism

sp:Qlmy,...,mg,ul = C

Proof For any element x = Y au’,a; € Q[my,..., 74 we set
sp() = Y aSb’. By definition s, preserves sums and products,
thus to conclude that s is a Q-algebra homomorphism one only
needs to check that s(x) does not depend of the chosen represen-
tation of x.

Suppose that = = Y ciu’,¢; € Q[my,...,m4] is another way of
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writing the element z. Then we have > (a; — ¢;)u’ = 0, which
implies that > (a; — ¢;)X* = p(X)my(X) for certain polynomial
p(X) € Q(m,...,mq)[X]. As the coefficients of m,(X) are co-
prime the Gauss lemma implies that p(X) lies in Q [7q, ..., mq] [X].
Hence we can write

0=p* )M (b) = asti = > &b

and therefore Y~ a$h’ = Y S’ as required. O

Lemma 3.32 Let u = uy,ug,...,u, € C be the roots of m,(X)
and let § = ming; |uy, — w|. There is a real number e(u) > 0 such
that if s : Q[m1,...,mq] — C is the homomorphism determined
by an arbitrary specialization of distance less than e(u), then the
polynomial m$(X) possesses a unique root us with the property
that |u — ug| < 9.

Proof Write m,(X) in the form m,(X) = a, [[(X — w;) and let
(q1,--.,qn) be a specialization of (my,...,m,) of distance €. As e
gets small, the coefficients of m$ (X) get close to those of m,(X).

This obvious observation has two implications. One is that in
that case we would have a}, # 0 and so it makes sense to write
m3(X) = a$ [[;, (X — ;). The other one is that for each root

u

uj of my(X) the difference
() — m3 (ug)] = |3 (ug)| = [a3] T ] luy — el

will become arbitrarily small, and therefore so must do at least
one of the factors, say |u; — ;.

This means that if € is sufficiently small then for each root u;
of m,(X) there is at least one root of m(X), say «;, such that
|uj — o] < §/2. From here the result follows by simply taking
us = . Note that if we also had |u; — as| < §/2 then we could
write

‘ul—’LLQ‘S‘ul—a2‘+‘UQ—(12’<2-5/2:5

which is a contradiction. O

Definition 3.33 An infinitesimal specialization, of (7, ..., mq;u)
is nothing but a specialization of (71,...,my) of distance € < e(u)
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for some €(u) as in Lemma 3.32. By the homomorphism associ-
ated to an infinitesimal specialization of (my,...,7g;u) we shall
refer to the Q-algebra homomorphism s : Q[my,...,7g,u] — C
determined by s(m;) = ¢; and s(u) = us.

3.7.3 End of the proof

We are now ready to finish the proof of Criterion 3.29.

Let ¥y := {m1,...,7q} be a maximal set of algebraically inde-
pendent coefficients of F' = F(X,Y). By the Primitive Element
Theorem the field generated by all coefficients of F' is of the form

Kl = Q(ﬂ-la"' ,7Td,’0)

with v algebraic over Q(my,...,my) and with minimal polynomial
my(T) € Q(71,...,mq)[T] chosen as in (3.8). Therefore, for any
o € Gal(C) the field Ky := o(K1) = Q(o(m),...,0(mq),0(v))
will be the field generated by the coefficients of F.

Now consider Galois elements o € Gal (C) such that

Yo ={m,...,mq,mgr1 :=0(m1),..., M2 :=0(mq)}

is a set of algebraically independent elements. By the finite-
ness condition in Criterion 3.29 there must be plenty of pairs
of elements 3,7 € Gal(C) for which there is an isomorphism
® : Spr — Sps, hence an isomorphism ¥ = e Sp — Spo
with o =771 o 3.

Next we enlarge the set ¥o by adding a number of coefficients
of the polynomials F;, Q;,U;,V;, T, H;, H intervening in the iden-
tities (3.3) to (3.6) that express the fact that ¥ is an isomorphism
(see Theorem 3.8). More precisely, we adjoint a maximal possible
collection of such coefficients {mog41,...,7,} with the condition
that the set X3 = {my,...,m,} is still an algebraically independent
set. Then the field K3 generated by K, Ko and the whole set of
coefficients of these polynomials will be of the form

K3 =Q(m,...,mp,u)

where the element u is algebraic over the pure transcendental ex-
tension Q(my, ..., 7).
For j = d+1,...,n let ¢; € Q(v/—1) be such that the n-

tuple (m1,...,Td,qd+1,---,qn) is an infinitesimal specialization of
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(m1,..., T u), and let s : Q[my, ..., 7, u] — C denote the asso-
ciated homomorphism. As usual, let us denote by Q(7y, ..., 7, u)
the field of fractions of Q[ry,...,m,, u]. Remember that an ele-
ment z € Q(7y,...,m,,u) can be written in the form
L ATy, ... T, w) (3.9)
B(my,...,mp,u)

where A and B are polynomials in n+ 1 variables with coefficients

in Q.

Let Q[m1,...,m,uls denote the subring consisting of the ele-
ments z as in (3.9) whose denominators B = B(7y,...,m,,u) do
not lie in the kernel of s, i.e. those z € Q(my,...,m,,u) admitting

an expression of the form (3.9) such that

S(B) :B(ﬂ-la-">7rd7qd+17"'>qn7us) 7&0

Clearly s : Q[my,...,m,u] — C extends to a unique homo-
morphism s : Q[mry,...,m,,uls — C, and hence to a homomor-
phism s : Q[my,...,m,uls[X,Y] — C[X,Y], simply by writting
s(A/B) =s(A)/s(B).

Now if the elements ¢; are chosen sufficiently close to the ele-
ments 7; (i.e. if the distance of our specialization becomes small),
then all the elements of the finite set consisting of the coefficients
of the polynomials P;, Q;,U;,V;, T, H;, H along with the element
v € Kj lie in Q[ry, ..., 7, u]s. In these circumstances we will be
in position to apply s to the polynomial identities (3.3) to (3.6).
For instance, applying s to the first relation

QrQ3'G(R, Ry) = HF
which defines the morphism ¥ = (R, Ry), gives the identity
(Q7)°(Q3')°G®(RY, R3) = H3F®

which defines a morphism W® = (Rf, R5) : Sps — S(po)s. Doing
the same with the rest of the identities we end up with a collection
of polynomial identities which define an isomorphism

\I]S = SFS — S(Fo‘)s

Now, by construction, the coefficients of the polynomial (F7)3
lie in the field generated by certain Gaussian numbers ¢; € Q(v/—1)
together with s(o(v)), which must be a root of the polynomial
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(m9)3(X) € Q(v/—1)[X] and therefore an algebraic number. We
thus conclude that (F'7)% has coefficients in a number field.
Finally, it remains to be seen that F® = F for which, by our
construction of s, it is enough to see that s(v) = v. Clearly s(v)
must also be a root of m,(X) = m3(X). Moreover, a simple
look at the corresponding expression (3.9) for v shows that if the
distance of our specialization gets small then s(v) is as close to

the root v as wanted, hence it must agree with v.

3.8 The field of definition of Belyi functions

The theory of specialization employed to prove Belyi’s Theorem
can also be used to show that Belyi functions are defined over Q
as well.

Proposition 3.34 Belyi functions are defined over Q.

Proof Let (S, f) be a Belyi pair for which we have S = Sp and
Pl (‘Ta y)

fly) = 5——+-

) = Q)
ducible polynomial G with coefficients in a number field, an iso-

iV
morphism ® = —1, 2. Sr — S¢ and a function h € M (Sg)
Wi~ Wa
also defined over Q such that the following diagram commutes:
Sp—2 .9

To prove this one merely has to mimic what we have done in the
previous sections. Let K1 = Q(m1,...,74,v) be the field generated
by the coefficients of F, P, and @)1 and consider o € Gal(C) such
that 71, ..., 74, mg41 = o(m1),...,mq = o(my) are algebraically
independent. Clearly for each such o the field generated by the
coefficients of F'? and f? will be Ko = Q(7gs1,...,m2q,0(v)).
Since all coverings (Spe, f7), o € Gal(C) have the same degree
and branching values ¢(0) = 0, o(1) = 1, 0(c0) = oo (Theorem

3.28) there can only be finitely many equivalence classes of such
pairs (Proposition 2.63). It follows that there must be some o such

We have to show that there exists an irre-
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that the ramified coverings (Sr, f) and (Spe, f7) are equivalent,
that is there must be an isomorphism ® = (%11, %) : Sp — Spo
such that the identity f? o® = f holds. Arguing as in Section 3.2
we see that this identity is equivalent to a polynomial relation of

the form

WIWS (PY (Vi /W1, Va/Wa)Q1 — QF (Vi /W1, Va/Wo) Py = HF
(3.10)
together with the polynomial identities corresponding to (3.3) to
(3.6) which express the fact that ® has an inverse (see Section
3.2).

Let now K3 = Q(71,...,m2q,. .., T, u) be the field generated by
the fields K1, Ko and the coefficients of all polynomials occurring
in identity (3.10) as well as in (3.3) to (3.6). For j =d+1,...,2d
choose algebraic numbers ¢; € Q(v/—1) such that

(7717 <o Tds dd+1s - - - 5 42dy T2d+15 - - - aﬂ-r)

is an infinitesimal specialization of (7y,...,7;u) and consider
the homomorphism s : Q[m;,ej,u] — C associated to it. As
in the previous section, if the distance of this specialization is
sufficiently small it will make sense to apply s to the identities
(3.10) and (3.3) to (3.6). This way we will obtain a covering
(Sg,h) = ((Spe)®, (f7)%), which solves our problem. O

This concludes our proof of Belyi’s Theorem. For different ap-
proaches consult Koéck [K6c04] and Wolfart [Wol97]. An extension
of Belyi’s theorem to the case of complex surfaces (holomorphic
manifolds of complex dimension 2) can be found in [GDO§], see
also [GGD10].






4

Dessins d’enfants

4.1 Definition and first examples

Definition 4.1 A dessin d’enfant, or simply a dessin, is a pair
(X,D) where X is an oriented compact topological surface, and
D C X is a finite graph such that:

(i) D is connected.

(ii) D is bicoloured, i.e. the vertices have been given either
white or black colour and vertices connected by an edge
have different colours.

(iii) X \ D is the union of finitely many topological discs, which
we call faces of D.

The genus of (X, D) is simply the genus of the topological sur-
face X.

We consider two dessins (X1,D;) and (X2, D2) equivalent when
there exists an orientation-preserving homeomorphism from X; to
X5 whose restriction to D; induces an isomorphism between the
coloured graphs Dy and Ds.

Remark 4.2 In fact condition (i) is a consequence of condition
(iii) as it is fairly obvious that any path in X connecting two given
points of D is homotopic to a path supported on the boundary of
the faces encountered along the way.

Remark 4.3 Some authors remove condition (ii) with the under-
standing that to any (single-coloured) graph satisfying conditions
(i) and (iii), a dessin is associated by placing a new vertex in the
middle of each edge. This process produces only dessins where all

207
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the white vertices have degree 2, a restriction that looks rather un-
natural from the point of view of bicoloured graphs. These graphs
are classically known as maps (see [JS78] and the references given
there), and the associated dessins are the ones originally intro-
duced by Grothendieck [Gro97]. Sometimes these sort of dessins
are referred to as clean dessins d’enfants. We will come back to
this later (see Remark 4.27).

For example, the tetrahedron can be naturally considered as a
graph embedded in the topological sphere. Being a complete graph
in four vertices, it cannot be made into a bicoloured graph. Hence
the tetrahedron does not fall into the class of graphs introduced
in Definition 4.1, despite satisfying the most restrictive condition
(iii). Nevertheless, the method of placing extra vertices at the
edge midpoints produces the dessin at the left-hand side of Figure
4.1.

Fig. 4.1. Two dessins with the same underlying abstract graph.

Note that a dessin is more than a mere abstract graph, as it
comes equipped with a certain embedding in a given topological
surface. For example, the abstract graphs underlying both dessins
in Figure 4.1 coincide, but the two dessins are different (they have
different genus). Nevertheless, when the topological surface un-
derlying (X, D) is clear from the context, we will denote the dessin
simply by D.

Example 4.4 Any tree contained in the sphere is obviously a
dessin with only one face (note that trees can always be bicoloured).

The graph given by the vertices, edges and faces of a cube is
a dessin with six faces, twelve edges, four white vertices and four
black ones. The boundary of every face consists of four edges,
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and all vertices are incident with three edges (we say that all the
vertices of the cube have degree 3).

Spherical polyhedra (all platonic solids, for instance) can also
be seen as dessins, sometimes (as in the case of the tetrahedron)
after placing extra vertices to make them bicoloured.

Example 4.5 The boundary of the polygon in Figure 1.11 is a
dessin embedded in a surface of genus three. It has one face, seven
edges, one white vertex and one black vertex.

Example 4.6 The boundary of the hyperbolic octogon in Figure
2.4 gives rise to a dessin of genus 2 if we place black vertices at
the vertices of the octogon and white vertices at the midpoints of
the edges of the octogon.

4.1.1 The permutation representation pair of a dessin

Suppose (X, D) has N edges, and label them with integer numbers
from 1 to N. Consider the two permutations og, o1 € X defined
as follows.

Draw small (topological) circles around each of the white ver-
tices and set og(i) = j if j is the edge that follows ¢ under a
positive rotation (cf. Section 1.2.1). Similarly, o; is obtained by
applying the same construction to the black vertices (Figure 4.2).

Fig. 4.2. The permutations ¢ and o7;.
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Definition 4.7 We call (0¢,01) the permutation representation
pair of the dessin.

Example 4.8 For the dessin in Figure 1.11 mentioned in Exam-
ple 4.5, replacing the letters a to g by the corresponding numbers
1 to 7 in the labels of Figure 1.11 we get the permutation repre-
sentation pair (og,01) = ((1,4,3,6,5,7,2),(1,5,4,7,3,2,6)).

Given a dessin (X,D) with permutation representation pair
(00,01), the cycles of oy are clearly in one-to-one correspondence
with the white vertices of D, the length of each cycle being the
degree of the corresponding vertex. The same statement holds
true replacing o¢ with o; and white vertices with black vertices.

The cycles of o109 (or, equivalently, those of oyoq) are in one-to-
one correspondence to the faces of D. More precisely, the sequence

i, UIUO(i)v (0'10-0)2(@'), SRR (JIUO)m_l(i)v (Jlao)m(i) =1

produced by an m-cycle of o109 enumerates in counterclockwise
direction one half of the 2m edges of a face containing the edge ¢
(see Figure 4.2). Similarly, the sequence

’i, Joal(i), (0001)2(i), ceey (0.00.1)7’—1(@')’ (Jodl)r(i) =3

corresponding to a cycle of oggo; of length r enumerates in clock-
wise direction one half of the 2r edges of another face containing
the edge i (this face may agree with the previous one if the edge
i meets the same face at both sides). Note that D being a bi-
coloured graph, a face must be bounded by an even number of
edges, with the same edge counted twice if it meets the same face
at both sides.

Remark 4.9 The connectedness of D ensures that the group gen-
erated by the two permutations og, 01 is a transitive subgroup of
permutations of ¥ y.

The genus of the surface X where D is embedded is also encoded
in the permutation representation pair. This is a consequence of
the following result:
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Proposition 4.10 Let g denote the genus of X. Then the fol-
lowing formula holds

2—29 = (#{cycles of oo} + #{cycles of 01}) — N
+ #{cycles of o100}

Of course this is nothing but the Euler—Poincaré characteris-
tic of X corresponding to the polygonal decomposition induced
by the dessin. Although this is not a triangulation in the stan-
dard sense (see Section 1.2.1), it is known that the usual formula
(vertices)—(edges)+(faces) works for more general polygonal de-
compositions. In any case, later on (Proposition 4.18) we shall
give a proof of Proposition 4.10 as an application of the Riemann—
Hurwitz formula.

Example 4.11 Let (09,01) = ((1,4,3,6,5,7,2),(1,5,4,7,3,2,6))
as in Example 4.8. As o109 = (1,7,6,4,2,5,3), we have in this
case 2 —29g =1+ 1+1—7 = —4, therefore g = 3 as we already
found in Example 1.51.

Remark 4.12 Let the edges of a given dessin be labelled in a
certain way, and let (og,01) be the corresponding permutation
representation pair. If relabelling the edges in a different way the
new permutation representation pair is (o), o} ), there is a permu-
tation in X conjugating og to 0'6 and o7 to of. The permutation
representation pair is therefore defined only up to conjugation in
YN

Proposition 4.13 Let 0,01 be two permutations in Xy such
that (0, 01) is a transitive group. There exists a dessin d’enfant
(X, D) such that its permutation representation pair is precisely

(0'0,0'1).

Proof The result follows from a sort of cutting and pasting ar-
gument similar to the ones in Section 1.2.1. The genus of the
resulting surface will of course agree with the one predicted in
Proposition 4.10.

We start by computing o10¢. If its decomposition in disjoint cy-
clesis o109 = 71 - - - 71, where 7; has order n; and Zle n; = N, we
create k (for the moment, disjoint) faces bounded by 2ng, ..., 2n
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edges respectively. These will account for the faces of the dessin
after glueing them together in the right way.

After assigning white and black colours to the vertices of each
face, we label half of the edges as prescribed by the cycles of
o109 and then we use o( to label the remaining edges. It suffices
now to glue together these pieces along edges with the same label
in order to form a connected body. Note that the transitivity
of (0g,01) ensures that no face can remain disconnected from the
rest. The boundary of this final object consists of a certain number
of edges identified in pairs, and therefore it represents a compact
surface. This surface is orientable since the double colouring of
vertices ensures that no Mdbius band can be created after the
side-identifications. O

The main feature of the permutation representation pair is the
fact that it characterizes the dessin completely. More precisely,
if two dessins have conjugate permutation representation pairs
(00,01) and (107!, 700771), then they are equivalent. This will
be a direct consequence of the results in Section 4.3.1.

Example 4.14 Let og = (1,5,4)(2,6,3) and o1 = (1,2)(3,4)(5, 6).
The corresponding dessin D has six edges, two white vertices of
degree three (since oy has two cycles of length three), and three

black vertices of degree two. Moreover, o1 - 09 = (1,6,4,2,5,3),

hence D has only one face. As for the genus of the surface where

D is embedded, Proposition 4.10 gives

2-29=34+2+1-6=0,

thus D is embedded in a topological torus. The right-hand side
of Figure 4.3 shows a model of D constructed by the method
described in the proof of Proposition 4.13. The dessin on the left-
hand side of the same figure, depicted in a topological torus in
Fuclidean 3-space, has the same monodromy and therefore it is
equivalent to (or, simply, it agrees with) D .

4.2 From dessins d’enfants to Belyi pairs

The main reason why we are interested in the theory of dessins
d’enfants is because of its connection with Belyi functions. Giving
the details of this connection will be the goal of this section.
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Fig. 4.3. A dessin in a topological torus.

4.2.1 The triangle decomposition associated to a dessin

For a given dessin (X, D) we shall construct a triangle decom-
position 7 = T (D) of X associated to D. By the term triangle
decomposition of X we mean a collection of triangles that cover the
whole X, and such that the intersection of two triangles consists
of a union of edges or vertices. Note that triangle decompositions
need not be triangulations in the usual sense as triangles are al-
lowed to meet at more than one edge (see for instance Figures 4.4
and 4.5).

Fig. 4.4. The triangle decomposition 7 (D).

While reading through the description of 7 (D), it will be very
convenient to keep an eye on Figure 4.4, where the triangle decom-
position associated to the dessin depicted in Figure 4.2 is shown.

(1) We choose a centre in each of the faces of which X ~\ D
consists of. In our pictures, the centres will be marked
with the symbol x.
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Let v be a white vertex of D. Recall that the set of edges

of D incident with v are {j, o0(7),--- ,U‘Oi*l(j)}, where d is

the degree of v and j = j(v) is any edge incident with v.
We note that o¢(j) = j. An analogous statement can be
made for black vertices replacing og by o;.

The d edges of D incident with v divide a small disc D
around v into d open disjoint sectors, say D \ D = Ay U
U AZ.

Draw a (topological) segment 7 that starts at v, runs first
inside A}, and ends at the centre of the face of D that
contains AY. During the process, 7/ is not allowed to meet
any edge except at v itself.

This construction associates to each edge j = [v,w] of D
two triangles le and Tj2 of which j is a common edge and
whose remaining two edges are the obvious segments in
the collection {7/} and {}°} respectively. This way, a tri-

angle decomposition 7 = {Tj‘s} of X is provided where
j=1,...,N = #{edges of D} and 6 = 1,2. Note that,
as long as it may happen o¢(j) = j, two given triangles of
7 might have two (see Figure 4.4), or even three common
edges (see Figure 4.5).

Fig. 4.5. A triangle decomposition for the most simple dessin on the sphere.

(6)

The orientation of X enables us to classify the triangles
Tf into two types ‘+’ and ‘=’ (or white and black). We

denote Tf as Tj+ if the circuit o — e — x — o follows
the positive orientation of 8Tf (cf. Section 1.2.1), and as
T otherwise. By construction, adjacent triangles belong
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to different types; this shows in particular that each face
of D contains exactly the same number of triangles of both

types.

‘We now summarize what we have so far achieved in this section:

Summary 4.15 Starting from (X, D) we have obtained a trian-
gle decomposition 7 = 7 (D) of X satisfying the following prop-
erties:

(i) Each triangle contains one vertex of each type o, @ and x.

(ii) Each triangle is completely determined by the following
data: its type (or colour), and the only edge that D has in
common with it.

(iii) Each edge j of D belongs to two triangles TjJr and T, .
When j belongs to only one face of D, then Tj+ and T,
belong to the same face of D (see Figure 4.4). On the other
hand, if two faces meet at j then one of them contains Tj'"
and the other one contains 7).

(iv) Two adjacent triangles are of different type (+ or —).

(v) Each face of D is decomposed into a reunion of an even
number of triangles, half of them of each type.

4.2.2 The Bely: function associated to a dessin
Choose a triangle Tj+ of type +, and a homeomorphism fjf" from

the triangle T;r to ' :=HURU {oc0} (the closure of the upper
halfplane) satisfying the following condition

Jr
oT;" — RU{oo}

+. o — 0
e (4.1)
—_— w

Next, take the triangle T}~ adjacent to TjJr along the edge la-
belled j, and map T, to the closure of the lower halfplane H by
a homeomorphism fj_ T — H that coincides with fjJr in the

intersection TjJr NT; and verifies also (4.1).
The existence of such a homeomorphism would follow from the
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following two statements. Firstly, every homeomorphism from an
edge of a triangle T to a segment in OH = R U {oo} extends to
a homeomorphism from the whole 97 to OH, and secondly ev-
ery homeomorphism 07T — OH extends to a homeomorphism
T — H. Now, the first statement is equivalent to saying that
every homeomorphism from an arc ¢ C S' to an arc ¢ C S! ex-
tends to a homeomorphism that maps the complement of ¢ to the
complement of ¢/, which is clear. The second part is equivalent
to saying that every homeomorphism 6 — f () from S' to itself
extends to a homeomorphism D — D, which, in terms of polar co-
ordinates, can be explicitly done by the formula (r,0) — (r, f (9)).

More generally, this shows that for two triangles 77,75 whose
boundaries meet we can define homeomorphisms f1, fo to the up-
per and lower half-planes such that f; and fy satisfy (4.1) and
agree on 071 N dT5. When this occurs we say that f; and fo can
be glued together.

We can glue together the collection of homeomorphisms fjlL to
construct a continuous function fr(p) : X — C whose restriction
Jrpy : X* =X~ f;(l,D) {0,1,00} — C~ {0,1,00} is a topological
covering. This allows us to provide X* with the only Riemann
surface structure that makes f7(p) holomorphic. Once we do that,

we can use Lemma 1.80 to convert X into a Riemann surface
denoted Sz (py. Clearly fr(p) becomes a morphism from Sz(p) to

C.
Suppose that in the above conditions we change the collec-
tion of homeomorphisms fjjE : TjjE ' by a new collection

hf : L;-—L — Ei, where the L;-—L are triangles of a new triangle
decomposition £ associated to D which may have been modified
by a new choice of the segments 7} or the centres of the faces.
Let h : X —s C be the function resulting after glueing together
the new local homeomorphisms in the same way as above. Then,
for every triangle TjjE we have an orientation-preserving homeo-

-1
morphism FjjE : TjjE — L;-—L defined by F ji = <h]i> o fji. By

construction, FZ.jE and F ;F coincide in the intersections TZ.jE N Tf
and, therefore, they can be glued together to construct a homeo-
morphism F': X — X. In particular F': S7py — Sg(p) is an
isomorphism of Riemann surfaces that preserves each edge of D
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and makes the diagram

ST o Sr (4.2)

%

commutative. That is, F' is an isomorphism of the ramified cov-
erings (ST(D), fT(D)) and (SE(D)v fﬁ(’D)). In other words, modulo
equivalence of coverings, the pair (ST(D), fT(D)) depends only on
the dessin but not on the particular choice of the associated tri-
angle decomposition, nor on the choice of the collection of local

homeomorphisms fji : TjjE L

Therefore from now on we shall write (Sp, fp) instead of writing
(S7(p)s fr(m))-

Summary 4.16 (Properties of the function fp) From the
above construction one can deduce the following properties of fp:

(i) fp ramifies only at the vertices of 7 (D) (i.e. at the points
e 0 and x), since fp is a local homeomorphism away from
them.

(ii) In particular, fp has no other branch value apart from
0,1, 00. Therefore fp is a Belyi function.

(i) deg(fp) agrees with the number of edges of D, as can be
seen by simply counting the number of preimages of the
value 1/2 € [0, 1]).

(iv) The multiplicity of fp at a vertex v of D is half the num-
ber of triangles surrounding v, as each pair of adjacent tri-
angles cover a complete neighbourhood of fp(v), hence it
coincides with the degree of the vertex (count the number
of preimages of some value in a neighbourhood of v).

(v) The multiplicity of fp at the centre x of a face of D equals
half the number of triangles around it, hence it agrees with
half the number of edges of that face (for this statement to
be correct, an edge that belongs at both sides to the same
face must be counted twice). This is a consequence of part
(iii) in Summary 4.15.

(vi) By construction, f5'([0,1]) = D.
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Remark 4.17 The arguments above show also that for a given
orientation-preserving homeomorphism F' : X — X, the cover-
ings (Sp, fp) and (S F(D)s fF(D)) are equivalent via the isomor-
phism F': Sp — Sp(p). To see this one only has to observe that
T (F (D)) can be chosen to be F(7T(D)).

We can now provide the promised proof of Proposition 4.10.

Proposition 4.18 For a given dessin (X, D) with v vertices, e
edges and f faces, Euler formula x (S) =v — e+ f holds.

Proof The Riemann—Hurwitz formula for fp reads

—x (S) = deg (fp) (=2)+ > _ (mp (fp) = 1) = =2+ by + b1 + bee

where by = > ¢ (py—o (mp (fp) — 1), etc.

But by = e — vg and by = e — v1, where vy and vy is the number
of white and black vertices respectively (every edge contains one
white and one black vertex).

On the other hand 2} p)_. mp(fp) = 2e and therefore
boo =€ — f. O

Definition 4.19 (1) By the term Belyi pair we will refer to a
pair (S, f) in which S is a compact Riemann surface and f is a
Belyi function.

(2) Two Belyi pairs will be considered equivalent when they are
equivalent as ramified coverings.

(3) The pair (Sp, fp) constructed above shall be referred as the
Belyi pair associated to the dessin D.

We have then the following result:

Proposition 4.20 The rule

{Dessins} — { Belyi pairs}
(X,D) +—— (5p,/p)

sends equivalent dessins to equivalent Belyi pairs, and therefore it
induces a well-defined map

{Equiv. classes of dessins} — { Equiv. classes of Belyi pairs}
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Example 4.21 We shall determine the Belyi pair corresponding
to the dessin D of Example 4.14 (see Figure 4.3).

First of all, let us represent D in the equivalent topological way
depicted on top of Figure 4.6. In other words, assume that the
only face of D is a regular Euclidean hexagon H of area v/3/2.
Proposition 4.13 tells us that the topological surface where D is
embedded is constructed by identifying the edges of H as the la-
bels indicate. Let the side pairings be induced by the obvious
translations in the complex plane, in such a way that H is a fun-
damental domain of the action of the group A generated by these
translations (the images of H by the elements of this group form
a tessellation of C, as indicated in the middle part of Figure 4.6).

Now, one can check directly that the quadrilateral at the bot-
tom of Figure 4.6 is also a fundamental domain for A. This in
turn shows that A is generated by the two translations identifying
opposite sides. More precisely A = Z @ &7 where &g = e27/6.

It is obvious from Figure 4.6 that the map

C/A —=C/A
[2] —— [€62]

induced by the rotation of order 6 around the origin is an auto-
morphism. This is the same as saying that A = {gA (cf. proof of
Proposition 2.54), something that can be deduced directly from
the identity &2 — & + 1 = 0.

The Weierstrass g function corresponding to this lattice verifies
the identity

p(2) = Ep(&2) (4.3)
since clearly

o) = gat ¥ (o)

0#£weA

= g=at 2 <§Gz—§6w) (561))2>

0#weA
= @K)(Z)

the second identity being a consequence of the fact that {gA = A.
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z=0 z=1

Fig. 4.6. An equivalent topological representation of the dessin in Figure 4.3.
The arrows of the figure in the middle represent translations that generate a
group A. Both the hexagon at the top and the quadrilateral at the bottom
are fundamental domains of A, and the action of A identifies opposite sides.
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Accordingly, for the derivative we have

! z:L/z:—'z .
' (&62) (gg,)@() o (2) (4.4)

The bicoloured graph D at the bottom of Figure 4.6 is for the
moment a mere topological object embedded in the Riemann sur-
face C/A. If we could find a meromorphic function f on C/A such
that D = f~1(]0,1]) (with white and black vertices mapping to 0
and 1 respectively), it would follow that Sp = C/A and fp = f.

In fact, up to a multiplicative constant, the function we are
looking for is 3. In order to check this, we notice some properties
of this (degree 6) function:

o 0°(§2) = p*(2).
This is a consequence of identity (4.3).
o P3(¢ER) C R for k=0,1,2.
To see this note first that given x € R we have

olz) = %+ (%—%)

= p(z)

the second identity being a consequence of the fact that A = A.
The statement for £ = 1 or 2 follows from this one by means of
identity (4.3).
o P*(£5'R) = p*(£12R) = P(iR) C R.
This is again a combination of identity (4.3) with the fact
that for x € R we have

p(iz) = —%Jr > (%‘%)

AN G w)
1 ( 1 1
SRSy T
2 0;2;1\ (iz + @) w
_ 1 ( 1 1)
’ 0£wEA (iz —w) w?

since —A = A.
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e ©® ({Re(z) = 3}) C Rand o3 ({Re(z) = 1}) C R.
If 2 = & + iz with # € R we have p3(2) = p3(iz) € R. The
same argument applies to {Re(z) = 1} taking z = 1 + ix.
e Up to a multiplicative constant, 3 is a Belyi function.
Recall first that p, and therefore p3, has a single pole located

at z = [0]. Now, evaluating at sz the algebraic relation (cf.
Section 2.2.1)

9" (2) = 49°(2) — g20(2) — 93
and using identities (4.3) and (4.4), we find that go = 0 and

therefore g3 # 0. In particular 93 is the image under @3 of any

of the three finite ramification points of g, which are located at
[1/2], [€6/2] and [(1 + &6)/2]. Note that g3/4 is a positive real
number.

From the identity (p3)" = 3¢(p)? it follows that besides the
pole, ©* has two other ramification points located at the two
zeros of p. Hence o3 has only three ramification values.

e The zeros of pg are the points [z;] where z1, 29 are the white
vertices in Figure 4.6.

An elementary computation shows that z; = %512 = %—i— %z’

and zo = %512 =1+ @z We have

p(z1) = Ep(Esn) = (1)
sép(< + i) - (3 + i)
= &p(& —21) = &p(21)

and, similarly,

p(z2) = &p(&ez) = 56@( 2)
= (25 +%0)- [y )) = €20(26 - =)

The above properties show that white triangles (resp. black
triangles) are mapped bijectively to " (resp. H ) by ¢°.

Finally, normalizing @3 we see that the Belyi pair corresponding
to D is

C
(Sp, fp) = (Z@S 7 943 3)
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which is equivalent to the Belyi pair

(b =" ~1) %)
as an obvious consequence of the isomorphism (2.15), once we
know that g2 = 0.

4.3 From Belyi pairs to dessins

Suppose that (S, f) is a Belyi pair, and set Dy = f~1([0,1]). We
consider Dy as a bicoloured graph embedded in S whose set of
white (resp. black) vertices is f~1(0) (resp. f~1(1)).

Proposition 4.22 (i) Dy is a dessin d’enfant.

(ii) Each of the sets f=1([—00,0]), f71([0,1]) and f~1([1, o0])
is a union of topological segments. All of them together are the
complete set of edges of a triangle decomposition T (Dy).

(it}) f = fp,-

Proof We first observe that Theorem 1.74, applied to our Belyi
function f :S — C, has the following immediate consequences:

(a) Each point p € f71({0,1}) admits a parametric disc D, on
which f is of the form z —— 2. Hence, for ¢ sufficiently small,
= ~1([0,¢]) N D, is a collection of m, small non-intersecting
segments emanating from p.

(b) 1 (((Aj ~ [0, 1]> = S\ Dy is a disjoint union of holomorphic
discs D1, ..., Dy, one for each point ¢; € f~1(c0), which serves as
the centre of D;. On each D;, f is of the form z —— 2.

(¢) f induces a smooth covering map

fr8~ f71{0,1,00}) — C~ {0,1,00}.

Now we prove the three statements.
(i) Dy is certainly a bicoloured graph. Its edges are the various

lifts of the segment [0,1] C C. Thus D is a dessin by (b).
(ii), (iii) Consider the diagram

S~ f71{0,1,00})

)

H < {0, 1, oo}% C~ {0,1,00}
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where iy, is a lift of the inclusion H {0,1,00} <% C ~ {0, 1, 00}
Remember that this can be done because H ' ~ {0,1, 00} is simply
connected, and that the number of possible lifts agrees with the
degree of f, each one being determined by the choice of the image
of, say, € € (0,1). The commutativity of the diagram implies that

ix, is injective. Moreover, i) extends continuously to Hj In order
to define ix (0) we use again property (a) and take iz (0) to be
the point p; € f~1(0) determined by the condition i (¢) € D,,.
The extension iy, : AN — s is, by construction, still continuous
and bijective. It is even a homeomorphism, as 0 is compact.
Therefore, le = i (ﬁ+) can be seen as a triangle with edges
i ([—00,0]), ix ([0,1]) and i ([1,00]), where k = 1,...,deg(f) and
oo = —oo. Similarly, T} = ir (ﬁ_) All these triangles together

give a triangle decomposition 7 (Dy) of S associated to D and, by
construction, f = fr(p). O

We have then defined a correspondence which goes in the op-
posite direction of that of Proposition 4.20, namely:

Proposition 4.23 The rule

{ Belyi pairs} — { Dessins}
(5,f) +—— (5,Dy)

sends equivalent Belyi pairs to equivalent dessins, therefore it in-
duces a well-defined map

{Equiv. classes of Belyi pairs} — { Equiv. classes of dessins}

Proof If two Belyi pairs (S1, f1) and (Ss, f2) are equivalent through
an isomorphism 7 : S7 — S9, then the homeomorphism induced
by 7 on the underlying topological surfaces S; and S gives an
equivalence of the corresponding dessins D1 = f 1([0,1]) and
Dy = f5 ([0, 1]) = 77H(Dy). O

Example 4.24 We find now the dessin corresponding to the Be-



4.8 From Belyi pairs to dessins 225
lyi pair (C, f) in Example 3.4, that is

C={y?=2(@—1)(z- 3} ——¢

4 (a? — 1)
(a2 - 2)*

(z,y)1

To find f71([0,1]) it is helpful to regard f as a composition of
simpler maps and then compute the inverse image step by step.

iy
. [ vz
1 /6 s 1
,7
R4
1 ZCU‘S
. L\
1 0 + 1
3
N

R0
I
£ 1 2 _9 .
I
0 12 1 —1/u
|
: 4z(1 — 2)

Fig. 4.7. D = f~'([0,1]); f as in Example 3.4.



226 Dessins d’enfants

The result is shown in Figure 4.7, where the topological torus
underlying the algebraic curve C' is constructed by glueing two
copies of the complex plane along cuts from 0 to 1 and from /2
to co (see Remark 2.62).

An analogous computation with the Belyi pair
2 _ .3 fo~
C= {y =’ — 1} —C
(,y) —————2°

will lead to the dessin considered in Example 4.21 (see Figure 4.3).
This is necessarily so because of the following theorem:

Theorem 4.25 The two correspondences

{Equiv. classes of dessins} — { Equiv. classes of Belyi pairs}
(X,D) (Sp, fp)
(5,Dy) - (S.)

described in Proposition 4.20 and Proposition 4.23 are mutually
1nuerse.

Proof In one direction, the statement simply reflects the fact that,
due to our construction of fp, we have f5'([0,1]) = D. In the
other direction, the result follows from part (iii) of Proposition
4.22, since it means that f serves as Belyi function associated to
Dy. O

Remark 4.26 A slightly different approach to Belyi functions
consists of admitting generalized Belyi pairs (S, f), where f is a
Belyi function with (at most) three arbitrary branch values, and
consider two such pairs (S1, f1) and (S, f2) as equivalent when
there is an isomorphism F': S; — Sy and a Mobius transforma-
tion M : C — C such that M o f; = fa o F. A generalized Belyi
pair (S, f) can be transformed into a Belyi pair by composing f
with a Mobius transformation that maps the three branch values
to 0,1,00. This can be done in six different ways, correspond-
ing to the group of six Mdbius transformations permuting the set
{0,1,00}. On the topological setting, these six transformations
correspond to a permutation of the labels o, e, X in the triangle
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decomposition 7 (D), which in turn corresponds to transposing
the colours of the vertices of D, or replacing D by its dual graph,
or a combination of both operations. These constructions produce
dessins that here we do not consider equivalent to D.

Remark 4.27 As we mentioned already at the beginning of this
chapter, Grothendieck considered only what some people after-
wards called clean dessins. These are the dessins in which all
white (or black) vertices have degree 2. This is not an important
restriction, since to an arbitrary dessin we can always associate a
clean one in a very simple manner.

Let (X,D) be an arbitrary dessin whose associated Belyi pair
is (S, f). The combinatorial process of giving all vertices of D
black colour and placing extra white vertices in the middle of the
edges produces a clean dessin (X, D) whose associated Belyi pair
is clearly (S,1+44f(f —1)). The function

fe=1+4f(f—1)=cof, wherec(z)=1+4zx(x—1)

has a ramification index equal to 2 at all points in the fibre above
0 (such Belyi functions are called clean), reflecting the fact that
all white vertices of D¢ have degree 2. Similarly, the function

Cof, where C(z)=1-c(z)=—4z(x—1)

is a Belyi function on S with a ramification index equal to 2 at
all points in the fibre above 1. The corresponding dessin Dgoy is
obtained by interchanging the colours of the vertices of D¢.

Note, in particular, that D and D¢ determine the same complex
structure S on X, therefore all Belyi surfaces admit clean Belyi
functions.

Example 4.28 In fact the dessin in Example 4.21 is the clean
dessin associated to the one depicted in Figure 4.8. R

The corresponding Belyi function h : C/Z @ {Z — C such
that fp =4¢®/g3 = Coh is

b 1+¢' /=93
T 2

This is easily checked:
1= (2h =1 =1 (¢'/vV=93)" = 1+ (¢')*/95 = 46"/ 93
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O 0 1
Fig. 4.8. Another dessin inducing the Riemann surface of Example 4.21.

Note that h is indeed a Belyi function. To see it one takes
derivatives in the identity p?(z) = 4p>(2) — g3 to get " = 6p°.
This means that ¢’ ramifies only at the pole located at [0] and at
the two zeros [z1], [22] of p, i.e. the white vertices in Figure 4.6.

4.83.1 The monodromy of a Belyt pair
When f : § — Cis a Belyi function, say with degree d, its
monodromy can be described in a particularly simple way. In this
case (((Aj ~ {0,1,00} ,y) is a rank 2 free group (Theorem 2.34)

generated by two loops 7y and 71 based at y = 1/2, say, turn-
ing counterclockwise once around the points 0 and 1 respectively
(Figure 2.20).

The monodromy homomorphism

My :m (@\{O,l,oo},y> — g

-1
0
and My (y1) = o*,?ll. Note that if (0¢, 1) is the permutation rep-

resentation pair of Dy then o,, = 0g. This is because if x; is the
point in f~!(y) which lies in the edge j of Dy then the lift of g
with initial point z; ends at x,(;) since f is of the form 2z — 2"
in a neighbourhood of a point in f~1(0) (a white point of D), see
Figure 4.9. A similar argument shows that o, = ;.

Therefore, we have the following proposition:

is therefore determined by the two permutations My (y9) = o

Proposition 4.29 The permutation representation pair of a de-
ssin and the monodromy of the corresponding Belyi pair are de-
termined by each other.
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Yoo(s)

Fig. 4.9. A lift of ~o.

If (S, f) is the Belyi pair corresponding to a dessin d’enfant
(X, D) with permutation representation pair (og,01), we will re-
fer to the permutation group generated by oy and o1 as the mon-
odromy group of the dessin (or monodromy group of the Belyi
pair), and we will denote it by Mon(D) or Mon(f).

4.4 Fuchsian group description of Belyi pairs

Suppose (S, f) is a Belyi pair corresponding to a dessin D with
permutation representation pair (og,o1). The restriction of f to
the Riemann surface S punctured at the vertices and face centres
of D is an unramified covering

fo: S~ f7H0,1,00} — C~{0,1,00}

that can be described in terms of Fuchsian groups by the argu-
ments in Section 2.7.1. N

Recall that the Fuchsian group uniformizing C~ {0, 1, 00} is, by
Theorem 2.34, the triangle group I'sg oo 00 = I'(2). Therefore, fo
is isomorphic to the covering induced by an inclusion Ky < I'(2),

where Ky = Mf_l(I (1)) is the preimage of the stabilizer of 1 under
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the monodromy map

M
2 —-=sy

0 o !

N——>o;!

Here ~y and 1 correspond to the generating loops around 0 and
1 under the isomorphism I'(2) ~ m; <@ ~{0,1, oo}) Notice that
these were denoted Ty and x3 in Example 2.33.

Let now n, m, [ be the order of ¢, o1 and oggo; respectively, and
let T := T, ;,,; be a triangle group of signature (n,m,l). Let us
assume for the moment that 2 + L 4+ 2 < 1. We recall (Section
2.4.3) that in this case I is generated by three hyperbolic rotations
x1, %9, x3 through angles 27 /n, 2w /m and 27/l around the three
vertices vy, vy, v3 of the triangle T' (see Figure 2.13) with angles
7w /n, 7/m and 7/l.

There is a commutative diagram

I'(2)

(PN

r——%%n

where the epimorphism p : I'(2) — T is defined by sending o, 71
to 1, 2, and Mr is (necessarily) defined by Mr(z1) = o, and
Mr(x2) = o', We recall that while it is completely clear that p
defines a homomorphism (since I'(2) is a free group), the reason
why Mr is a well-defined homomorphism is that it preserves the
defining relations of I' =T, ,,, ;, namely

My (x1)" = My(z2)™ = Mr(z3)! = Mp(z12923) = 1

Notice that once p has been fixed M; and Mr are determined by
each other.

If we take now K = M;'(I(1)) then p induces a bijection
I'2)\Ko, ~T\K.

Recall that the inclusion K < I' defines a Belyi function

D/K —L~p/T

[2] e ——[2lr
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on the compact Riemann surface D/K. We identify D/T with C
in such a way that [v], [v2]p and [vs]> correspond to 0,1 and oo
respectively. R

As we have identified C~{0, 1, 00} with D/T'\{[v1]r, [v2]r, [vs]r },
the loops 7 and 1 can be represented in a fundamental domain
Q of T'. For instance, we can think of 7y as the projection to D/T
of a piecewise geodesic path Cp in D connecting first a chosen
point z # v; in @ (whose projection will serve as base point of the
fundamental group) with a point 2’ near v;, followed by a path
joining 2’ to x1(2’) and from here travelling geodesically to z1(z),
see Figure 4.10.

Fig. 4.10. A generator of I' corresponds to a loop of 71 (@ ~ {0, 1, oo})

We claim that the monodromy M 7 of f agrees with My, and

~

therefore that the Belyi pair (D/K, f) is equivalent to (S, f). In
other words, we claim that with this identification of loops one
has

My(0)(i) = M(30)(i) and  My(y1)(i) = Mz(7)(2)
forie{l,...,N}.

Let {wi,...,wn} be a complete set of representatives of I'(2)
modulo Ky. Then {p(w1),...,p(wy)} is also a complete set of
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representatives of I' modulo K, and therefore

{lp(w)(2)k, - -, [p(wn)(2)]x }

is the f-fibre of [z].

In terms of the natural bijection between the sets {1,..., N}
and {Kows,...,Kown}, the condition M¢(v)(i) = j can be re-
phrased (see Section 2.7.1) as Kowi’yal = Kowj.

On the other hand, if we identify also {1,..., N} to the f—ﬁbre
(@) [plwx) ()i} claiming that M(30)(i) = j is
equivalent to saying that the lift of vy to the surface D/K start-
ing at [p(w;)(2)]k ends at [p(w;)(2)]x. Since this lift is noth-
ing but the projection to D/K of p(w;) o Cpy, whose endpoint
is [p(w;)(z1(2))]x, we are only left to show that the identity
Kow;yy = = Kow; implies [p(w;)(2)]x = [p(wj)ox1(2)]k, or equiv-
alently Kp(w;) = Kp(w;)z1. Now

Kowi’y()_l Ko’u)j
Kp(wi)p(o)~!

Kp(w;)

Kp(w;)

Kp(w;)p(ho) = Kp(w;)z1

<=1 <=l

as desired.
In particular, the homomorphism Mt that determines the mon-
odromy homomorphism M F= Mt o p can be described as

Mr : T —— Bij(K\I)
Y —— Mr(7)

where
Mr(y) : K\T K\T (4.5)
KB——— Mr(7)(Kp) := Kfv~!

Notice that this is an extension of (2.27) to the case in which
I' is a triangle group. A similar discussion proves that (4.5) holds
for arbitrary Fuchsian groups of genus 0.

When % + % + % = 1, the preceding discussion remains valid
word for word if one replaces D with C.

Thus we can state the following result:
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Proposition 4.30 (1) Given a Belyi pair (S, f), there exists a
torsion free Fuchsian group Ky whose inclusion in I'(2) induces a
morphism of Riemann surfaces that gives, after compactification,
a Belyi pair equivalent to (S, f).

There also exists a (not necessarily torsion free) discrete group
K whose inclusion in a triangle group I' = T'y, 1, (for some inte-
gers n,m,l) gives a Belyi pair equivalent to (S, f).

(2) The normalization (5, f) of (S, f) is induced by any of the
group inclusions [\, cp o) 7 1Koy < T(2) and MNyer 7y 1Ky <T.

(3) In particular, the normalization of a Belyi function is itself
a Belyi function.

Proof Part (1) is the content of the comments previous to the
statement of the proposition, and part (3) follows from Corollary
2.75. The statement about the inclusion Ky < I'(2) in part (2) was
also already proved in Proposition 2.74. Finally, the reason why
the analogous statement holds for the inclusion K < I' is because,
on the one hand, the inclusion ﬂﬁ,epv_lK ~v < I' is clearly normal
and, on the other, the covering group I'/Ner ~~ 1K is isomorphic
to I'(2)/ Nyer(2) 7 1Koy via the surjection p : I'(2) — T defined
above, hence its monodromy group has the right size. O

Since an inclusion of the form Ky < I'(2) (with K torsion free),
and also an inclusion of the form K < I'), ,,;, always induces a
Belyi function in D/Ky and /K respectively, we can state the
following:

Theorem 4.31 Let S be a compact Riemann surface different
from P*. The following statements are equivalent:

(i) S can be defined over Q.
(ii) S admits a Belyi function.

(iii) S ~ I;ﬂ for some subgroup Ko < I'(2).
0

H
(iv) S ~ 17 or S =~ [7d for some subgroup K of a triangle group.

—

(v) S~ % for some subgroup G < PSL(2,Z).
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C
The case — in part (iv) can only occur in genus 1.

Proof Only the equivalence between the last statement and the
rest has not been established yet. On the one hand (iii) trivially
implies (v) since I'(2) < PSL(2,Z) and, on the other, an inclusion
G < PSL(2,Z) induces, after compactification, a morphism to
the sphere with at most three branching values, hence a Belyi
function. O

Example 4.32 Consider the dessin D with seven edges and per-
mutation representation pair

gy = (17473767 )

5,7,2)
oy = (1,5,4,7,3,2

2
9 6)

Let (S, f) be the corresponding Belyi pair. We shall describe
the Riemann surface S in the form D/K and the Belyi function f
as an inclusion of K in a triangle group I'. More precisely, we will
exhibit a fundamental domain R and a collection of side-pairing
transformations generating K. Then the dessin D = Dy will be
visible in R.

The previous discussion shows that K has to be an index 7 sub-
group of the triangle group I' = I'777. Let T be an equilateral
hyperbolic triangle of angle 7/7 and vertices vy, v2,v3 in coun-
terclockwise order. Let x; (i = 1,2,3) be a hyperbolic rotation
of angle 27/7 in positive sense fixing the point v;. The group
(x1, T2, T35 wz = x% = wg = xjx9x3 = 1) is our triangle group I,
with fundamental domain Q@ = T'U R(T') where R is the reflection
on the edge [vs, v1].

The homomorphism Mr is determined by

M,
r - ¥,

1 —(1,2,7,5,6,3,4) = o, *

T2 ——(1,6,2,3,7,4,5) = o *

T3 — (17 77 67 47 27 57 3) = 0100
and therefore

K =My (I(1)) = {y €T | Mr(7)(1) = 1}
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Thus two elements 71,72 belong to the same coset of K\I'
if and only if Mp(y)(1) = Mr(y2)(1). We can therefore take
{xg,xg,...,xg = 1} as a complete set of representatives of the
seven cosets. According to Lemma 2.32

7
R =)
i=1

which is a regular 14-gon with angle 27 /7, is a fundamental do-
main for K.

We claim that K is precisely the group uniformizing Klein’s
Riemann surface of genus 3 (see Example 2.51). To see this, we
only have to label the edges of R counterclockwise with numbers
1,...,14, where the edge 1 is the edge [v1,v2] of the triangle T,
and check that the identification pattern is the same in both cases,
namely

(1,6),(2,11),(3,8),(4,13), (5,10),(7,12), (9, 14)

(see Figure 2.21). It is not difficult to find the elements of I’
realizing these identifications. For instance (see Figure 4.11), as
x1 sends edge 1 to edge 14, and xg sends edge 14 to edge 6, the
identification (1,6) is performed by mgm. Arguing similarly we
obtain the following table:

Transformation Action on the edges

T3ry 1—6
320 2 — 11
riry 2§ 3—38
28rox§ 4—13
ziry 2] 5— 10
xwaé 7T — 12
T3 9— 14

By Poincaré’s polygon theorem
3 5 3, .6 6.6 3. 5 6 4 3
K = (z521, 2372, T4T1T3, TaToTs, TeX1T3, TaX1L3, T1T3)

It is reassuring to check directly that all these generators lie in
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Fig. 4.11. Construction of the group K.

K = Mfl(l(l)) by applying Mr to each to find that the corre-
sponding permutations indeed fix 1.

The resulting hyperbolic model of this dessin D has the bound-
ary of R as underlying graph and the points [v1]x, [v2]x as ver-
tices. This is because JR consists of the translates of the segment
[v1,v2] by T', and we have identified [v1,v2] with [0, 1] C C.

We can think of the above construction as a hyperbolic ver-
sion of the purely topological algorithm described in the proof of
Proposition 4.13. In the general construction of a dessin with a
prescribed permutation representation pair, one can require the
faces to have a certain preferred geometric shape. For instance, in
this particular case, the starting point is a single face with four-
teen edges and the triangle decomposition 7 (D) consists of seven
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Fig. 4.12. Second description of the dessin in Example 4.32. The numbers now
refer to the labels of the edges of D used in the permutation representation.
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white triangles and seven black triangles. If we impose the condi-
tion that all of them are equilateral hyperbolic triangles of angle
/7 (since 7 is the order of oy, o1 and o10¢) then the face of D
becomes a regular hyperbolic 14-gon R of angle 27 /7, its vertices
being alternatively black and white vertices of the dessin. The
next step in the construction is to label one of the edges of R as
edge 1 of D, and use first o10¢ (the picture at the top of Figure
4.12) and then o (the middle picture in Figure 4.12) to determine
which edge of D corresponds to each edge of R.

As each edge of D appears twice in R, the fourteen edges must
be identified in pairs. The advantage now is that we can regard
the identifications not only as something defining the underlying
topology, but rather as side pairings in R performed by actual
isometries of the hyperbolic disc (the picture at the bottom of
Figure 4.12). The group K of isometries of ) generated by these
identifications is discrete and acts without fixed points due to
Poincaré’s polygon theorem.

Remark 4.33 This idea of constructing the Belyi surface asso-
ciated to a dessin through the geometrization of Proposition 4.13
has been already used in Example 4.21. In that case, the fun-
damental polygon was an Euclidean hexagon, the triangle group
was the group I'; 3 6, and the group K was the lattice Z & &Z (see
Figure 4.6).

4.4.1 Uniform dessins

With the same notation as in the previous section, assume that
the descomposition of og,01 and o109 as a product of disjoint
cycles consists of N/n, N/m and N/l cycles of length n,m and [
respectively. As we saw in Section 2.4.3 the finite order elements
of the triangle group I' = T';, ,,; are precisely the conjugates of
powers of the generators x1, xo and z3. These are sent via the
homomorphism Mr (see Section 4.4) to conjugates of powers of
00, 01 and 0, and because of our assumptions none of them lies
in the stabilizer of 1. This means that the group K is in this case
torsion free, therefore it uniformizes our Belyi surface.
The following definition is then natural:

Definition 4.34 A dessin d’enfant D is called uniform if all white
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vertices have the same degree, and the same is true for the black
vertices and the faces.

Example 4.35 The dessin D in Example 4.32 is uniform, hence
the corresponding subgroup K < I'7 77 is torsion free. This group
K uniformizes Klein’s Riemann surface of genus 3. The dessin
in Example 4.21 is uniform but, as mentioned at the end of the
previous section, the group I'; 36 is an Euclidean triangle group
and the corresponding subgroup K is in this case a lattice.

Example 4.36 Consider now the dessin D in Figure 4.13, already
introduced at the beginning of the chapter (see Figure 4.1).

Fig. 4.13. A non-uniform dessin D of genus 1.

The monodromy is given by the permutations

o0 = (1,2)(3,4)(5,6)(7,8)(9,10)(11,12)
or = (1,3,11)(2,9,8)(4,5,10)(6,7,12)
oro0 = (1,9,4,11,6,10,8,12)(2,3,5,7)

It follows that D is not uniform. It corresponds to an index 12
inclusion K < I' = I'g 38 where K is not torsion free (of course
it couldn’t be since, as we know, Riemann surfaces of genus 1 are
not uniformized by Fuchsian groups).

Recall that since K = My *(I(1)) the class in K\I of an element
x € I' is determined by the value Mrp(z)(1). We can easily check
that

2 7 7 6 5
A={Id,z3,25,...,25,T1,T1T5, T1T3, T1 T3}
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is a complete list of representatives and therefore
R= ]z
€A

is a fundamental domain for K (Lemma 2.32) and D corresponds
to U,ea #([v1,v2]), see Figure 4.14.

Fig. 4.14. The group K for the non-uniform dessin of Figure 4.13.

The domain R naturally decomposes into two subsets

7 3
Ry =J4(Q), Ry=|]Jwz37(9)
j=0 Jj=0

Here R; is a regular hyperbolic octogon with angle 27r/3 which
can be thought as the reunion of 16 triangles of angles 7/2,7/3
and 7/8 meeting at vs. It is a geometrization of the face of D,
which, according to Proposition 4.13, corresponds to the cycle of
o109 of length 8. In particular, 9R; C D.
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On the contrary, Rs is one half of a regular hyperbolic octogon
with angle 27/3. It is the reunion of eight triangles of angles
w/2,7/3 and 7/8 meeting at x1(vs). In the language of the proof
of Proposition 4.13, this polygon corresponds to the cycle of o109
of length 4. Note that now 0Rs is not totally contained in D, as the
two dashed edges in Figure 4.14 do not belong to | J, ¢ 4 z([v1, v2]).
We will see that there is an element of K which identifies these
two (virtual) edges, hence in the quotient /K they cancel with
each other (cf. Figure 1.8). In other words, Ry can be regarded
as a topological polygon with eight edges as one expected.

The recipe given in the proof of Proposition 4.13 allows us to
determine the edge-identifications in the boundary of R that give
rise to D, see Figure 4.14. The expression of the corresponding
side-pairing transformations in terms of x1,z9 and x3 is shown in
the table below:

Transformation Identifies the pair of edges labelled n

$3l’1$§ n=3and n=4
xlxgmx% n=5andn==~6
1237178 n=7and n=_8
w%xlwg n=9and n =10
$3l’1$§ n=11and n =12
azlxém Identifies both edges at z1(v3)

Note that, as the theory predicts, all these transformations are
mapped via Mr into the stabilizer of 1. The element z1z3x; is the
side-pairing transformation announced in the description of Rs. It
is an order 2 hyperbolic rotation fixing x;(vs). In particular, K
is not torsion free, in accordance with the fact that D is not a
uniform dessin.

4.4.2 Automorphisms of a dessin

Definition 4.37 Let (X, D) be a dessin d’enfant. We denote by
Homeo™ (X, D) the set of orientation-preserving homeomorphisms
of X which preserve D as a bicoloured graph.

We define an equivalence relation in Homeo™ (X, D) by saying
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that Hy ~ Hy if Hy o Hy 1 preserves setwise each edge of D. The
equivalence classes by this relation will be called automorphisms of

the dessin, and the set of all such automorphisms will be denoted
by Aut(X,D) or simply as Aut(D).

Automorphisms of dessins correspond to automorphisms of the
associated Belyi covers. More precisely:

Lemma 4.38 Let 7 = T (D) be a triangle decomposition for
a dessin (X,D) and fr a continuous surjection to the sphere
constructed as in Section 4.2.2. For any H € Homeo™ (X, D)
there is a unique Hy € Homeo™ (X, D) such that H ~ Hy and

froHy= fr.

Proof We show first the existence of Hy. If, as in Remark 4.17, we
denote by H(7) the triangle decomposition obtained as the image
of T by H, then there is an obvious choice of fr(7): X — C such
that fr (7)o H = fr. This way H induces clearly an isomorphism
from St to SH(T)-

Now, since fr and fp(7) are obtained from the same dessin D,
the results in Section 4.2.2 show the existence of an isomorphism
of Riemann surfaces F' : Sy(7) — St preserving each edge of
D such that fr o F' = fy(7). Therefore we have a commutative
diagram

ST—H>SH(T)F—>ST

PN

~

C

so that fr o (FoH)= fr. Now we can take Hy = I’ o H, which,
by construction, is equivalent to H.

Regarding the uniqueness of Hy, we can argue as follows. Sup-
pose that there is another element H; € Homeo™ (X, D) equivalent
to H and satisfying f7 o Hy = f7. Then one also has the identity
froHpo Hl_1 = f7. This implies firstly that Hg o Hl_1 is holo-
morphic with respect to the Riemann surface structure defined
by fr, and secondly that its restriction to any edge of the dessin
e€ fr 1([0,1]) is the identity map since the restriction of fr to e
is injective. Thus, by the isolated zeros principle Hyo H Lequals
the identity map on the whole X, as was to be seen. O
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Corollary 4.39 The map
Aut(D) — Aut(SD, fD)

H— M,

s an isomorphism of groups.

Proof Tts inverse is simply given by regarding Hy € Aut(Sp, fp)
as an element of Aut(D). O

The automorphisms of a dessin can be described in a combi-
natorial way. Let H € Aut(D) be an automorphism of a dessin
with edges labelled e with £k = 1,...,n. Then H determines a
permutation o € ¥, defined by oy (i) = j when H(e;) = e;.
As e,,(;) 1s the edge next to e; within a given face of D and H is
an orientation-preserving homeomorphism, H (e, (i)) must be the
edge next to H(e;) = €oy i)y that is o 009 = ogoopg. In the
same way we have oy oo =01 00p.

Conversely, let (X, D) be a dessin with permutation represen-
tation pair (og,01). Assume there exists o € ¥, that commutes
with o9 and o1, and let 7 = {T,;t, k= 1,...,n} be a triangle
decomposition of D.

We claim that we can choose homeomorphisms

Hli : Ti:t — T;t(i)
such that all them can be glued together to form a well-defined
global homeomorphism H, defined by HU’Tii =H Zi For instance,

o) (Z)’

glueing the three maps {H s H o H (i)} requires the compat-
91

ibility conditions

H:r =H, on Ti+ NI,

H = Hyq o TN To
+ oy + —

H = Hofl(i) onT;" N TU;1 0

The first condition can be achieved with no special assump-
tion on o, and the remaining ones can also be obviously obtained
when o commutes with oy and oy, since this implies in particular
that T g and T~ _, . agree with T and 77,  _, the two

o() ooy (4) oy ~o(i)

oo (1)

neighbours of T(;L(i) besides T, (see Figure 4.15).
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Fig. 4.15. Construction of H,.

‘We therefore have:

Theorem 4.40 Aut(D) is isomorphic to Z(Mon(D)), the cen-
tralizer of the monodromy group of D in X,,.

4.4.3 Regular dessins

Definition 4.41 A dessin (X, D) is called regular if Aut(D) acts
transitively on the edges of D.

A dessin is regular if and only if the corresponding Belyi func-
tion is a Galois cover of the sphere (see Definition 2.64). This is
clear since by Corollary 4.39 Aut(D) ~ Aut(Sp, fp) and the fibre
fp'(1/2) can be identified with the set of edges of D.

Proposition 4.42 Regular dessins are uniform.

Proof Let (0¢g,01) be the permutation representation pair of D.
We note that all the cycles of og must have equal length. For all
Jj there exists 7; € Aut(D) such that 7;(1) = j, and the length of
the cycle of oy containing 1 agrees with the length of the cycle of
TjO’oTj_l containing 7;(1) = j. But, since Aut(D) = Z(09,01), we
have TjO’QT{l = 0g. The same argument can be applied to o7 and
to the product oq0(, therefore D must be uniform. O

There are several equivalent ways to think of regular dessins.
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Theorem 4.43 Let (X, D) be a dessin with corresponding Belyi
pair (S, ). The following statements are equivalent:

(i) D is regular.
(ii) The Belyi function f: S — C is a Galois covering of the
sphere.
(iii) The Belyi function is induced by the inclusion of a torsion
free normal subgroup inside a triangle group.
(iv) The order of the monodromy group Mon(D) agrees with the
number of edges of D or, equivalently, with the degree of f.

Proof We have already observed that (i) < (ii). On the other
hand, the statement (ii) < (iv) is a particular case of Proposition
2.66.

(i) = (iii) The Fuchsian group K < I' =T, ,,; inducing the
Belyi pair is torsion free by Proposition 4.42. Now, recall that
K is the preimage of the stabilizer of 1 under the homomorphism
Mr : ' — ¥, where N is the number of edges of D. It remains
to be shown that K is normal in I'.

Let x € T be such that Mp(z)(1) = 1. By hypothesis there
exists an automorphism 7; € Aut(D) ~ Z(Mon(D)) such that
7;(1) = j. We have

j=1j0Mr(z)or; ' (j) = Mr(x)(j)

where the last equality holds since 7; commutes with Mp(x). It
follows that Mrp(x) = Id, that is K = ker(Mrp) < T

(iii) = (i) If K <T then I' < N(K) and the quotient group
I'/K ~ G is asubgroup of N(K)/K ~ Aut(S). The Belyi function
D/K — D/T can be seen then as the quotient map S — S/G,
and therefore it is a Galois cover. O

Example 4.44 (Two dessins of genus 3 with 168 edges)
The seven-edge dessin D we considered in Example 4.32 is ob-
viously regular, since its monodromy group (og,o1) is the cyclic
group of order 7. In fact Aut(D) is the group generated by the
order 7 rotation around the origin 7, which acts transitively in the
set of edges. According to Example 2.51 the underlying Riemann
surface is S = Sp ~ {y" = z(z — 1)?}, 7(z,y) = (x,&y) and the
Belyi function is x(z,y) = x.

In particular, the group K uniformizing S' is normally contained
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in the triangle group I'7 7 7, the quotient I'7 7 7/ K being the cyclic
group (7). We recall that |Aut(S)| = 168 > 7, but the remaining
automorphisms do not preserve the dessin D. From the point of
view of Fuchsian groups we have

K <aT'777< N(K)
the last inclusion having index 168/7 = 24.

Fig. 4.16. A (2,3, 7)-regular dessin having Klein’s surface of genus 3 as the un-
derlying Riemann surface. The side-pairing identifications defining the group
K are represented here by the letters at the sides of the 14-gon.

In fact N(K) has to be a triangle group I >~ I'; 3 7 of signature
(2,3,7) because |Aut(S)| = [N(K) : K] reaches Hurwitz’s bound
on the number of automorphisms for a Riemann surface of genus
three (see Corollary 2.42). The Galois covering of the sphere

D/K ~ S — D/N(K) ~ S/Aut(S) ~ C

is the unique Belyi function on S with branching orders 2, 3 and
7. The corresponding regular (2,3,7) dessin D is shown in Figure
4.16. The regularity of D is probably not transparent in the figure.
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A tedious but safe method to confirm this is to label the edges of
D with numbers 1, ..., 168, write down the permutation represen-
tation pair (0g,01) and check (with the help of a computer) that
the monodromy group has precisely 168 elements.

Following [Hos10] (see also [E1k99]), let us denote by f € M(S)
the meromorphic function

{y" =a(z—1)?%} C

where
5e) (2° 4 22925 + 2702 — 16952° 4 143022 — 235z + 1)° (22 — 2 + 1)°
€Tr) =
1728z (z — 1) (23 — 822 4 5z 4+ 1)7

Clearly deg(f) = 7-deg(b) = 7-24 = 168. It can be shown,
again with the help of a computer, that f is invariant by the
automorphism group of S. Note that it is enough to check that
foo = f when o € {09,03,07} is one of the generators of Aut(9)
given in Remark 2.53. It follows that (S, f) is the Belyi pair
associated to D.

We next show that S is also the Riemann surface of a second
dessin D with the same ramification orders 2, 3 and 7 which is
uniform but not regular (see [Syd97], [GTW11]). It can be con-
structed by rotating D through an angle 27/14 (or, equivalently,
through an angle ) around the origin in Figure 4.16 while leaving
unchanged the fundamental 14-gon and the side-pairing identifi-
cations. The result is depicted in Figure 4.17.

The reader may find the size of the monodromy group again
with the help of a computer. Since the result is 57624 it follows
that D is not regular. Alternatively, the same conclusion can
be obtained by the following argument regarding the Fuchsian
groups involved. The dessin D corresponds to the inclusion of the
uniformizing group K in a second triangle group with signature
(2,3,7), namely the conjugate I' = RT'R™! where R(z) = 142 is
the rotation of order 14 around the origin. If we had K < [ then
the normalizer N(K) would be a an extension group of both T'
and T. Since I and T are different groups the index [N (K) : K]
would be strictly larger than [I' : K] = 168 = 84 - (3 — 1), which is
already the maximal possible order for the automorphism group
of a compact Riemann surface of genus 3. This is impossible.
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Fig. 4.17. A (2,3, 7)-uniform (but not regular) dessin on Klein’s surface of
genus 3.

Let us go back to our dessin D. We can look at its corre-
sponding Belyi function f from the transcendental point of view
(uniformization) or from the algebraic one (algebraic curves).

The following diagram provides a decomposition of f in simpler
maps connecting both points of view:

[Z]K e [Z]F7,7,7 — [Z]F

D-———— ~D/K —— D/T777 —=D/T
Ti/ OC\L 5\L
{y" =2(x -1} ——C C

(z,y) x b(x)

where the vertical maps 7, «, 8 are isomorphisms making the di-
agram commutative. Here «, 3 are determined by the property
that in each case the points [v1], [v2], [v3] are sent to 0,1,00 € C
respectively. B

Since the triangle group I'7 7 7 is also contained in I', we have a
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similar diagram regarding the Belyi function f corresponding to
D, namely

) J—— ~D/K —" D/T777 —>D/T
Ti § a;L\ . B;L\
{y" =a(z —1)*} c @

where b is the function whose explicit expression we want to find
out.

From the point of view of Fuchsian groups it is obvious that the
functions f and f can be related by means of the rotation R as
follows:

D- - >D/K—>D/P777,7—>D/F

RL Rl RJ/
D-->D/K—=D/T777 —=D/T

where the three vertical isomorphisms are induced by R. Note that
R € N(I'777). On the contrary, R does not belong to N(K) and
this is why there is no corresponding isomorphism in the second
column.

The information contained in these diagrams can be assembled
together as follows:

D——>D/K ~ {y’ :m(m—l)z}x—>]D)/F7’777 :@b—>D/F:@

R Rll\/l Rlﬂ

D——>D/K ~ {7 =a(x— 1)} == D/Tr77 =~ C ——>D/T = C

where by construction the Mdébius transformations M and M are
given by M = aRa~! and M = ERﬂfl. Here the isomorphism
B :D/T — C is again determined the condition that [v1], [v2], [vs]
are sent to 0,1,00 € C respectively.

Now clearly R fixes the point [vs]r,,, and permutes [vi]r; .
and [v2]r;,,. It is also clear that R sends [vi]r, [vo]r and [v3]r
to [v1]g, [v2]f and [vs]y respectively. This means that M fixes

~

oo € C and interchanges 0 and 1, while M fixes 0,1 and co. In
other words, M(x) =1 —z and M = Id.
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We find that our Belyi function f: box=>boM loxis
{y" =2(z—-1)%} C

($ay) e N(‘Tay) - b(.%')

o) (2° — 2352° + 14302* — 16952° + 2702° + 229z +1)° (2® — 2 + 1)°
T)=—
1728z (z — 1) (23 + 522 — 8z + 1)7

Example 4.45 The genus 1 dessin considered in Example 4.21
is also a regular one. This can be checked either by computation
of the monodromy group, or by direct inspection of Figure 4.6,
where it becomes clear that an euclidean rotation of order 6 gen-
erates a subgroup of the automorphism group of the dessin acting
transitively on the edges.

4.5 The action of Gal(Q) on dessins d’enfants
In Section 3.3 we described how Gal(C) = Gal(C/Q) acts on com-

pact Riemann surfaces and morphisms by conjugation on the co-
efficients of the polynomials describing these objects. Since Belyi
pairs are defined over Q the absolute Galois group Gal(Q) acts
on them in the same way, and therefore we can make Gal(Q) act
on the dessins themselves. The transform D of a dessin D by an

element o € Gal(Q) is defined by the rule

(S'D7 f'D) — (S%v f{))

that is if (Sp, fp) is the Belyi pair corresponding to D (see Propo-
sition 4.20), then we define D to be the dessin corresponding to
the conjugate Belyi pair (5%, f3) (see Proposition 4.23).

Theorem 4.46 Let D be a dessin. The following properties of D
remain invariant under the action of the absolute Galois group:

(1) The number of edges.
(2) The number of white vertices, black vertices and faces.
(3) The degree of the white vertices, black vertices and faces.
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(4) The genus.
(5) The monodromy group.
(6) The automorphism group.

Proof This is a direct consequence of Theorem 3.28. O

The number and degrees of vertices and faces are the most sim-
ple invariants of the Galois action. Sometimes these invariants
do not permit to distinguish distinct Galois orbits while the mon-
odromy group does. One can even construct more complicated
invariants based on the monodromy with the help of the so-called
Belyi-extending maps, a term first introduced in [Woo006].

Definition 4.47 A rational function R : C — C is called Belyi-
extending if it satisfies the following conditions:

e R is a Belyi function.
e R is defined over the rationals.
e R{0,1,00} C {0,1,00}.

If (S, f) is a Belyi pair and R is a Belyi-extending map, then
(S,R o f) is also a Belyi pair. Now, given o € Gal(Q) we have
(S°,(Ro £)°) = (S9, Ro f°). Therefore, if D and D denote the
dessins corresponding to f and Ro f respectively, the monodromy
group of D is a Galois invariant of the dessin D, and not only of
the dessin DF. We shall refer to this group as the R-monodromy
group of D.

For example, the function ¢(z) = 1+42z(z—1) is Belyi-extending.
In fact, D¢ is the clean dessin associated to D, which is obtained
from D by transforming all its vertices into black vertices and
placing extra white vertices in the middle of the edges (see Remark
4.27). The c-monodromy group of a dessin D is sometimes called
the cartographic group of D (see [JS97]).

There are in the literature some other invariants of the Galois
action on dessins that we will not consider here. One would like
to have a large enough collection of invariants in order to separate
all orbits. Such a complete collection has not been constructed for
the moment.

One important feature of the Galois action on dessin is the
following result:
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Theorem 4.48 The restriction of the action of Gal (@) to dessins
of genus g is faithful for every g.

In the next sections we prove this theorem for the distinct values
of g.

4.5.1 Faithfulness on dessins of genus 0

Since P! is the only compact Riemann surface of genus 0, the
action of the absolute Galois group on a Belyi pair of genus 0
affects only the Belyi function and is trivial on the Belyi surface
itself. This fact makes considerations quite special in this case.

Suppose (X, D) is a dessin of genus 0 with only one face (D is
therefore a tree). The corresponding Belyi function is a rational
function f : C — C with only one pole and, after composition
with a Mobius transformation if necessary, we can assume that
f~1(00) = o0, that is f is a polynomial. In the literature the term
Shabat polynomials is often used to refer to such polynomial Belyi
functions.

Note that trees (or, equivalently, Shabat polynomials) are pre-
served by the action of Gal (@), since the number of faces is an
invariant. We can now state the following:

Theorem 4.49 The action of Gal (@) on Shabat polynomials is

faithful. In particular, Gal (@) acts faithfully on dessins d’enfants
of genus 0.

Proof The following proof is due to Lenstra (see [Sch94al).

Let o € Q and o € Gal (Q) such that o(«) # . The starting
point is a polynomial p,, ramified exactly at {0, 1, o} and such that
the ramification numbers mg(pa ), m1(pa) and mq (p,) are pairwise
distinct. For instance, if we set

Pal) = / 2z — 12(z — a)? € Q@)fa]

the branching values of p,, are {p,(0), pa(1), pa(a), 0} € QU{cc},
hence we can apply Belyi’s algorithm (cf. Section 3.1) to find a
polynomial ¢ = g, € Q[x] such that P, = q o p, is a Shabat
polynomial.
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Now, conjugation by o sends P, to Py = ¢7op{, = qopy(a). Sup-
pose that (@,Pa) and (@, P?) were equivalent Belyi pairs. Then
there would be an automorphism 7" of C such that the diagram

T ~
C
L
C

commutes. Since T'(c0) = oo, it follows that 7" is an affine trans-
formation T'(z) = az + b. We therefore have

C

¢ (Palaz +b)) = Pa(az +b) = P(2) = q (Po(a)(2))

From the technical Lemma 4.50 below we deduce the existence
of constants ¢, d such that

Palaz +b) = cpo(a)(2) +d (4.6)

By construction, the ramification points of p, are 0,1 and « with
multiplicity 2, 3 and 4 respectively. Similarly, the ramification
points of py(q) are 0,1 and o(a) with multiplicity 2, 3 and 4 re-
spectively. Let us denote the polynomial function defined in (4.6)
by P. The expression on the right-hand side of (4.6) shows that
the ramification points of P of multiplicity 2, 3 and 4 agree with
those of py(q), whereas the expression on the left-hand side tells
us that they are the image by T71(2) = (2 — b)/a of those of p,.
It follows that b =0, a = 1 and ao(a) + b = o() = «, which is a
contradiction. O

Lemma 4.50 (1) Let Hy, Hy be two monic polynomials of the
same degree and such that H1(0) = H2(0) = 0. Assume that there
exist polynomials G1,Go such that Gy o Hi = G5 o Hy. Then
H, = H,.

(2) Let Hy and Hs be arbitrary polynomials of the same degree
such that G1 o Hy = Gy 0 Hy for some pair of polynomials G1,Gs.
Then there are constants ¢, d such that Ho = cHq1 + d.

Proof (1) Note that the two conditions deg(H;) = deg(H2) and
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G10Hy = G0 Hy imply that necessarily deg(G1) = deg(G2). Let

Hi(z) = 2" +apm 127+ +agz
Hy(z) = Zm—i-ﬁmflzd_l + -+ Gz
Gi(2) = apz"+an_ 12" V- +arz+ag
Gg(z) = bnz"—l—bn,lz"_l 4+ 4+ b1z + by

By hypothesis

GioHi(z) = an (zm +am 2™ 4+ 041Z)n
Fan—1 (2™ 4 apo12m 4 onz)”
+--+ag

agrees with

Goo Ha(z) = by, (zm + Br12™ L+ ﬁlz)n
by (2™ Bz Br2)"
+ -4 b

Comparing the terms of highest degree in both expressions we
get

an = by
whereas the terms of degree nm — 1 give
NapQym—1 = nbpBm—1 hence a1 = Br1,

and those of degree nm — 2 produce the identity

an, <<Z> afn,l + nam_2> =b, <<Z> 127;,71 + nﬂm_2>

from which we deduce a,;,—2 = Bp—2. In general, comparison of
the terms of degree nm — j for j =1,...,m — 1 gives an identity
which implies a,—j = By

(2) Assume we have an identity G o H; = G9 o Hy with

Hi(2) = amz™ +am 2™+ + a2+ ag
Hy(2) = Bmnz™+Bn12™t+--+ bz + 5

_Denote Hy = (Hy — ao)/aﬂ and Hy = (Hs — B0)/Bm. Taking
G1(z) = Gi(amax + ap) and Ga(z) = Ga(Bmr + Bo) we have

GioH =GioH =GyoHy=GyoHy
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Since statement (1) above implies Hy = I’{vg, we get

Hy = aynHy + ag = aun Hy + ag = o (Hy — o)/ Bm + ao

and therefore the result follows by simply taking ¢ = «a,,,/3,, and
d=ag— amﬁO/ﬁm- O

4.5.2 Faithfulness on dessins of genus 1

The faithfullness of the action in genus 1 follows easily from the
description of the moduli space in Section 2.6.1. More precisely,
the key point is that the j-invariant classifies Riemann surfaces of
genus 1 up to isomorphism (Corollary 2.57).

Proposition 4.51 Gal(C) acts faithfully on the isomorphy classes
of compact Riemann surfaces of genus 1.

Proof Let ¢ € Gal(C) and z € C such that o(z) # z. Take
A with j(A) = z. Clearly C{ = Cj)- has j-invariant equal to
J(A7) = j(N)? = o(z) # z, therefore it cannot be isomorphic to
Cs. O
Corollary 4.52 Gal(Q) acts faithfully on dessins d’enfants of
genus 1.

4.5.3 Faithfulness on dessins of genus g > 1

We show in this section that Gal(Q) acts faithfully also on genus
g Belyi surfaces for g > 1; in fact we show that the action is even
faithful when restricted to hyperelliptic curves of genus g. The
proof we include here was given first in [GGDO07], and is a con-
sequence of the fact that two hyperelliptic Riemann surfaces are
isomorphic to each other if and only if there is a Mobius transfor-
mation relating the branching value set of the respective hyperel-
liptic involutions (see Corollary 2.49).

Theorem 4.53 Let 0 € Gal(Q) be an element of the absolute
Galois group, o # 1d, and a € Q an algebraic number such that
o(a) # a. Let Cy, (n € N) be the hyperelliptic curve

Coi={’ = (@~ D(@—2) (2~ g +1)(—(a+n)}.
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Then, there is an n such that C is not isomorphic to C,,.

Proof Suppose the theorem false, so that C7 ~ C), for all n € N.
Then, by Corollary 2.49, for every n € N there exists some Mobius
transformation M,, € PSL(2,C) such that

M, ({1,2,....2g+ 1,(a+n)}) ={1,2,...,2g+ 1,0(a+n)}
We have:

(1) M, € PSL(2,Q), since it maps three rational points to
three rational points.

(2) M,({1,2,...,2¢9 +1}) = {1,2,...,2¢9 + 1} by (1), since
a+n¢Q.

(3) My(a+n)=oc(a+n)=oc(a)+n, by (2).

(4) There are three distinct natural numbers p, ¢, such that
M, = My, = M,. In fact, among all the transformations
M,, there must be infinitely many coincidences, since by
point (2) the set {M,; n € N} must contain only finitely
many transformations.

We see therefore that

that is

Let us now consider the Mo6bius transformation M given by
M(2) i= My(a+2)—o(a). As M(p) = p, M(q) = g and M(r) =,
it follows that M = Id, and then Mj,(a + 2) = z + o(a), thus
My(z) =z +o(a) — a.

Now

1+ (o(a) —a) = My(1) =1 €{1,2,...,2g + 1},

and similarly

(29 + 1)+ (0(a) — @) = My(2g +1) = Iag11
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but then

(0(a) —a) =l =1) = (2 —=2) =+ = (logt1 — (29 + 1))

with (I1—1) > 0 and (Ig+1 — (29 + 1)) < 0. It follows that [; —i =
0 for all 4, thus l; = M,(i) = ¢ and so M, = Id. Then o(a) +p =
My(a + p) = a+ p hence o(a) = a, which is a contradiction. [

4.6 Further examples
4.6.1 Some dessins of genus 0

Let us start with some simple remarks that will allow us to draw
genus 0 dessins in a convenient manner.

(1) By the Uniformization Theorem, every genus 0 Riemann
surface is isomorphic to C. Thus, given a dessin (X, D)
in the (topological) surface X of genus 0 there exists an
isomorphism 7 : Sp — C which provides an equivalence
between the Belyi pair (Sp, fp) and a Belyi pair (C, R),
where R = fp o7~ ! is a rational function with at most
three branching values. In this way the dessin (X, D) will
be equivalent to the dessin (C,7(D)). Since the group
of Mdbius_transformations acts transitively on triples of
points of C, we can choose three points of D (the vertices
or face centres with highest degree, for instance) to cor-
respond to three given values in C. Therefore, a genus 0
dessin D can be always represented as a dessin (C, D) and,
moreover, we can let any three points of C be any three
points of the dessin.

(2) As we will use the extended complex plane model to rep-
resent the Riemann sphere, we will depict dessins of genus
0 as plane graphs.

The first examples we will consider are trees. We will always
locate the centre of their unique face at oo € C, hence the corre-
sponding Belyi function will be a Shabat polynomial.

Example 4.54 Let D be the dessin in Figure 4.18. Let us choose
the white vertex to be 0 € C, and one of the black points to be
1 € C. From the results of Section 4.2.2 (Summary 4.16) We
deduce that fp is a polynomial of degree 4 with a single zero of
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of multiplicity 4 at z = 0 and such that fp(1) = 1, therefore we
find fp(z) = 2% Note that co is a point of ramification index 4
in agreement with the fact that D has four edges, each of them
contained (at both sides) in the only face of D (see part (v) of
Summary 4.16).

Fig. 4.18. A 4-star corresponds to f(z) = 2*.

In general, an n-star (with a white vertex of degree n) has
f(z) = 2™ as associated Belyi function. A particular case is the
trivial dessin in the sphere, which has only one edge (Figure 4.19),
and associated Belyi function f(z) = z.

Fig. 4.19. The trivial dessin in the sphere.

The permutation representation pair of an n-star dessin is given
by oo = (1,...,n), o1 = Id, therefore [Mon(D)| = n and so we
see that these dessins are regular. Obviously, they are all defined
over Q.

Example 4.55 Besides the 4-star one there are, up to colour ex-
change, only two more trees with four edges (see Figure 4.20).

0 1 0 1

Fig. 4.20. Two trees with four edges.
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If we place the white vertices of the dessin D in the left-hand
side at 0 and 1, we see that the degree 4 polynomial corresponding
to D can only be of the form f(z) = C23(z—1) for certain constant
C # 0. Note that, since a Belyi function representing this dessin
must exist, we know a priori that f has to have exactly one point
a of multiplicity 2 (corresponding to the black point of degree 2).
Finding o and making f(a) = 1 will give us the constant C. To
do this we compute the derivative

%f’(z) =423 — 322 = 22(42 - 3)

3 3 27
hus th int i tionisa=-. A - =—— find
thus the point in question is « 1 Sf<4> 25607 we fin
that
256 4
fo(z) = A 1)

is the Belyi function associated to this dessin. The permutation
representation pair is given by og = (1,2, 3), 01 = (3,4) and, since
Z(Mon(D)) is trivial D has no automorphisms (see Theorem 4.40).

The tree on the right-hand side of Figure 4.20 corresponds,
again up to a multiplicative constant, to z?(z — 1)? (white ver-
tices have been located at 0 and 1). A computation similar to the
one carried out above shows that

fo(z) = 1622(2 - 1)2

is now the corresponding normalized Belyi function. The permu-
tation representation pair is (oo = (1,2)(3,4),01 = (2,3)), and
we have now Z(Mon(D)) = ((1,4)(2,3)), meaning that this dessin
has only one non-trivial automorphism, the obvious one induced
by the order two rotation around the black vertex of degree 2.

Note that both dessins in Figure 4.20 are particular cases of
the configuration depicted in Figure 4.21, which we shall call the
(m,n)-double star dessin, and whose corresponding Belyi function
is of the form f(z) = Cyy 2" (2 — 1)", where the constant Cp, ,
can be easily determined.

The action of the absolute Galois group is trivial on trees of less
than five edges. This is a consequence of Theorem 4.46, since two
different such trees must have either a different number of edges
or, at least, a different collection of vertex degrees. In fact, it can
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\/

Fig. 4.21. The double star trees.

be easily seen that they are all either stars or double stars, hence
their corresponding Belyi functions are defined over the rationals.

Let us consider now the case of five edges. Up to colour exchange
there are six possible such trees (see Figure 4.22).

'Dl DZ

D3 D4

Ds D6

Fig. 4.22. The trees with five edges.

Note that Dy, Dy and D3 are star or double star trees. On the
other hand, D4 belongs also to a special family (linear trees) which
we consider in the next example. As for D5 and Dg, the corre-

sponding Shabat polynomials are obtained from z3 (z2 —2z+ %)

and 2° — %23—%52—%% respectively after composition with a Mébius

transformation sending the three branching values to 0, 1 and oo
(see [BZ93]).
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Example 4.56 (Linear trees) Let us consider the Tchebychev
polynomial T;, of degree n, which is characterized by the equality
T, (cos z) = cosnz. Its explicit formula is

1) = 30 C0e( " et et

k even

as can be seen by expanding the De Moivre’s identity
(cosz +isinz)"™ = cos nz + isinnx
and equating real parts.

Since T)(z) = 0 & x = cos — for d = I,...,n — 1, and

7T
T, | cos— ) = +1, we see that T}, has three ramification values,
n

namely {1,—1,00} that can be sent to {0, 1,00} by composition
with the Mobius transformation M : z — (z 4+ 1)/2. A straight-
forward computation shows that all finite ramification points of
T, have branching order 2, therefore the dessin corresponding to
the Belyi function f(z) = (T,(z) + 1)/2 is a linear graph in n
edges. Note that since T, € Q]z], the Galois action is also trivial
on linear graphs, something also predictable by consideration of
the Galois invariants.

For instance, the Belyi function corresponding to the dessin Dy
in Figure 4.22 is

5 1
fo(z) = (Ts(2) +1)/2 = 82° — 1023 + 5715
The three fibres of the finite branching values of fp (i.e. the

vertices of Dy) are

fgl{O} = {—1,COS %, 08 %”

1y = {1, cos 2, cos 2F

where all points are ramification points of order 2 except 1, which
are unramified points of fp.

We remark for later use (Example 4.68) that 72 is also a Belyi
function. The corresponding dessin has black vertices at all points

of the set
1 2 47 o 8
, COS 1O,cos 1O,cos 107cos 10
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and white vertices, all of them of degree 2, at the zeros of T;
(which are all simple), namely

s 37 o s 97

{cos —, cos —, cos —, cos —

10 10 10
Example 4.57 The Galois action is non-trivial already for trees
with six edges. For instance, let D be the tree in Figure 4.23
considered in [LZ04].

Fig. 4.23. A tree D with six edges.

Assume that the white vertices of degree 3 and 2 are placed at
z = 0 and z = 1 respectively, and let z = a be the third white
vertex, then the corresponding Bely function is of the form

f(z) =C23(z —1)*(z — a) (4.7)

In order to determine a explicitly we compute the derivative of
the function f

Sf(z) = 32(z—1)*(z—a)+223(z = 1)(z — a) + 23(z — 1)?

= 2%(z —1)(62% + (—5a — 4)z + 3a)

As D has a black vertex of degree three f must have a branch
point a of order 3, distinct from 0 and 1, that occurs as double root
of f/. We find out then that the discriminant of the polynomial
P(z) = 622 + (—5a — 4)z + 3a must vanish, therefore

25a% — 32a + 16 = 0 (4.8)

4 4
hence a = a; = %(4—% 3i) or a =ay = 2—5(4 — 31).

These two values determine two Belyi functions f; (j = 1,2).

The corresponding constant C'; is deduced from the condition
i+4 3+
5a]1 ;_ = * is the double root of the

341 3—1
above polynomial P(z). The result is C7 = %, Cy = 3 :

fj(ej)=1, where a; =

SO
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we get two possible candidates

filz) = 3;i23(z—1)2 z—%(4+3i)
fa(z) = ?zg(z—l)2 z—%(él—?)i)

In principle, f; and fs could determine equivalent dessins, but
this is not the case for the following reason. The dessin D in Figure
4.24 has also six edges and the same collection of vertex-degrees
as D, hence the arguments above apply to it as well. In particular,
its corresponding Belyi function is also either f; or fs.

Fig. 4.24. The tree D is Galois conjugate to D.

As, clearly, there is no orientation-preserving homeomorphism
of the sphere sending D to D we may conclude that, as claimed,
f1 and f5 correspond to the two non-equivalent dessins D and D.
It follows that D and D must lie in the same Galois, for obviously
D =1D°, that is fo = f7, for any o € Gal(Q) such that o(i) = —i.
In fact, since this kind of elements o are the only ones that act
non-trivially on f;, we see that {D, D} is a complete Gal(Q)-orbit.

As a matter of fact, it can be easily seen (for instance, by directly
computing the inverse image of the segment [0, 1]) that f; = fp
and fo = f3.

We finally observe that the graph D is the image of the graph D
by the complex conjugation z +— Z, an orientation reversing home-
omorphism which at the same time can be seen as a Galois element
o satisfying the condition o(i) = —i required above. We should
warn the reader that this is a very special situation, since generi-
cally Galois conjugation is far from being a continuous operation,
except for the case of the identity and the complex conjugation.
The next example may serve as an illustration of this.

Example 4.58 We now work out the Belyi function of the tree D
with six edges depicted in Figure 4.25 and previously considered
by several authors (see [SV90], [Sch94a], [LZ04]).
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Fig. 4.25. The tree D.

We place the vertex of degree three at z = 0, and the white
vertex with degree 2 at z = 1. If we denote by z = a the remaining
white vertex the initial expression of the Belyi function is the same
as in the previous example, i.e. f(z) = Cz3(z — 1)?(z — a) and
(1/C)f'(2) = 2%(z — 1)P(z) with P(2) = 622 — (5a + 4)z + 3a.
But now P(z) has to have two different roots corresponding to
the two black vertices of degree 2. In particular, the discriminant
of P does not vanish, hence

25a% — 32a + 16 # 0

We could now theoretically compute explicitly the two roots
wy,wy of P in terms of a, and then impose f(w;) = f(w2) to
determine the precise value of a. Following this method, however,
would give us a complicated condition for a to meet.

We shall postpone this computation for the moment, and we
first include here a beautiful and clever trick, taken from [LZ04].
Euclidean division of f by P gives f = Q-P+ R, where deg(R) < 1
since deg(P) = 2. Therefore, R(z) = Az + B, where A and B
obviously depend on a. Now, when we evaluate f at the two
values wi, we where P vanishes, we find Aw; + B = Aws+ B. But
we have wy # ws, therefore A = 0.

On the other hand, when we formally perform Euclidean divi-
sion of f by P we get

A= —6—05(25a2 — 32a + 16)(25a> — 12a* — 24a — 16)
and
¢ 3 2
B = 25—34(1(&1 —8)(25a” — 6a” + 8)

We find that the condition A = 0, together with the condition

that the discriminant of P does not vanish, yields

25a% — 12a% — 24a — 16 = 0

We obtain three possible values of a, say a = a; (k =1,2,3), each
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one determining a Belyi function
fu(2) = Cu2®(z — 1)%(2 — ag)
where C}, can be explicitly obtained from the condition
1= fy(w1) = R(w1) = B
2534

ax(5ay — 8)(25a3 — 6a2 + 8)

The two trees in Figure 4.26 have the same collection of vertex-
degrees as D, hence the above arguments apply to them and there-

fore their corresponding Belyi function must also be one of the
functions f.

yielding C}, =

Fig. 4.26. The two Galois conjugates of the dessin in Figure 4.25.

Now, a Galois element o permuting the roots of the polynomial
25a3 — 12a? — 24a — 16 will also permute the functions {f1, fo, f3},
and this is the only kind of Galois conjugation that acts non-
trivially on them. It remains to be seen that these are three non-
equivalent Belyi functions. This follows from the fact that clearly
there is no orientation-preserving homeomorphism between any
two of the three graphs involved. We conclude that the dessins in
Figures 4.25 and 4.26 form a Galois orbit with three elements.

We include next some examples of dessins on the sphere with
more than one face. The reader interested in further knowledge
of trees and Shabat polynomials can find much more information
in the literature. In particular, there are catalogues of Belyi func-
tions of trees up to a certain number of edges, see [BZ93].

Example 4.59 On the sphere two edges are enough to define a
dessin D with two faces, see Figure 4.27.
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D De

Fig. 4.27. The dessin D on the left-hand side is the simplest possible dessin
with two faces. The associated clean dessin D¢ is shown in the right-hand
side.

If we assume that the white vertex is placed at z = 0 and the
centre of the unbounded face is placed at co, then f is of the form

&) ==

for some constant A which plays the role of the centre of the
bounded face. Differentiating we get

, 22— 2)\z
fi(z) = o2

thus the remaining ramification point of f (the black vertex) is
z = 2. Now the value of X that yields a normalized Belyi function
is determined by the condition 1 = f(2\) = 4\, hence A = 1/4.
Note that the corresponding Belyi function f has degree 2 and
only two branch values (oo is not a ramification value of f). Note
also that D is uniform and even regular. The associated clean
dessin D¢ in Figure 4.27 corresponds to the clean Belyi function

22(z — 1/2))2

fc(Z):1+4f(Z)(f(Z)_l):l+( 2 1/4

Since D¢ is a uniform dessin of ramification type (2,2,2) and it
has four edges, f. must be equivalent to the Belyi function induced
by an index 4 subgroup K of the triangle group I'p 22 ~ Cy x Co
(cf. Remark 2.30), hence the trivial group. In other words, f. is
equivalent to the map

(E ~ @/<Id> - @/F27272
27

something reflected also in the fact that the triangle decomposition
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of D¢ is precisely the whole tessellation of C given by the group
I'y22 (see Figure 2.16).

Example 4.60 The modular elliptic function

(1-x+22)°

TN =50

we introduced in Corollary 2.57 is another example of Belyi func-
tion. To see this, note first that two obvious ramification values of
j are oo (which is attained at each of the points 0,1 and co with
multiplicity 2) and 0 (attained at the two roots of A2 — X\ + 1 with
multiplicity 3). Moreover, computation of the derivative gives

(A2 =X +1)?

N0 1) (22X —1)(A\2 =X —=2)

ACVES
thus j has three more branching points, located at A = 1/2 and

at the two roots of A2 — A — 2. A simple calculation shows that
j maps these three points to the value j(1/2) = 27/4, thus the
branching values of j are {0,27/4,00} and % Jj is indeed a Belyi
function.

Putting together all the relevant information about zeroes, poles,
multiplicities and so on we find that the corresponding dessin D
has six edges, two white vertices of degree 3, three black vertices
of degree 2 and three faces, each of them with four edges on their
boundary. One can easily get convinced that the only possible
graph fulfilling all these requirements is the one shown in Figure
4.28. As j is defined over the rationals, this dessin forms a single
point orbit of the Galois action.

From Figure 4.28 one sees that the permutation representation
pair of D is o9 = (1,2,3)(4,5,6), o1 = (1,4)(2,6)(3,5). Since
these two permutations generate a group with only six elements,
it follows that D is regular.

Fig. 4.28. The dessin associated to the j-function.
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In fact, we know by Example 2.76 that the j-function is the
normalization of the covering

g P! P!

2 f(2) = %

hence the dessin D associated to j is the normalization of the (not
even uniform) dessin associated to (3, see Figure 4.29.

{ —

1-2)3
Fig. 4.29. The dessin associated to the function §(z) = (1=2) .

22

Note that by Proposition 4.30 it makes sense to speak of the
normalization of a dessin D corresponding to a Belyi pair (S f)
as being the dessin D corresponding to the normalization (S f )

Remark 4.61 The function

() = 4 (1-z+22)°

Z _—
/ 27 2 (z—1)?
is Belyi-extending (see Definition 4.47).

Using the computations of Example 4.60 we can easily describe
the process leading to the dessin D7 from a dessin D (Figure 4.30).
In particular we deduce the following;:

e Since the two points which j71(0) consists of, namely 5 14 \/_z lie
one in the upper halfplane and one point in the lower halfplane,
then (j o f)~1(0) contains one point inside each one of the tri-
angles of the triangle decomposition 7 = 7 (D) associated to D
(see Section 4.2). These points are precisely the white vertices
of D7, and all of them have degree 3.

e Since j71(1) = {—1, %, 2} has one point in the interior of each
of the three real segments (—o0,0), (0,1) and (1,00), D7 has
one black vertex on (the interior of) each one of the sides of
every triangle of 7. They all have degree 2 as vertices of D7.
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D (and T (D)) D’

|

s &
S,

|

o———e

Fig. 4.30. Relation between D and D7,

e Since j71(00) = {0,1, 00} the set of face centres of D’ coincides
with the union of the black vertices, the white vertices and the
face centres of D.

e Since 571{(0,1)} has three components in H and three more in
H~, any given triangle T of 7 meets three edges of D’. These
edges connect the white vertex of D’ in the interior of T' with
the black vertices that lie on the three sides.

The relation between D and}Dj is shown in Figure 4.30. It is
actually easier to visualize D7 than D7, see Figure 4.31.

Example 4.62 Consider now the standard male and female sym-
bols (see the left part of Figure 4.32), two dessins which are not
Galois conjugate to each other since they have different number
of edges.
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D (and 7 (D)) DY/
X X
/ !
[e.@]
1/j l
C

o————o

Fig. 4.31. Relation between D and DI,

Let us look for the Belyi function f associated to the female
dessin. Place the white vertices at 0 and 1, as shown in the picture,
and the centre of the unbounded face at oco. Let b be the point in
the interior of the bounded face such that f(b) = oco.

Using only our knowledge of the preimages of 0 (white vertices)
we deduce that, up to a multiplicative constant,

24z —1)?

where P(z) is a polynomial whose degree is at most 6, since f
must be a rational function of degree 6. Now, z = b must be a
non-ramified preimage of oo (it is the centre of a face with two
edges, see Summary 4.16), hence (z—b) divides P but (z—b)? does
not. Moreover, z = co must be a preimage of co with multiplicity
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1 |

Fig. 4.32. The female and male symbols lie in two different Galois orbits, each
of which has two elements.

5, as the unbounded face has ten edges if, as usual, we count twice
the four of them that only bound one face. We deduce that

24z —1)?

f(z) = NEEDR

Differentiating we get

(z —1)(522 + (=3 — 6b)z + 4b)
(z =)
and since f’ must have a double root (corresponding to the black

vertex of degree 3), the discriminant of 522 4 (—3 — 6b)z + 4b must
vanish. Hence

.3
f'(z) =

36b% —44b+9 =0
that is b — —2 T 2v10 o —9—2VI0

Once more, one of the values corresponds to the graph we
started with, while the second determines the Belyi function as-
sociated to a Galois conjugate dessin, which is depicted at the
top right part of Figure 4.32. By the arguments already used in
FExample 4.57 they constitute an orbit with only two elements.

Let now m(z) denote the Belyi function for the male dessin.
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Place the white vertices at 0 and 1, the centre of the unbounded
face at oo and the centre of the bounded one at z = b. The same
kind of arguments as above yield, up to a multiplicative constant,
3 2
2°(z—1)
m(z) = —————
(2) =D
Differentiating we get

;o 22(z—1)(42% + (=2 — 5b)z + 3b)
mie) = (z )2

and since a double root must exist, the discriminant of the poly-
nomial 422 + (—2 — 5b)z + 3b must vanish, i.e. 256 —28b+4 = 0.

We get again a Galois orbit consisting of two elements, namely
the male dessin together with the one placed next to it in Figure
4.32.

The next two examples were considered in [JS97].
Example 4.63 There exist two trees with six edges and white

vertices of degrees 2,2,1,1 and black vertices of degrees 4,1,1 (see
Figure 4.33).

|

Fig. 4.33. Two dessins with different monodromy group.

We shall refer to the graphs on the left- and right-hand sides
of Figure 4.33 as D; and D, respectively. The permutation repre-
sentation pair of Dy is

00 = (1’5)(6’3)7 o1 = (1,2,3,4)
and the one of Dy is
00 = (1’5)(6’4)7 o1 = (1,2,3,4)

With the help of a computer one can easily show that the mon-
odromy groups of D1 and Ds have order 48 and 120 respectively,
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hence D; and Dj are not Galois conjugated (for the explicit de-
scription of these groups see [JS97]). The same conclusion could
be reached by consideration of the automorphism groups, since
the centralizer of (og,01) in 3¢ equals ((1,3)(2,4)(5,6)) and is
trivial in the case of Dy. In other words, Dy does not have auto-
morphisms but the obvious order 2 rotation is an automorphism
of Dl.

Example 4.64 Let D; and Dy be now the trees depicted in Fig-

ure 4.34.

Fig. 4.34. Two dessins with the same monodromy group but different carto-
graphic group.

Both trees have the same number of white and black vertices
and the same vertex degree set. With the help of a computer it
can be easily seen that their monodromy group equals 37 in both
cases. It can be even noticed that the automorphism group is
trivial in both cases, but nevertheless they lie in different Galois
orbits. One can reach this conclusion by passing to the associated
clean dessins Df and D§ (see Remark 4.27). The cartographic
groups of D; and Do, that is the monodromy groups of Df and
DS, have order 2 - 7! in the first case an order (7!)? in the second
one (see [JS97] for an explicit description of these groups), hence
D1 and D5 cannot belong to the same Galois orbit.

This example illustrates also a situation in which the mon-
odromy group is enough to show that two dessins lie in differ-
ent orbits, but the automorphism group is not. Both Df and D5
have a cyclic group of automorphisms of order 2, generated by an
obvious rotation.
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A

Fig. 4.35. A pair of non-conjugate dessins with the same monodromy group
and the same cartographic group.

Example 4.65 The interesting case of the graphs in Figure 4.35
was studied in [Woo06].

Both dessins have trivial automorphism group, and both have
the alternating group Ajp as monodromy group. This conclusion
can be easily reached with the help of a computer after labelling
the edges and checking that the order of the monodromy group
equals 170! in both cases. Moreover, their cartographic groups are
isomorphic (although not coincident) subgroups of Y9y of index
369512. But computation of the j-monodromy groups, which
due to the combinatorial description of the action of the Belyi-
extending map j given in Remark 4.61 can be done with the help
of a computer, shows that the j-monodromy groups differ even
in their size. Their orders turn out to be 19752284160 000 and
214066 877211724763 979 841 536 000 000 000 000.

4.6.2 Examples in genus g =1

In the previous sections we have already encountered dessins of
genus 1. For instance, the regular dessin of Example 4.21, which
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is defined over the rationals, and hence remains fixed by Galois
conjugation.
A similar one is considered in the next example.

Example 4.66 Consider the Belyi pair (C, R) given by
C={y=2-z}, Rlzy) =2

We can construct the (topological) torus underlying C' by glueing
two copies of the Riemann sphere along suitable cuts (the grey
lines in Figure 4.36) as in Example 4.24, and then finding the
corresponding dessin D as the inverse image of the unit segment

in C.

Fig. 4.36. The dessin D associated to the Belyi function C(z,y) = z? in the
genus 1 surface with equation y? = z® — .

A glance at either of the two pictures representing the dessin
shows that the permutation representation pair of D is given by

o = (1,2,3,4)
o = (1,3)(2,4)
oro0 = (1,4,3,2) = oo
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therefore D is a uniform dessin of branching type (4,2,4). Note
that o1 = o3, hence Mon(D) is a cyclic group of order 4. Tt
follows that D is regular and this group is nothing but Aut(X, D),
the automorphism group of the dessin. Recall that this has been
identified to Aut(C, R), the automorphism group of the Belyi pair,
which is in this case obviously generated by (z,y) — (—x,1y).
Our usual geometric construction of D from the permutation
representation pair gives now a triangle decomposition 7 (D) where

all triangles have angles 7r7 , W, see Figure 4.37.

Fig. 4.37. The Riemann surface {y*> = 2 — 2} underlying D agrees with the
torus C/Z @ iZ.

From the point of view of uniformization, arguing as in Example
4.21 we see that C' ~ C/A where A is the lattice Z & iZ. Recall
now that there is an isomorphism from C/A to the corresponding
algebraic curve in Weierstrass form y? = 42® — gox — g3 given by
equation (2.15). Note also that in this case the symmetry of the
lattice yields the identities

p(iz) = —p(z) and @'(iz) = ip'(2)

which in turn imply g3 = 0.

It is not a difficult task to find an isomorphism between the
algebraic curve we started with and its Weierstrass form. In fact,
the two maps in the following diagram are isomorphisms

C/A —— {y2 = 4g3 — 9233‘} — {y2 =g — :13}
[2] —— (p(2), ©'(2))

We thus get another two equivalent descriptions of the Belyi
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pair corresponding to D, namely
y* =42° — gor ——C
(2, y) ——=42% /g,

and
C/A
[2]p ——4p%(2) /g2

(X

Obviously the rule (z,y) — (—z,iy) still defines a generator
for the covering group in the Weierstrass model. On the other
hand, the identity p(iz) = —p(z) shows that in the transcendental
model C/A the group is generated by [z] — [iz].

Example 4.67 The dessin in Example 4.66 above is defined over
the rationals, therefore it constitutes a one point orbit of the Ga-
lois action.

On the contrary the dessin D in Example 4.24, whose associated
Belyi pair (C, f) is given by

—4(a2 1)

f(%y):w

and
C={y* = o — 1)z - V2)}

is defined over Q[v/2].

We claim that D is one of the elements of a full orbit consisting
of the two dessins in Figure 4.38 (D is the one on the left-hand
side).

Fig. 4.38. An orbit with two elements.
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Let o € Gal (Q) such that o(v/2) = —v/2. Consider the conju-
gate Belyi pair (C7, f?). We find that f has the same algebraic
expression as f, namely

4(z% -1
fa(%y)_ﬁ

but now it must be viewed as a function on the conjugate Riemann
surface C7 = {y?> = z(z — 1)(z + v/2)}, which is not isomorphic
to C since j (\/5) £ (—\/5), where j denotes the classical j-

invariant (see Corollary 2.57).

-------------------------------------

l U
““““““““““ O_'_O —1/u
i z
|
9 . 4z(1 — 2)
Fig. 4.39. Description of D° where o(v/2) = —/2 and D is the dessin in

Example 4.24.
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In order to depict D7 we can follow the same strategy we used
for D. We find the inverse image of the unit interval [0, 1] by f? in
four steps, using a description of f? as composition of four simpler
maps, namely f7 = f3 o fy 0 f; o x, where x is the z-coordinate
function, fi(t) =2 — 2, fo(u) = —1 and f3(2) = 42(1 — z). The
result is shown in Figure 4.39.

The permutation representation pair of D is

oo = (1’775’3)(478)7 o1 = (1,2,3,4,5,6, 7,8)
while that of D7 is
oo =(2,4,6,8)(3,7), o1 =1(1,2,3,4,5,6,7,8)

The fact that these permutation representation pairs are not
conjugate in g gives us an alternative way to conclude that D
and D7 are not isomorphic dessins.

Example 4.68 The two dessins in Figure 4.40 were studied by
F. Berg (see [Wol06]).

Fig. 4.40. Two Gal (@)-conjugate dessins.

Consider the compact Riemann surface

c:{yzz(x—l)(w”) (x_cos%>}

and let 0 € Gal(Q) be any element of the absolute Galois group
whose restriction to the cyclotomic field Q (§), where

fzg2ozcos%+isin110

is determined by o (¢) = &3, thus

o (cos 177_0) =0 <% (¢ +§1)> = % (& +¢73) = cos ?1—7(;
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and therefore

C”—{y2—(x—1)(w+1) <x—cos%>}

Let f be the meromorphic function

CflP>1

(z,y) — T52 (z)

where T3 is the Tchebychev polynomial of degree 5. Since T52 is a
Belyi function on P! whose branching points include the branching
values of the coordinate function x : C — P! (Example 4.56),
it follows that f is a Belyi function on C. The dessin D = Dy
corresponding to the Belyi pair (C, f) is depicted in Figure 4.41.

w
Fig. 4.41. The dessin Dy associated to the Belyi function f : (z,y) Ts(x)?
defined in the Riemann surface {y* = (z — 1) (z + 1) (z — cos 10)}
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Fig. 4.42. The conjugated dessin DF is associated to the conjugated Belyi
function f7 : (x,y) — T5(x)” defined on {y* = (z — 1) (z + 1) (z — cos 37 ) }.

Conjugation by o produces a Belyi pair (C?, f7), whose associ-
ated dessin D is depicted in Figure 4.42.

Both dessins are not equivalent. In fact the Riemann surfaces
they define are not isomorphic. The first one is isomorphic to

- 1+ cos(7/10)
{y2w<x—1> (“T@r/m)»
. _x —cos(7/10)
since M (x) = 1 — cos(w/10)
{cos(7/10),1, 00, —1}

is a Mobius transformation sending

to
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(see Example 1.83), while the second one is isomorphic to

for a similar reason, and

(o) # (e

As before, another way to show that D and D7 are different
is to write down the permutation representation pairs and check
that they are not conjugate. These are

oo = (1,2)(3,4)(5,6)(7,8,19,20)(9,10)(11, 12)(13,14)(15, 16)(17, 18)

o = (1,11)(2,3)(4,5)(6,7)(8,9)(10,20)(12, 13)(14, 15)(16, 17)(18, 19)
and

oo = (1,2)(3,4)(5,6)(7,8,17,18)(9,10)(11, 12)(13, 14)(15, 16)(19, 20)

o1 = (1,11)(2,3)(4,5)(6, 7)(8,9)(10, 20)(12, 13)(14, 15)(16, 17)(18, 19)
respectively.

4.6.3 Some examples in genus g > 2

In Section 4.4 we studied several dessins whose underlying Rie-
mann surface is Klein’s curve, including a regular dessin of branch-
ing type (7,7,7) in Example 4.32, a regular dessin of type (2,3,7)
in Example 4.44 and a uniform dessin of the same type also in
Example 4.44.

We include in this section other examples of dessins and Belyi
pairs of genus g > 2. Some more can be found in the literature,

g. [AS05] and [AADT07].

Example 4.69 The function f(x,y) = 2% is a Belyi function
defined on the hyperelliptic curve C' of genus 2 with equation
y? = 2% — 1. We can think of f as a composition of two maps

(x,y) — © — 20

and compute f~1[0,1] to depict the dessin D corresponding to the
Belyi pair (C, f) on a topological surface of genus 2, see Figure
4.43.
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Fig. 4.43. The dessin D associated to the Belyi pair (C, f) where C has equa-

tion y? = 2° — 1 and f(z,y) = 2°.

The permutation representation pair of D is given by

oo = (1,2,3,4,5,6)(7,8,9,10,11,12)

and, since |(0g, 01)| = 12, the dessin D is regular.
Moreover,

ooo1 = (1,8,3,10,5,12)(2,9,4,11,6,7)

hence the process described in Section 4.4 produces a Fuchsian
group K uniformizing C' such that K <1I's o ¢ with index 12. The
fundamental domain of K consists of the reunion of two regular

2
hyperbolic hexagons with angle % (one for each of the two faces

of the dessin), and D is represented inside the Riemann surface
D/K as the projection of the boundary of these two hexagons
(Figure 4.44).

As the pair (C, f) is defined over Q, we know that D7 = D for

any o € Gal(Q).

Example 4.70 The function f(x,y) = x™ is a Belyi function on
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Fig. 4.44. The dessin D in the description C' ~ D/K with K < I's2,6. The
lines indicate the side-pairing transformations generating K.

the Fermat curve C' = {2" 4+ y™ = 1} (see Example 1.10). The
corresponding dessin D possesses:

e n white vertices, namely the points (0,&!) fori =1,...,n.
e n black vertices, namely the points (£},0) fori =1,...,n.

Thus, the only way to draw n? = deg(f) edges is if any white
point is connected to any black point. That is, the graph un-
derlying D is the complete bipartite graph K, ,. We also note
that D is a regular dessin with Aut(C,f) ~ Z2 generated by

T1(x,y) = (§nz,y) and ro(z,y) = (,&nY).

Example 4.71 The map f(z,y) = 42*(1 —2*) is a Belyi function
on the genus 2 curve

C={y=@"-1e-V12)}

which can be described as a composition of three simpler maps,
namely

(z,y) — o — ot — 42t(1 — 2)
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e

l
_10_%_02”»{1/@
i 1 z
l 00

o—e—0 24 t
o—e 4t(1 - t)

Fig. 4.45. The dessin D associated to the Belyi pair (C, f) where C has equa-
tion y? = (z* — 1)(z — Y1/2) and f(x,y) = 42*(1 — z*).

The inverse image of the interval [0, 1] by f can be depicted as
in Figure 4.45. The three cuts performed on each one of the two
sheets of the x coordinate function are segments [i, —1], [—i, 00]

and [{/1/2,1]. B

One can easily show that, for all o € Gal(Q), the conjugate
dessin D7 is equivalent to D. For instance, assume o(v/2) = —+v/2.
Then the function f?, defined in the conjugate curve

c” ={y? = @' = D@+ V12)}
can be decomposed in the same way as f, that is

(2,y) — @+ 2t dat(1 = 2*) = f7(a,y)
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Fig. 4.46. The dessin D7 associated to the conjugated Belyi pair (C7, f7) is
equivalent to D.

We can visualize D? again like we did in Figure 4.45. The result
is shown in Figure 4.46.

The left-hand sides of Figures 4.45 and 4.46 are the same except
for the cuts. In the second one the cuts are [—1,—+/1/2], [1, —i]
and [, oo, but the position of the graph with respect to the cuts is
the same as in the first case. More precisely, one can easily label
the edges of both graphs in a way such that both permutation
representation pairs agree. This is why in the end the right-hand
sides of Figures 4.45 and 4.46 are identical.

The Belyi pair (C, f) in this last example is not directly defined
over the rationals but over Q[+v/2]. On the other hand, the action
of the absolute Galois group is trivial on it, as it would be the
case if (C, f) were defined over Q. A natural question is whether
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there is a curve C; and a function f; with coefficients in Q such
that the Belyi pair (C1, f1) is equivalent to (C, f). The answer is
in this case affirmative, since the isomorphism

C £ 4

(‘Tay) — (\4/5737 \S/Ey)

transforms the Belyi pair (C, f) into the equivalent one (C, f1),
where

fl(way) - ﬂOF_l(,Z'7y) = ‘T4(2 _‘%A)
and
Ci={y*= (" =2)(z - 1)}

These considerations lead to the definition of the moduli field
of a curve C' (resp. of a Belyi pair (C, f)) as the fixed field @I(C)
(resp. @I(C’f)) of the subgroup of Gal(Q)

I(C) = {0 € Gal(Q) | C7 is isomorphic to C'}
and
I(C, f) = {o € Gal(Q) | (C7, f?) is equivalent to (C, f)}

respectively.

The moduli field is obviously contained in any field of definition,
but the converse is not always true, as it is shown in the following
example due to Earle ([Ear71], [Ear10]). For other examples of
this phenomenon see [Shi72], [Hid09].

Theorem 4.72 (C.J. Earle [Ear10]) Let r be any real number
such that 0 < r < 1 with r # _1%‘/5 Then the Riemann surface

C={y=z(@+&)(z-&)(@—r)(z+1/r)}

cannot be defined over R although its field of moduli is contained
in the reals.

Proof (1) It is easy to check that the formula

&2y
fay) = (—é, %’)

r T
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defines an anti-holomorphic automorphism of C' of order 4, or
equivalently an isomorphism between the Riemann surfaces C
and its complex conjugate C (see Examples 1.22 and 3.13). This
means that the complex conjugation lies in the stabilizer subgroup
I(C) ¢ Gal(C) and so the moduli field C'() is contained in the
field R.

(2) The proof of the fact that C' cannot be defined over the reals
will be accomplished in several steps:

Step 1: if there is an isomorphism h : C' — Sp with F(X,Y) €
R[X,Y] then C' admits an anticonformal involution s of order 2,
namely the one determined by the following commutative dia-
gram:

C C

n) |

Sp——SF

(z,y) —(7,7)

Step 2: if there is an isomorhism h : C' — Sp as above then
Aut(C) is strictly larger than the group generated by the hyper-
elliptic involution J(x,y) = (x, —y).

This is easy to see. In fact in this situation 7 = s o f would
be a (holomorphic) automorphism of C' different from Id (s and f
have different orders) and different from J because the condition
so f =J is equivalent to foJ = s but, as J obviously commutes
with f, the order of f o J is the same as the order of f, that is 4.
Step 3: by Proposition 2.47 an automorphism of C' different from
Id or J induces a Mébius transformation M : C — C preserving
the branch set B = {0, 0, 53, 53, , 1/7“}. This transformation
must also preserve the cross-ratio of any ordered quadruplet of
points in B (see Section 2.1.1). Direct examination of cases shows
that {0, 0, €3, —532,} is the only 4-point subset of B such that the
cross-ratio of its points is —1, 1/2 or 2, depending on their order-
ing, therefore

M ({0,00,63,-€3}) = {0,00,3, —€3}
and

M ({r,=1/r}) ={r,=1/r}
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Step 4: the group G of Md6bius transformations preserving the set
{O, 00, €2, —532,} is the dihedral group of order 8 generated by

2
A(z)=—»  B(z)= _23%%1

To prove this, one first observe that
B(0) =&, B(&) =00, B(oo)=—&, and B(=£) =0

Then one checks the following identities

2
B =2 B =2
z z+ &5

It follows that A, B € G and that (A, B) is the dihedral group
of order 8.

It is easy to show that any Mo&bius transformation that fixes 0
and preserves the set {0, 00,532,, —532)} is either A or the identity.
From here the statement readily follows; for example, if M € G is
such that M (0) = €2, then B3 o M(0) = 0, hence B3 o M =1Id or

A. In either case M € (A, B).
-1 5
Step 5: our final claim is that if r #£ %\/7
transformations that preserve the whole branching set B is trivial.
By Corollary 2.48 this is in contradiction with the claim made in
Step 2 and will end the proof.
This is also easy to prove. Clearly both A and B? send the value
r outside the branching value set B, therefore the only possible
non-trivial Mobius transformations leaving invariant the set B,

hence by Step 3 the set {r, —1/r} are AB, AB? or AB3. Consider
the numbers

B*=1d, and AB = B3A

the group of Md&bius

2 2
AB(r) = rts . AB%(r) = @7 and AB3(r) = BB
&ar—1 r &ar+1

The second one is in fact not real for any real number r. A
simple calculation equating AB(r) to its complex conjugate AB(r)
shows that the first of these three numbers is real if and only if
r2 —r —1=0. Since 0 < r < 1 this is impossible. Similarly, the
third one is real if and only if r2 +7 — 1 = 0. Since 0 < r < 1 this

—1+5
-

This completes the proof. O

happens if and only if r =
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This brings to an end our introduction to the Grothendieck-
Belyi theory of dessins d’enfants. Those who wish to pursue
this topic are adviced to consult the book by Lando and Zvonkin
[LZ04], the conference proceedings edited by Schneps and Lochak
[Sch94b], [SLIT7], the survey articles by Jones—Singerman [JS96],
Shabat—Voevodsky [SV90], Cohen—Itzykson—Wolfart [CIW94] , Jo-
nes [Jon97], Lochak [Loc04], Wolfart [Wol06] and, from a different
point of view, the monograph by Bowers—Stephenson [BS04].
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extended, 2
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covering, 47
covering group, 51, 155
covering transformation, 51, 61
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curve

canonical, 23

Fermat, 6

hyperelliptic, 3, 5

non-singular, 25

p-gonal, 7

degree of a covering, 50
degree of a morphism, 45, 61

dessin d’enfant, 207
associated triangle decomposition,
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clean, 208
regular, 244
uniform, 238
distance of a specialization, 199

Euler—Poincaré characteristic, 39
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free group action, 51

free group on 2g generators, 37

Fuchsian group, 108

function field in one variable, 74

fundamental domain, 9, 89

fundamental group, 36

Galois (normal, regular) covering, 155
Galois action, 181

genus, 30

geodesics of hyperbolic space, 87

holomorphic differential, 20
holomorphic function, 10
homotopically equivalent loops, 36
Hurwitz’s Theorem, 131
hyperbolic distance, 87

hyperbolic metric, 83

hyperbolic plane, 85

hyperbolic polygon, 89

hyperbolic rotation, 85

hyperbolic triangle, 112
hyperelliptic covers, 156
hyperelliptic involution, 65
hyperelliptic Riemann surface, 136

integral of a differential form, 42
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isometry

elliptic, 86

hyperbolic, 85

parabolic, 85
isomorphism of coverings, 51
isomorphism of Riemann surfaces, 10
isotropy group, 108

Jordan curve, 26

Klein’s curve, 7, 142
Klein’s quartic, 24, 142

lattice, 82
Liouville’s theorem, 11
local ring, 184

Mobius transformation, 15

meromorphic differential, 20

meromorphic function, 10

minimal polynomial, 74, 172

modular group, 121

moduli field, 287

moduli space of Riemann surfaces, 144

monodromy group of a morphism, 150

monodromy representation of a
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morphism of Riemann surfaces, 10
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normalization of a covering, 158
normalized hyperelliptic covering, 67
Nullstellensatz, 67

order of a meromorphic function, 17
orientation of a surface, 26

parametrization, 1

path lifting property, 50

permutation representation pair of a
dessin, 210

Poincaré’s polygon Theorem, 119

Primitive Element Theorem, 71

principal congruence subgroup, 123, 126
properly discontinuous group action, 51

punctured disc, 58

ramification point, 17
reflection in a geodesic, 115
removable singularity theorem, 13
residue of a differential, 43
Residues Theorem, 43
Riemann sphere, 2
Riemann surface, 2

complex conjugate, 12

of finite type, 63

Riemann—Hurwitz formula, 61
rotation number, 133

Schwarz’s Lemma, 16

separation property of the field of
meromorphic functions, 72

Shabat polynomial, 252

side-pairing transformation, 91

signature of a triangle group, 119

specialization, 199

infinitesimal, 201
stabilizer of a point, 108

topological surface, 1

torus, 9

transcendental field extension, 199
transition function, 1

triangle group, 119

triangulation of a surface, 27

Uniformization Theorem, 81
uniformizing parameter, 184
unit disc, 2

universal covering space, 53
unramified covering, 61
upper halfplane, 2

valuation on a function field, 183
Weierstrass g function, 102
Weierstrass Theorem, 102
well-covered neighbourhood, 47

word, 29

zeros and poles of differentials, 20
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